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Chapter 1

Introduction

1.1 Finite discrete-time frictionless financial mar-
kets

The first part of these lectures focuses on a finite discrete-time financial
market. This provides a simple framework where one can derive simply the
main notions of no-arbitrage, hedging, market completeness, and obtain the
valuation theory of Black and Scholes in complete markets.

Later on, we shall build on the discrete-time intuition in order to extend
the model to the continuous-time framework where uncertainty is driven by

a finite-dimensional Brownian motion.

1.1.1 Probabilistic setting

Let (€2, F, P) be a complete probability space, and 7" € N\ {0} a finite time
horizon. The information structure is described by a filtration F = {F;,
t=0,...,T}, i.e. a non-decreasing family of o—algebras of (2, F, P). We
assume that Fy is trivial and Fr = F. Loosely speaking, for allt =0,..., T,
F; is the information available at time ¢. Hence, no information is available
at the time origin, and information increases through time up to a maximal

level at time T.



1.1.2 The financial market

The financial market consists of a non-risky asset (i.e. a bank account) and
a finite number of risky assets. All these assets are available for trading

without any restriction.

a) The non-risky asset is defined by its price process S° = {SP, t =0,...,T}
with S) = 1 and S} is an F;_;-measurable random variable for every ¢t =
1,...,T. This implies that the time ¢ price of the non-risky asset S° is
known at time ¢ — 1, and investment in this asset does not involve any risk as
the outcome of this investment is perfectly known in advance. The processus
S0 is said to be F-predictable.

The asset S° can be viewed as a bank account with identical borrowing
and lending interest rates.

The dynamics of the non-risky asset is characterized by the underlying
interest rate. Let ;41 denote the interest rate between times ¢ and ¢ + 1.
Then, :

Sp = Spertt . t=0,...,T—1.

From the predictability of the non-risky asset, the interest rate r; ;41 between
times ¢ and t + 1 is an J;—measurable random variable, i.e. is known at the

investment timet.

b) The financial market contains d risky assets S°, i = 1,...,d, for some
given integer d > 1. Each asset S° is characterized by a strictly positive
price process {S!, t = 0,...,T}. In contrast with the non-risky asset S°,
the processes S*, 1 < i < d, are assumed to be F—adapted, i.e. S! is F;-
measurable for every t =0,...,T.

We shall denote by S; the random variable with values in R? with com-

ponents S, and by diag[S;] the random variable with values in the set of



diagonal matrices of R? and whose diagonal elements are the S!’s :

Si Si
Sy = : and diag[S;| =

1.1.3 Self-financing portfolio strategies

We now describe the nature of investment strategies which can be performed
on the financial market.

A portfolio is an F—adapted process (n,6) = {(m,60;), t =0,...,T — 1}
with values in R x R?,

Here, 7, represents the number of shares of non-risky asset S° held at time
t. Similarly, for each 1 < ¢ < d, the component 6! represents the number
of shares of asset S* which are held at time ¢. The amounts invested in the

non-risky asset and the risky ones are then given by
$%n, and diag[S,] 6,

Notice that there are no sign restrictions on the components of the portfolio.
In particular ) < 0 means that the investor holds a short position in the asset
7 at time £. Although short-selling may seem to be unrealistic, it is possible
on most liquid financial markets. Similarly, there is no restriction on the
position on the non-risky asset. A negative 7, corresponds to a borrowing
position. In this simple model, the bank is extremely nice as there is no limit

on borrowing.

Remark 1.1  We will see later on that the bank can not afford to be as

nice if trading on the financial market takes place in continuous time.

Given some initial capital x € R, the above portfolio is feasible if

d
r = 77058"‘29653 = n0Sg + 60+ So

=1



At time ¢, the investor rebalances his/her portfolio from (1;_1,6;_1) to (1, 0;).

the difference of values of these two portfolios is denoted by

¢ = 0-1S) =01 - Sy — (0eSY 4 0; - Sy)
= —(m—m-1)S) — (0 —0,_1) - Sy .

If ¢; > 0, the rebalancement of the portfolio at time ¢ allows for some positive
for some positive consumption ¢;. When ¢; < 0, the rebalancement of the
portfolio at time t requires an additional amount of cash ; in this case —¢
is interpreted as an income earned by the investor at time ¢ from an outside
source to the financial market (a salary, for instance).

Clearly, the portfolio (7, §) can be alternatively described by means of the
initial capital z, the F—adapted process ¢ of consumption/revenue, and the
F—adapted process @ of investments in the risky asset. Indeed, the process
1, of investment in the non-risky asset can be obtained by the following

induction :

ny = x—0h-So
St Ct

N = MNi—1 — (‘9t—9t—1) : @ - @
t t

Definition 1.1 We say that a portfolio (n,0) is self-financing if the corre-

sponding process ¢ = 0.

A self-financing portfolio is determined by the pair (z,0) € R x A of

initial capital and investment strategy, where

A = {9 [F — adapted process with values in Rd} .

1.1.4 Wealth process

Given a self-financing portfolio (x,0) € R x Ax, we denote by X*¢ = {Xf’g,

t =0,...,T} the process representing the value of the investor’s wealth at



each date in time. From the definition of the portfolio and consumptions

strategies, we have the following characterization of the wealth process :

XM = =z (1.1)
Xf’g — th_,el = 01 (St — Si—1)
+ (X4 =01 Si) % (1.2)
fort =1,...,T. The above dynamics express that the change in the value of

the wealth process is due to the variation of the prices of all assets. Immediate

manipulation of the above equation provides :
Xt_)?tfl = 9,571 . (St—gtfl) 5 t= 1,...,Jﬁ7 (13)
where, for an arbitrary process {V;,0 <t < T}, we used the notation

~ V
Vi = = for 0<t<T. (1.4)
S
Hence, the wealth process can be expressed in terms of the initial capital

x € R and the investment strategy 6 € A by :

Xfﬂ — $+20u'(gu+l_§u)7 t:O,...,T. <15>

1.1.5 Change of numéraire

The numéraire is the unit in which the values are expressed. In the setting
of our financial markets, the values of the assets S°, S and the wealth X are
expressed in terms some given numéraire, the Euro say.

The notation (1.4) has the following important interpretation. It converts
the values from the initial numéraire to the new one defined by the non-risky
asset. In terms of this new numéraire the values are expressed in terms
of number of shares of the non-risky asset. In particular, the value of the

non-risky asset in its own numéraire is constantly equal to unity, i.e.
SO =1 forall t=0,...,T.

10



In other words, in the non-risky asset numéraire, the interest rate is reduced
to zero. This justifies the dynamics of the wealth in the non-risky asset
numéraire in (1.3) which, in comparison to (1.1), does not contain the term
corresponding to the variation of the price of the non-risky asset.

There is an infinite number of possible changes of numéraire. Indeed, one
can consider as a numéraire any asset as long as its price process is strictly
positive. One can also consider as a numéraire the wealth induced by some
self-financing portfolio, again as long as it takes strictly positive values. The
choice of the numéraire can play an important role in the computational as-
pects. Chapter 7 contains an important choice which provides a pwerful tool
for the calculation of prices of derivative securities under stochastic interest

rates in particular situations.

1.2 Some examples of frictions

In the previous section, we have introduced a model of a frictionless finan-
cial market. We now present some examples of frictions which are are not

accounted for in this simple model.

1.2.1 Portfolio constraints

In the frictionless financial market model, the investors investment strategies
are not subject to any restriction.

A negative investment in the non-risky asset is conceivable, as it corre-
sponds to borrowing some cash amount. However a negative holding in some
risky asset is more difficult to understand, as it means that the investor is
short-selling this asset. Therefore, a natural and somewhat natural portfolio
restriction is exclude any possible short sale. Notice however that short-
selling is possible on most liquid financial assets on real financial markets.

Another possible portfolio restriction on real financial markets is that the
investor has a finite credit line, i.e. the process n must be above some fixed

lower limit.

11



More generally, a financial market with portfolio constraints may be de-
fined by means of some subset K of R?, so that a portfolio (z, ) is admissible
if 6, € K a.s. forevery t =0,...,7 — 1. Such a model can be further gener-
alized by allowing K to be an adapted random subset of R

1.2.2 Solvency constraint

In real financial markets, its is not conceivable that the investor borrows
as much cash as desired from the bank. The financial institutions typically
require that the total wealth of the investor covers the loan, i.e. the liqui-
dation value of the investor’s total portfolio is required to be above some
given threshold. Then it is natural to place an additional constraint on the
portfolio strategies of the form X*%(t) > —§ a.s. for every t = 0,...,T for

some given solvency constant ¢.

1.2.3 Transaction costs

There is usually not a unique price on real financial markets. Indeed, traded
assets are quoted in terms of bid and ask prices with a strictly positive
difference so that buying some asset and selling it immediately leads to a
strictly negative loss.

Real financial markets can be even more complex as ask or bid prices
might not be unique at some given instant in time. This is typically the case
on organized markets with order book:

- investor (a) places a sell order of 100 shares at price 24

- investor (b) places a sell order of 50 shares of the same asset at price 27

- investor (c) needs 120 shares of this asset; so he would buy 100 shares
at the price 24 and the remaining 20 shares at the price 50.

In addition to this, investors realize their portfolio decisions through a
broker who charges some fee which is typically proportional to the amount
of the transaction.

When the market is subject to the above type of restriction, the wealth of

12



the investor can not be measured by simply adding up his holdings on each
asset. Indeed, an immediate liquidation of the portfolio implies a liquidation
value which is strictly smaller than the sum of his holdings on each asset.
Moreover, starting from the liquidation value, the investor can not re-build
the initial portfolio because he needs more funds to account for bid-ask prices
differences and the broker fees. Therefore, the wealth process should be

modelled as a vector-valued process of holdings on each asset.

1.2.4 Taxes on capital gains

In real financial markets, any sale is subject to taxes on capital gains. The
capital gain is defined as the difference between the collected amount from
the sale and the value of this operation in terms of some given tax basis. The
definition of such a tax basis, and the amount of tax to be paid are defined
in the tax code, and differ from one country to another, and even from one
individual to another within the same country. The typical example, and
most tractable from the mathematical viewpoint, is

- the tax basis defined by average purchase in portfolio, this is for instance
the rule which prevails in the Canadian tax code,

- the amount of tax to be paid is some given percentage of the capital
gain,

- in the case of a capital loss, no tax is due,

- or, an immediate tax credit, in case of capital loss, computed as a

percentage of the capital loss.

1.2.5 Large investor problem

Large investors trading on real financial markets might affect the correspond-
ing assets prices. This is a consequence of the elementary economic principle
of equilibrium between demand and supply. Hence a more realistic model
should account for the fact that the price formation at time ¢ should be

affected by the demand of the large investor 6, — 6;_; at this date.

13



1.3 Some problems in frictionless financial mar-
kets

We conclude this introduction section by formulating some important prob-
lems in financial mathematics in the context of the frictionless financial mar-
ket.

a) The concept of no arbitrage :

An arbitrage opportunity is an investment strategy on the financial market
which produces some positive gain, without risk, starting from a zero initial
capital. This can be formulated precisely by the following definition.

Definition 1.2 An arbitrage opportunity is an investment strategy 6 € A
such that

X% > 0 P-as and IP[X%9>O} > 0.

The existence of arbitrage opportunities is an anomaly of the financial
market. Indeed, if such a strategy were known to exist, then any investor
would perform it with infinite quantities so as to obtain an infinite gain if
the event set {X%g > O} happens to prevail at time 7' ! Therefore, a natural
condition on the structure of the financial market consists in excluding all
such possibilities :

NA :  The financial market contains no arbitrage opportunities.

In the first chapter of these notes, we shall derive necessary and suffi-
cient conditions for the financial market (S°,S) to satisfy the no arbitrage
condition NA.

b) Optimal portfolio allocation :

Suppose that the preferences of the investor are characterized by a von-

Neuman-Morgenstern utility function. Then, given an initial capital z, the

14



investor seeks to maximize a criterion of the form :

sup E [e_’gTU <X§’9>} )
fcA

This is the typical problem of a fund manager who seeks the best dynamic
allocation of the wealth, between the investment in the assets of the financial
market and the consumption (which can be interpreted as operating costs),
in order to guarantee the best value of the terminal wealth from today’s point
of view. Clearly, the optimal decision of the investor depends crucially on
the nature of the preferences. In particular, the utility function U express
a particular attitude of the fund manager towards the risk, and [ is the
discount coefficient which measures the preference for the present or the
degree of impatience of the agent.

Observe that whenever the financial market contains an arbitrage oppor-
tunity, and U(oo) = 0o, the value function of the above maximization prob-
lem is trivially infinite, and there is no solution for the portfolio allocation
problem. Indeed, the fund manager would perform the arbitrage opportunity
an infinite number of times so as to guarantee and infinite expected utility
of the gain.

We shall analyze the portfolio allocation problem in Section 4.5 by duality
methods. In particular, we will show that its dual formulation is closely
related to the characterization of the condition N A, and reduces the portfolio

allocation problem into a hedging problem described below.
c) Hedging of contingent claims :

A contingent claim is an Fr—measurable random variable B which represents
some amount of payoff at the fixed maturity 7. By definition the value of
the payoff is “contingent” on the state of the world prevailing at time 7.

In practice, B is defined precisely in a contract on which the buyer and
the seller agree at some time prior to 7. The main problem consists in
determining the premium to be exchanged at the initial time so that the

buyer and the seller agree to sign the contract.

15



The typical examples of contingent claims are indexed on some underlying
physical variable which can be the price of some financial asset, or any other
observable state variable. Therefore, in the financial industry, contingent

claims are called derivative securities.

Example 1.1 (European call option on the asset S*) This is a contract where
the seller promises to deliver the risky asset S* at the maturity 7" for some
given ezercise price, or strike, K > 0. At time T, the buyer has the possibility
(and not the obligation) to exercise the option, i.e. to buy the risky asset
from the seller at strike K. Of course, the buyer would exercise the option
only if the price which prevails at time 7' is larger than K. Therefore, the

gain of the buyer out of this contract is
B = (S%—K)" = max{S)— K,0},

i.e. if the time T price of the asset S’ is larger than the strike K, then
the buyer receives the payoff Si — K which corresponds to the benefit from
buying the asset from the seller of the contract rather than on the financial
market. If the time T price of the asset S? is smaller than the strike K, the

contract is worthless for the buyer. %

Example 1.2 (European put option on the asset S°) This is a contract where
the seller promises to purchase the risky asset S at the maturity 7" for some
given ezercise price, or strike, K > 0. At time T, the buyer has the possibility,
and not the obligation, to exercise the option, i.e. to sell the risky asset to
the seller at strike K. Of course, the buyer would exercise the option only if
the price which prevails at time 7T is smaller than K. Therefore, the gain of

the buyer out of this contract is
B = (K—-8.)" = max{K — S4,0},

i.e. if the time T price of the asset S° is smaller than the strike K, then
the buyer receives the payoff K — Si. which corresponds to the benefit from

selling the asset to the seller of the contract rather than on the financial

16



market. If the time T price of the asset S? is larger than the strike K, the
contract is worthless for the buyer, as he can sell the risky asset for a larger

price on the financial market. &

More examples of contingent claims are listed below. The seller of a
contingent claim B requires a compensation for the risk that he is bearing.
Our main interest will be on the determination of the (minimal) premium
that the seller is willing to accept in order to sign the contract. Many possible

definitions of this premium are relevant from the economic viewpoint :

(i) The super-hedging problem : A natural idea is to define :
V(B) = inf{x €R :30cA X2 >B a.s.} , (1.6)

i.e. the smallest initial capital which allows to face without risk the promised
time T payoftf B for some investment strategy on the financial market.

A self-financing portfolio (z,6) allows to face without risk the payoff B
(i.e. such that X;ﬁ > B as.) is called a hedging strategy, as it allows
the seller to hedge his position and to be solvent at time 7" in (almost) any
state of the world. If there exists a solution @ for the problem (1.6) (so that
inf = min), then the self-financing portfolio (V(B), é) is an optimal hedging
strateqy.

The super-hedging problem (1.6) will be studied in Section 3.

(ii) Optimal approzimation : As we shall see in the course of these lectures,
the super-hedging cost (1.6) turns out to be too large in various models of
financial markets, and the function p(B) can not be accepted as a reasonable
price for the buyer. In such contexts, one needs to introduce a loss function
h, which is typically increasing and convex. Given an initial capital x € R,
a relevant problem for the seller of the option is :

i (5 7)] aa
i.e. minimize the risk defined by the loss function h, and find the corre-

sponding investment strategy. With this definition of risk in mind, the seller

17



determines a premium for the contingent claim for some fixed amount of risk

that he is willing to accept.

(iii) Utility indifference : this valuation criterion corresponds to the notion
of certainty equivalent in economic theory. Let U : R — R be an increasing
concave function, and define the utility maximization problem :
ﬂ@mzzs@EﬁwXﬁ—Bﬂ.
gcA
The utility indifference principle suggests that the seller of the contingent

claim requires (at least) the premium :
Jj(B) = inf{p : J(x+p,B)=J(x,0)} . (1.8)
We conclude this section by listing some more examples of popular con-

tingent claims.

Example 1.3 (Basket call and put options) Given a subset I of indices in
{1,...,n} and a family of positive coefficients (a;);cs , the payoff of a Basket
call (resp. put) option is defined by

+ +
B = (Zaﬁ%—[() resp. (K—Zaﬁ%) .

iel iel
¢
Example 1.4 (Option on a non-tradable underlying variable) Let U (w) be

the time ¢ realization of some observable state variable. Then the payoff of

a call (resp. put) option on U is defined by
B = (Up—K)"  resp. (K—-Up)" .

Some examples of underlying variables U are
e Asian option : U; = %fOT S,
e Temperature option : U, is the temperature at time ¢ observed at some

location (defined in the contract).

Example 1.5 (Barrier option) .... o

18



Chapter 2

Arbitrage-free frictionless

financial markets in discrete-time

The main objective of this chapter is to derive a characterization of discrete-
time frictionless financial markets (S, S), as described in the introduction

section, which satisfy the no arbitrage condition :
NA :  The financial market contains no arbitrage opportunities.

We recall from the introduction chapter the definition of an arbitrage

opportunity.

Definition 2.1 An arbitrage opportunity is an investment strateqy 6 € A
such that

X% > 0 P-as and IP[X%H >0} > 0. (2.1)

Section 2.4 provides some implications of the no-arbitrage condition for
the purpose of pricing contingent claims. An important feature of these
implications is that they are independent of any model specification, i.e.
model-free properties, and they even hold true in continuous-time financial

markets. In particular, we shall see that
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- the price of a forward price is explicitly determined from the price of
the underlying asset ans the value of the zero-coupon bond,

- American call options on a non-dividend paying asset are identical to
their European counterpart,

- American and European options obey to some a-priori bounds.

In order to characterize the structure of financial markets satisfying the
no-arbitrage condition, we start in Section 2.1 by specializing the discussion
to the one-period case (T" = 1) with a single risky asset (d = 1) in the
context of a finite probability space. The characterization of the no arbitrage
condition in this context will be obtained by elementary methods, but already
contains the main concepts and intuitions for the derivation of the general
result.

The main result of this chapter are contained in Section 2.2, and states
that the no-arbitrage condition is equivalent to the existence of a so-called risk
neutral probability measure, i.e. a probability measure equivalent to P which

turns the discounted price process of the traded assets into a martingale.

2.1 The finite probability one-period model with

a single risky asset

In this section, we let ' = d = 1 and we assume that the probability space

is finite. Then the random variable S; has a finite support
{Sowy, ..., Sow,} where 0 < w; < --+ < w,

are some given real numbers, and n > 2 is some given integer. This means
that the value of the risky asset at time 7' = 1 can take any value Spw;,
1 =1,...,n with positive probability.

Since Fy is trivial, an investment strategy in this simple financial market
reduces to the choice of the portfolio allocation at time zero, and therefore

A = R. The purpose of this section is to prove the following characterization
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of the no arbitrage condition

SO
NA <g> w1<R::S—B < wy,
0
PNy - > qw; for some ¢qq,...,q, >0 with >0 ¢ =1.

(2.2)
The second equivalence is trivial, so we only concentrate on the non-trivial
claims.
(i) To show that the necessary condition in (1) holds, we assume that R ¢
(w1, w,), and we consider two cases :

- If R < wy, then the return of the non-risky asset is smaller than the
return of the risky asset in all possible states of the world. We may take
advantage of this situation by buying the risky asset and selling the non-
risky one, i.e. borrowing money from the bank. This corresponds to § = 1.
Immediate calculation shows that the final wealth X{"' is a non-negative
random variable and P [X?’l > O] > P[S] > Sowsy] > 0. Hence § = 1 is an
arbitrage opportunity.

- If R > w,, then the return of the non-risky asset is larger than the
return of the risky asset in all possible states of the world. Again, we may
take advantage of this situation by selling short the risky asset and buying
the non-risky one, i.e. investing money in the bank. This corresponds to

1.
1S a non-

# = —1. Immediate calculation shows that the final wealth X}~
negative random variable and P [Xf’_l > 0] > P[S; < Spw,_1] > 0. Hence
f = —1 is an arbitrage opportunity.

(ii) We now show that the condition R € (w;,w,) ensures that NA holds.
Let (g1, ..., ¢,) be the numbers defined in the second equivalence, and define

the probability @ by @ [S1 = Sow;] = ¢;. Then,
Q~P and EY[S)] = RS,. (2.3)

Now let § € A (= R) be a trading strategy which induces a non-negative
final wealth X%’ > 0 a.s. Observe that E? [Xfﬁ] — EQ[0(S; — RSy)] = 0

by (2.3). Then, X?’e = 0 QQ—a.s. Since P and @) are equivalent, this shows

that 6 is not an arbitrage opportunity.
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2.2 The fundamental theorem of asset pricing

in general finite discrete-time models

We now turn to the general framework of Section 1.1.

2.2.1 Notations

Let p > 0 and n > 1 be two given integers. We denote by L the collection
of all random variables Y with values in R™ such that E[|Y'|?] < co. Here, E
is the expectation operation under the probability measure P and |.| is the
Fuclidean norm in R”.

For every t = 0,...,T, we denote by L2 (t) the subset of L? whose ele-
ments are F;-measurable. Clearly, L2(T) = L2. For p = 0, L2(¢) reduces
to the collection of all F;-measurable random variables with values in R".
For p = +o00, L2°(t) is the set of all P—essentially bounded F;-measurable
random variables with values in R".

For n = 1, we shall omit the index 1, and we will simply denote IL?(¢)
and LP.

By L% (t) (resp. L” (¢)), we denote the non-negative (resp. non-positive)
orthant of LP(t) consisting of all P—a.s. non-negative (resp. non-positive)
random variables.

Observe that the above introduced spaces are defined with respect to the
probability measure P. We will also need the corresponding spaces with
respect to some given probability measure (). When Q # P, we shall use use
the notation L?(Q), L% (Q) and L” (Q).

We recall that two probability measures P and QQ are said to be equivalent
(and we denote P ~ Q) if P and Q have the same zero-measure sets. Then,

the density process

dQ
4 = —
dP
is a strictly positive random variable with EF[Z] = 1. Conversely, given a

strictly positive random variable Z with E¥[Z] = 1, we may define an equiv-
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alent probability measure Q := Z - P with associated expectation operator
E? defined by:

EC[Y] := EF[YZ] forevery r.v. Y with YZ integrable.
In particular, the measure Q is defined by
Q[A] :=E9[14] = E¥ [Z1,4] for every A€ Fp.

We finally recall the Bayes rule for the conditional expectation under Q:

EF [Y Z|F]

BV T

for every r.v. Y with Y Z integrable.
This is directly justified by proving that the F;—measurable random variable
€= EZIZ gatisfies the orthogonality conditions E? [Y1,] = E% [¢1,] for

EF[Z| 7]
every A € F;.

2.2.2 Reduction to a local one-period problem

Observe that the above introduced Condition NA depends on P only by
means of the class of its zero-measure sets. Therefore, for any Q ~ P, one

can re-write equivalently the no arbitrage condition into :
NA : X%G > 0 Q—a.s. for some 6 € A implies that X%a = 0 Q—a.s.

We can also express this condition equivalently under the numéraire de-

fined by the non-risky asset. Then, with the notation of (1.4), we have
NA : X%G > 0 Q—a.s. for some 6 € A implies that X%e = 0 Q—a.s.

We next introduce an (apparently) weaker notion of no-arbitrage, by only
excluding those arbitrage opportunities which can be performed locally in

some time interval [t — 1,¢] , i.e. # € A is such that

0, = 0 for every k #t— 1 so that )N(%G = 0,_; - (S't — S’t,l)
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Definition 2.2 Let Q ~ P, and t be a given integer in [1,T]. A t-local

arbitrage opportunity is a random variable & € LY(t — 1) such that :
5'(gt_§t—l) Z 0 Q—G.S. and @[5'(515—515_1) > 0] > 0.

An (apparently) weaker notion of no arbitrage is then the following local

version of NA :
NApe: NA(t) foreveryt=1,...,T,
where N'A(t) is defined by :

NA(t): €-(S;—S1) > 0Q-as. for some & € LY(t — 1) implies that
f' (St - Stfl) =0 Q—a.s.

The implication
NA = NA.

follows trivially from the above definitions. The following result shows that

condition N A reduces to the analysis of the simplest one-period conditions
NAqc.

Proposition 2.1 Conditions NA and NA,s. are equivalent.

Proof. We only have to show the non-trivial implication NA;,c = NA.
We use an induction argument. For 7" = 1, the claim is trivial as the two

notions coincide. We then assume that
NA. = NA ina (T — 1)—periods financial market (2.4)

and prove that this implication holds for the T'—periods financial market.

Consider some arbitrage opportunity 6 € A, i.e.
X% = X% 40, (8¢ —8r1) > 0 and p[fcgﬂ >o] > 0 (2.5)
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In order to conclude the proof, we have to show the existence of a t—local
arbitrage opportunity for some ¢ < T. Define the event set A := {w €
Q : X% (w) <0}, and consider the following cases :

(i) If P(A) > 0, then it follows from (2.5) that #7_1 - (Sp — Sp_1) > 0 a.s. on
A. Hence & := 0r_11, is a T—local arbitrage opportunity.

(ii) If P(A) =0, i.e. X2? > 0 a.s. we consider two subcases :

- either X327, = 0 a.s. and it follows from (2.5) that & := 6p_; is a T—local
arbitrage opportunity,

-or P [f(%fl > O} > 0, i.e. (6p,...,07_1) is an arbitrage opportunity in the
(T — 1)—periods financial markets. In this case, the induction hypothesis
(2.4) guarantees the existence of a t—local arbitrage opportunity for some
t<T-—1. O

2.2.3 Characterization of the local no arbitrage condi-
tion
In this section, we prove the following characterization of the t—local no

arbitrage property.

Theorem 2.1 Let Q be some given probability measure equivalent to P, and
t < T. Then, the financial market satisfies condition NA(t) if and only if
there exists Z € L>°(t) such that :

Z >0 Q—as. and E% [Z(S't—gt,l)]ft,l] =0.

The rest of this section is dedicated to the proof of this theorem. We
first show that the problem can be reduced to the case where the risky asset
increments are uniformly bounded. Let

Sy — S,
6 = — "L for t=1,...,T, (2.6)
1415 — S|

and define the subset of L°(t) :

K°(t) = {BeL’(t) : 3¢cLit—1), <&6,>> B Q—as).
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Lemma 2.1 For everyt < T, we have
NA(t) if and only if K°(t)NL%(t) = {0}.

The easy proof of this result is left as an exercise. The set K°(¢) is easily
seen to be convex. The following closeness result requires an important

technical effort, and is provided in Section 2.3 as a complement.

Lemma 2.2 Let t < T be fized and assume that Condition NA(t) holds.
Then, the set K°(t) is closed in probability, i.e. for every sequence (By), C
K°(t) which converges in probability to some B € 1LO(t), we have B € K°(t).

According to Lemmas 2.1 and 2.2, the t—local no arbitrage condition
means that the intersection between the closed convex set K°(¢) and the
positive orthant is reduced to zero. We shall obtain our characterization
of the no arbitrage condition by means of the following consequence of the
Hahn-Banach theorem.

Theorem 2.2 (Yan 1980, Kreps 1981) Let Q be a given probability measure,

and C a closed convex cone of LY(Q) satisfying :
LL(Q) c C and CNLL(Q) = {0}.

Then, there exists a random variable Z € L(Q) such that Q[ Z > 0] =1
and

EC[YZ] < 0 forall Y €C.

Proof. We organize the argument in four steps.

Step 1. We start by proving the following claim :

For every X € L1 (Q)\ {0}, there exists Z € L3°(Q) such that

2.7
EQZX] > 0 and EQZY] < 0 forall Y eC. 27)

Let X € L1 (Q)\ {0} be fixed. Then CN{X} = 0. Since {X} is a non-empty
convex compact subset of L'(Q), and C is a non-empty closed convex subset
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of L'(Q), it follows from the Hahn-Banach Theorem that there exists o € R
and Z L>°(Q) \ {0} such that

EP[ZY] < a < E%[ZX] forall Y €O,
recall that 1L>°(Q) is the dual of L'(Q). Since 0 € C, we see that
o >0 and E9[ZX] > 0.

Next, observe that the random variable Y = —1;7.y € L1 (Q) C C. Since
C'is a cone, \Y € C for every A > 0. Applying the above inequality, we see
that :

EQZ(AY)] = —AE%Z1zcy) < @  forall A>0.

By sending A to infinity, this inequality leads to a contradiction as long as
Q[Y # 0] > 0. Hence, Y = 0 Q-a.s.
Step 2. Let

Z = {ZeLFQ) : E¥zY]<0, VY €C} .

We now show this set contains an element Z* which meets all the require-
ments of the Theorem. We first observe that Z # () as it contains the zero

random variable. We next introduce the set :
S = {AcQ :3ZeZ, A=supp(2)} ,
where supp(Z) = {w € Q : Z(w) > 0}. We shall prove in Step 4 below that :
Q(S*) = max Q(S) for some S*e€S. (2.8)
Moreover, Step 3 below shows that
Q(s*) = 1. (2.9)

Then, the corresponding Z* € Z, with supp(Z*) = S* fulfills all the require-

ments of the theorem, and the proof is complete.
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Step 3. In order to prove (2.9), we assume to the contrary that Q(S*) < 1.
Then we may apply (2.7) to X := 1yg-c} = 1 —1g-}, and deduce the existence
of Z' € Z such that EQZ'X] = E?[Z'1(g-;] > 0. Then, the random
variable Z := Z* + Z' € Z satisfies Q[supp(Z)] > Q[supp(Z*)] = Q[S*],
contradicting the optimality of S* in the problem (2.8).

Step 4. It remains to prove (2.8).

(i) We first show that the set S is stable by countable union. Consider the
sequence (A, =supp(Z,)),»; of non-empty elements of S. Then ||Z, |« >
0 for all > 1 and .

3 _ Z,
A, = supp(Z,) avec Z, = A

Define :

7 = ZQ‘”Zn so that supp(Z) = Up,>14, .
n>1
In order to complete the proof, we have to show that Z € Z. Clearly, Z
€ L(Q). For every Y € C, observe that | > ;_, 27"V Z,| < |Y] € LY(Q).

Then, it follows from the dominated convergence theorem that

EC[ZY] = E©

n—~o0 n—~o0

lim Z 27kY 7,
k=1

— lim Y 27*EC [sz] <0
k=1

where the last inequality follows from the fact that Z, € Z for every k > 1.
Hence Z € Z.

(ii) Let (Sp)n>0 C S be a sequence such that lim,_,., Q(S,) = supges Q(S5).
Observing that Q[Uk<,Sk] > Q(S,,), we see that the non-decreasing sequence
<S’n = ngnSk> also satisfies lim,,_, Q(S’n) = supges Q(S). Then,

>0

sup Q(S) = lim @[Sn} _ @[unzoé’n} = Q[Up»0S,] -

Ses n—oo

Hence S* := U,>05, satisfies Q[S*] = supgesQ(S), and S* € S by (i),
completing the proof of (2.8). &
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We now have all the ingredients for the proof of Theorem 2.1.

Proof of Theorem 2.1 We simplify the notations by omitting all reference
to the probability measure Q. Clearly, the set K'(t) := K°(t) NL(¢) is a
convex cone of IL*(¢) containing IL* (). Since the L' convergence implies the
convergence in probability, it follows from Lemma 2.2 that K'(t) is closed in
Li(t).

1. Assume that Condition NA(f) holds. Then, K'(¢) N L% (t) = {0}, and
it follows from Theorem 2.2 that there exists a random variable Z° € L>(¢)
such that :

Z° > 0P—as. and E?[Z°B] < Oforall Be K'(t).

Let £ € LP(t—1) be arbitrary. Since the process § defined in (2.6) is bounded,
the random variables ¢ - §; and —¢ - §; are both in K'(t), and therefore :

E?[Z°-5] = 0.
By the arbitrariness of £ in L3°(¢ — 1), this is equivalent to :
E® [Z°6|F 1] = 0.

We next define Z = Z°/(1+ S, — S;_1|). Clearly Z > 0 a.s. and Z € L>®(t)
since || Z|le < [|Z°%|o0- By the definition of §, the above inequality can be

written in terms of price process :
EQ [Z(gt - gt—1)|Ft—1] - 0 .

2. We now prove sufficiency. So we assume the existence of a positive random
variable Z € L*° such that E? [Z(S‘t - gt_l)\ft_l} =0. Let £ € LY(¢t — 1)
be such that & - (S, — S,_1) > 0. On the event set A, := {|¢| < n}, we
have B¢ |Z < €, 5, — St > |Fya| = € B2 Z(S, = §)|Fia| = 0. Then,
Z <&, S, — S,y >=0as. on A,. Since Z > 0 a.s. we deduce by sending n
to infinity that & - (S‘t — 5}_1) =0 a.s. &
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2.2.4 On discrete-time martingales

In this section, we recall some results from the theory of discrete-time mar-
tingales, which will be needed in order to extend the characterization of the

t—local no arbitrage condition to the no arbitrage condition NA.

Definition 2.3 A process M = {M,;,t =0,...,T} is an (F,P)—supermartingale
(resp. (F,P)—submartingale) if My is P-integrable for every t and

E[M|Fi—1] < (resp. =) My_y for every t=1,...,T.

A process M is an (F,P)—martingale if it is both an (F,P)—supermartingale

and an (F,P)—submartingale.

Example 2.1 Let M be an (F, P)—martingale and ¢ an F—adapted bounded
process. Then, the process Y defined by :

t
Yo = 0and ¥, = Y ¢p1(My— M), t=1,....T

k=1
is an (IF, P)—martingale.

This example allows to build a large family of (F,P)—martingales out of
some given (IF, P)—martingale M. Notice however that the process ¢ needs
to satisfy a convenient restriction, namely ¢ has to be essentially bounded.
Without this restriction, we do not even have the guarantee that Y is inte-

grable, and we are led to the notion of local martingales ; see Definition 2.5

below.

Definition 2.4 An F—stopping time v is a random variable with values in

{0,..., T} such that
{v=t} € F forevery t=0,...,T.

We shall denote by T the set of all F—stopping times.
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Remark 2.1 An equivalent characterization of an F—stopping time is that
{v<t} € B forevery t=0,...,T,
(exercise !). This definition extends to the continuous-time setting.

Let Y ={Y;,t =0,...,T} be an F-adapted process. The stopped process
Y" at the F—stopping time v is defined by :

Y/ = Y, for t=0,...,7T.

Exercise 2.1 Let Y be an F-adapted process and consider some F—stopping
time v € 7.

1. Prove that the stopped process Y is F-adapted.

2. If Y is an (F,P)—martingale (resp. (F,[P)—supermartingale), prove that
Y” an (F,P)—martingale (resp. (F,P)—supermartingale).

For every stopping time v, the available information at time v is defined
by :

F, = {AeF : An{v=tteF forallt=0,...,T} .
We recall the following important result on stopped martingales.

Theorem 2.3 (Optional sampling, Doob). Let M be a martingale (resp.
supermartingale), and consider two stopping times v, v € T withv < U a.s.
Then :

E[M;|F)] = M, (resp. < M,) P —a.s.

Proof. We only prove this result for martingales ; the case of supermartin-
gales is treated similarly.

(i) We first show that E[My|F,] = M, for every v € T. Let A be an arbitrary
event set in F,. Then, the event set AN {v =1t} € F; and therefore :

E [(Mr — M) 1anpu=y] = E[(My— M)lanp—y] = 0
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since M is a martingale. Summing up these inequalities, it follows that :

0 =
t

E [(Mr — M,)1anp—n] = E[(My— M,)14] .

T
=0

Since A is arbitrary in F,, this proves that E[My — M, |F,] = 0.
(ii) By the second question of Exercise 2.1, the stopped process M” is a
martingale. Then, by the above step (i), we see that :

E[M|F)] = E[M7|F)] = M) = M,
since v < 7. &

We next introduce the notion of local martingales.

Definition 2.5 A process M = {M;, t = 0,...,T} is said to be a local
martingale if there exists a sequence of (F,P)—stopping times (7,), such that
T, — 00 P-a.s. and the stopped process M™ is an (F,P)—martingale for

every n.

Example 2.2 Let M be an (F, P)—martingale and ¢ an arbitrary F-adapted
process. Then, the process Y defined by :

t
Yo =0 and Y, = Y (M — M), t=1,....T

k=1

is a local martingale. To see this, consider the sequence of stopping times
T, = inf{t :|¢] >n} ,
with the convention inf ) = oco. Then, for every n > 1,
t ~ ~
Y, = Z¢k—1(Mk — M) where ¢ = ¢ilycr,y, t=1,...,T.
k=1

Since gg is an F-measurable bounded process, we are reduced to the context

of Example 2.1, and the stopped process Y™ is an (F,P)—martingale.
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The following result provides a sufficient condition in finite discrete time

for a local martingale to be a martingale.

Lemma 2.3 Let M = {M;, t = 0,...,T} be an (F,P)—local martingale
with :

E[M;] < 0.
Then, M is an (F,P)—martingale.

Proof. Let (7,), be a sequence of stopping times such that 7, — oo
a.s. and the stopped process M™ is an (F,P)—martingale for every n. We

organize the proof into two steps.
1. We first prove that :
E[’Mt”ftfl] < oo and E[Mt‘f'tfl] = Mt,1 P—as. 1 S t S T. (210)

Since 7, is an (F, P)—stopping time, we deduce that the event set {7, > t—1}

is F;_1—measurable. Then :
E[|M:||Fia] = E[|M™||Fi-1] < oo P—as. on {7, >t—1},

where the last inequality follows from the fact that M™ is P—integrable. By
sending n to infinity, we deduce that E[|M;||F;_1] < oo P-a.s.

Similarly, using the martingale property of the stopped process M™, we
see that :

E[Mt’ftfl] = E[Mg—n‘f'tfl] = MtTfl = Mt,1 on {Tn >t—1},

which implies that E[M;|F;_,] = M;_; P-a.s. by sending n to infinity (Notice
that the condition E[M] < oo has not been used in this step).

2. It remains to prove that M, is P—integrable for all t =0,...,T.
By the second property of (2.10), together with the convexity of the function

xr — 2~ and the Jensen inequality, we see that :
M7 < E[M,|F] forevery t=0,....,7—1.
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Then, E[M; ] <E[M;,] <... <E[M;] < oo by the condition of the lemma.

We next use Fatou’s lemma to obtain :

EM] = E [hm inf M:m]

< liminfE [M}, ] = UminfE [Mi,, + M., | -
Recall that the stopped process M™ is an (IF, P)—martingale. Then :
T
E[M] < M+lminfE[M,, ] < My+» E[M;] < oo

n—00
t=0

&

We next provide an example of a local martingale which fails to be a

martingale.

Example 2.3 Let (A,),>1 be a measurable partition of Q with P[A4,] =

27", Let (Z,)n>1 be a sequence of random vqrigbles independent of A,, with
P Z,=1] =P[Z, = —1] = 1/2. Set

Fo = o0(A,,n>1) and Fy = o(4,,Zy,n>1),
and consider the process

Xo =0 and X; := Yy = lim Y, where ¥, := > 277,14

n—oo P

Clearly, X = {Xy, X1} is not an (F,P)—martingale as X; = Y, is not in-
tegrable. We next show that X is an(IF,P)—local martingale. Define the

sequence of stopping times :
T, = +ooon Ui<p<, 4, and 7, = 0on Q\ (Ui<p<n4,) .
For every n, the stopped process X™ is given by :
X =0 and X" =Y,.

Since the random variable Y,, is bounded and independent of F,, we easily
see that E[Y,,|F] = 0. Hence, X™ is an (F, P)—martingale. &
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Remark 2.2 In finite discrete-time, Lemma 2.3 provides an easy neces-
sary and sufficient condition for a local martingale to be a martingale (ne-
cessity is trivial). This condition does not extend to the contionuous-time
framework, as we will provide an example of a positive continuous-time (in-

tegrable) local martingale which fails to be a martingale. &

2.2.5 Characterization of the no arbitrage condition

We are now ready for the statement and the proof of the Fundamental The-
orem of Asset Pricing (FTAP), which provides a characterization of finite
discrete-time frictionless financial markets which are free of arbitrage oppor-

tunities.

Theorem 2.4 The following assertions are equivalent.

(i) NA

(ii) There exists a probability measure Q equivalent to P such that the dis-
counted process S is an (F, Q)—martingale.

Moreover, the measure Q in (ii) can be chosen so that the density (dQ/dP)
15 bounded.

A probability measure Q which satisfies condition (ii) is called a risk neutral
probability or an equivalent martingale measure. We shall denote by M(S)
the collection of all risk neutral measures. Then Theorem 2.4 can be restated

as:
NA if and only if M(S) #0.

Proof. (ii) = (i) : Let # € A be arbitrary. Since S is a Q—martingale,

the process

t—1
X(()),G = 0 and Xé),@ = Z@k'(§k+1_§k)a t=1,...,T

k=0
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is a Q—local martingale. Suppose that X%" > 0 a.s. Then, it follows from

Lemma 2.3, that the process X is a Q—martingale, and
0,0
EQ [XT ] - 0.

Since X%G > 0 a.s., and P is equivalent to Q, this proves that X%" =0 P—-a.s.

Hence 6 can not be an arbitrage opportunity.

(i) = (ii) : By Proposition 2.1, Condition NA(¢) holds for every t =
1,...,T. We will now use recursively Theorem 2.1.
1. From Condition NA(T), there exists an Fr—measurable, bounded, and
strictly positive random variable Z7, satisfying | | Z7(Sp — Sp_1)|Fr_1| =
0. Define We next define an equivalent probability measure Q' by its Radon-
Nikodym density :

dQT zZT

zr .= = .
* dP E[ZT]

Then, the random variable Z7 is Fr—measurable, bounded, strictly positive

a.s. By definition, Sy is Q-integrable and :

E |27 (Sr — Sr)lFr|
E [Z]|Fr_i]
E [ZT(ST - §T_1)\fT_1]

E[ZT]E[Z]|Fr-]

E |57 - Sra|Fra| =

by the Bayes rule. We have then proved that :
B |SplFra| = Sra.

2. For 2 <t < T, let Q be an equivalent probability measure with

Q' e _
Zt = % € L®(t) and E9 [Sk\}'k_l] = Sy for t < k < T(2.11)

Applying Theorem 2.1, with reference measure Qf, we deduce the exis-

tence of a strictly positive random variable Z=! € L*(t — 1) such that
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B9 20748, — Sia)|Fia] =0, i

E [Zﬁzf—l(ét_l — S )| Fa| = 0.
Define the P—equivalent probability measure Q'~! by its Radon-Nikodym
density :
thl _ d@T—l _ ZﬁZt_l
o dP E[ZtZt-1] "

Then, Z!~! is bounded, strictly positive a.s. From the Bayes rule, it follows
that :
E [Zifl(gt—l - SYt—2)|-7:t—2]
E [Z:Y Fiss)
E 212 (811 = Sia)|Fia
E(ZtZt7 E [Z1 | Fis]

EY [gt—l - gt—Q‘]:t—Q}

= 0.
Moreover, for any t < k < T, we have
E [Zﬁ_lt <§k — gk;—l) \fk—l]
E [Ziil‘:/rkfl]
E [ZiZt_l <§k — gk—l) |f]€_1i|
E[ZtZ1] E [Z Y Fiod]

EC S - Skl B | =

by the Bayes rule. Recall that Z!~! is F,_;-measurable. In particular, Z¢1
is Fj_1-measurable for every t < k < T. Then

2B |28 (S = i) 1]
E[Z:Z E [Z5 Fri]

2B (5 — Sl Fi

E[ZtZY E [ Z5 Froy]

EC | SialFi| =
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by (2.11).

3. The backward induction of Step 2 above leads to an equivalent probability
measure Q! ~ P satisfying :

dQ! 1 [~ o~

% e L°(P) and E9 [St . St,l\ft,l} 0 t=1,....T.
In order to conclude the proof, it remains to verify that the process S is Q'-
integrable. Since Fy is trivial, we have E@' [S1] = Sy, proving that S is inte-
grable. Similarly, assume that S, is Q!—integrable for some t =0, ..., T —1.
Then, since EQ' [S‘tﬂ — SH]—}] = 0,we see that EQ' [gtﬂ\}}} = S;, whence
Si1 is Q'-integrable. o

Remark 2.3 In the above proof of (i) = (ii), we only used the (easy)
necessary part of Proposition 2.1, i.e. we only used the fact that N A implies
the no-local arbitrage condition on any sub-period. So the converse impli-
cation is not needed for the purpose of FTAP (Theorem 2.4), and is in fact
implied by the FTAP.

2.3 Complement : the closeness property

We first need to reduce the set of “local portfolios” ¢ in the definition of
K°(t). Define :

N(t—1) = {£eLit—-1): &6, =0 P—as.}
Ni(t—1) = {pelit—1) : - & =0 VEEN(E—1)} .

We start by a projection result of the local portfolio €. This will play an
important rule in the proof of Lemma 2.2. Indeed, the linear map ¢ : & €
LY(t — 1) — & -4, € L°(¢) (final payoff of a local strategy) is not injective
without additional assumptions on the process S. However, the restriction
of ¥ to N, (t — 1) is injective, so that any final payoff of a local strategy

corresponds to a unique local strategy in N, (¢t — 1).
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Lemma 2.4 For all € € LY(t — 1), there exists ¢ € N, (t — 1) such that :

Proof. Set N? := N(t —1)NL%*¢ —1) and N? := N, (t — 1) N L23(¢t — 1).
We shall prove that N2 = (N?)%, the orthogonal subspace of N? in the L2
sense. By definition of N(t — 1) and N, (¢t — 1), it is immediately seen that
N? C (N?)t. We next consider a random variable ¢ € (N?)* and suppose
to the contrary that ¢ ¢ N?. Then, there is a random variable £ € N(t — 1)
such that Plp - £ = 0] < 1. By possibly replacing £ by —¢, the event set A
={weN: p-& > 0} satisfies :

A€ Fy and P[A] > 0.

We then introduce the random variable :

§(w)
[€(w)]

Since £ € N(t — 1), it follows that £ € N2. But E[¢ - ¢] > 0 contradicts the
fact that p € (N?)*.
Hence N? = (N?)L. Let 7 be the orthogonal projection operator of L2(t — 1)

on N?. In order to complete the proof of the Lemma, it suffices to define :

fw) = 0 if £w)=0 and £(w) = 14(w) .

7 Lt—1) — Ny (t—1)

£
¢ € ”(m)

et £ = 7(€). indeed,
§
b = e a
§ _
- o '6,5 - (St
!f!ﬂ(m) (&)
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By the latter projection result, we may re-write the set K°(t) as :
K°(t) = {BelL’t) : 3¢e N (t—1), -6, > Bas.}.
The next ingredient for the proof of Lemma 2.2 is the following

Lemma 2.5 Let (§,)n>0 be a sequence in LY(t) with liminf, . &, < oo
P—a.s. Then, there exists a sequence of random variables (7,,)n>0 with values
in' N, and a random variable £ € LY(t) such that

én = ng - é P—a.s.

Proof. 1. Let { := liminf, . [&,|, and define 7'0 = 0, together with
7',50) = inf {n>7’k e ]|§n\ —5} <k~ 1} for £ > 1. Then ér(lo) = 577(10)
defines a bounded sequence of F;—measurable random variables.

2. We next apply the above procedure to the first component éib(o) : let
Tél) = 0, and 7',51) = inf {n > Tk 1 : |§1 é‘ < kil} for £ > 1. Then
~(1)

= 57(1) defines a bounded sequence of F;—measurable random variables

with a.s.nconvergent first component.

3. Iterating the above Step 2 to the other components, we end up after d steps

with a sequence <§?T(Zd)> - which satisfies the requirement of the Lemma. <
We are now ready for the proof of the closeness result.

Proof of Lemma 2.2 Let (B,),>1 be sequence of K"(t) :

B, < &,-6; forsome &, € Nj(t—1), (2.12)

such that B, — B in probability, for some random variable B € L{t). We
have to prove that B € K°(t).

After possibly passing to a subsequence, B,, — B P—a.s. We also denote
§ = liminf, . [&| € Ry U {+o0o}.
1. Let F':= {w : {(w) = oo}, and let us prove that P[F] = 0. Set
0 = (1 + &)1, 1F for every n > 1. Assuming that P[F] > 0, it follows

from Lemma 2.5 that there is a random variable ¢ with || = 1 such that
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On — , where ¢, is defined from ¢ as in the statement of Lemma 2.5.
Defining C,, := (14 |€,]) "' By, and C,, similarly, it follows from (2.12) that

0= limC, < lim ¢, -0; = -0 P—a.s.

n—oo

which implies that ¢ - §; = 0 by the no t—local arbitrage condition NA(t).
Now, since &, € N (t — 1), it follows that ¢, and ¢ € N (t — 1). Then,
¢ - 0; = 0 implies that ¢ = 1, contradicting the fact that |¢| = 1. Hence
P[F] = 0.

1. From the previous step, we have { < oo P—a.s. By Lemma 2.5, there is a
random variable £ € LY(¢ — 1) such that €, — &, where &, is defined from
¢ as in the statement of Lemma 2.5. We finally pass to the limit as n — oo
in (2.12) to see that B < ¢ - ¢;. This shows that B € K°(t). %

2.4 Model-free implications of no-arbitrage

Throughout this section, we shall consider call and put options with exercise
price (or strike) K, maturity 7', and written on a single rsky asset with price
S. At every time t < T, the American and the European call option price

are respectively denoted by
O(t, St7 T, K) and C(t, St7 T, K) .

Similarly, the prices of the American and the Eurpoean put options are re-

spectively denoted by
P(t,S;,T,K) and p(t,S;,T,K).
The intrinsic value of the call and the put options are respectively:

C(t,Si,t,K) = c(t,Si,t, K) = (S;—K)".
P(t7St7t7K) - p(tast7t7K) = (K_St)+7

i.e. the value received upon immediate exercing the option. An option is said

to be in-the-money (resp. out-of-the-money) if its intrinsic value is positive.
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If K = S, the option is said to be at-the-money. Thus a call option is
in-the-money if S; > K, while a put option is in-the-money if S; < K.

A zero-coupon bond is the discount bond defined by the fixed income 1
at the maturity 7. We shall denote by B;(T) its price at time 7. Given
the prices of zero-coupon bonds with all maturity, the price at time t of any
stream of deterministic payments F}, ..., F}, at the maturities t <7} < ... <

T, is given by
FiB(Ty) + ...+ F,B(T,) .

The purpose of this section is to derive some properties of options which
hold independently of the model specification for the security price process.
We shall however assume that there are no market imperfections as trans-
action costs, taxes, or portfolio constraints, and we will make use of the
following dominance principle which is a weaker condition than no-arbitrage,
i.e. implied by NA.

Dominance principle Let X be the gain from a portfolio strategy with
wnitial cost 0. If X > 0 in every state of the world, Then X = 0.
Notice that the following properties also hold if continuous-time trading

is possible.

2.4.1 American versus European options

By the dominance principle, we immediately see that American calls and

puts are at least as valuable as their European counterparts:
Ct, S, T,K) > ¢c(t,S,T,K) and P(t,5,T,K) > p(t,S, T, K)

Indeed, choosing to exercise the American option at the maturity 7" provides
the same payoff as the European counterpart. Then the portfolio consisting of
a long position in the American option and a short position in the European

counterpart has at least a zero payoff at the maturity 7.
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2.4.2 Put-Call Parity

When the underlying security pays no income before the maturity of the

options, the prices of calls and puts are related by
p(t, St,T,K) = C(t, St,T, K) —St+KBt(T)

Indeed, Let X be the portfolio consisting of a long position of a European
put option and one unit of the underlying security, and a short position of a
European call option and K zero-coupon bonds. The value of this portfolio

at the maturity 7T is
Xr = (K=Sr)"+Sr—(Sr—K)*-K = 0.

By the dominance principle, the value of this portfolio at time ¢ is non-

negative, which provides the required inequality.

2.4.3 Exercise price effects

e American and European call (resp. put) options prices are decreasing (resp.

increasing) in the exercise price, i.e. for K > Kj:

C(t> Sta T7 Kl)
P(ta St> Ta Kl)

C(t, S, T,Ky) and c(t,5,T,K;) < c(t, S, T, Ks)
P(taSbTaKZ) and p(t>St>TaK1) < p(taSbTaKZ)

<
>

Let us justify this for the case of American call options. If the holder of
the low exrecise price call adopts the optimal exercise strategy of the high
exercise price call, the payoff of the low exercise price call will be higher in
all states of the world. Hence, the value of the low exercise price call must
be no less than the price of the high exercise price call.

e We also have the following result for the sensitivity of European call options

with respect to the exercise price:

C(t7 St7 T7 KQ) - C(t7 St7 T7 Kl)
Ky — Ky -

—By(T) <
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The right hand-side inequality follows from the decrease of the European call
option ¢ in K. To see that the left hand-side inequality holds, consider the
portfolio X consisting of a short position of the European call with exercise
price K7, a long position of the European call with exercise price K5, and a
long position of Ky — K zero-coupon bonds. The value of this portfolio at

the maturity 7' is
Xr = —(Sr—K1)"+ (St — K2)" + (K, — K1) > 0.

By the dominance principle, this implies that —c (S, 7, K1) + ¢ (S, 7, Ka) +
By(T)(Ky — K1) > 0, which is the required inequality.
e American/European Call and put prices are convex in K.

Let us justify this property for the case of American call options. For an
arbitrary time instant u € [t,T] and A € [0, 1], it follows from the convexity

of the intrinsic value that
MNSy =KD"+ (1 =N (Sy— K3)" = (Sy — MK+ (1 = NKy)" > 0.

We then consider a portfolio X consisting of a long position of A\ calls with
strike K, a long position of (1 — \) calls with strike K5, and a short position
of a call with strike AK; 4+ (1 — A) K. If the two first options are exercised
on the optimal exercise date of the third option, the resulting payoff is non-
negative by the above convexity inequality. Hence, the value at time t of the

portfolio is non-negative.

2.4.4 Maturity Effects for American call and put op-

tions

American call and put prices are increasing in maturity, i.e. for Ty > Ty:
C(t7 St7 T17 K) Z C(t7 St7 T27 K)a’nd P(tv St7 T17 Kl) Z P(t7 St7 T27 KQ)

This is a direct consequence of the fact tat all stopping strategies of the

shorter maturity option are allowed for the longer maturity one.
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2.4.5 Bounds on call prices and early exercise of Amer-

ican calls

e From the monotonicity of American calls in terms of the exercise price, we
see that

C(St,T,K) S C(St,T,K) S St

e When the underlying security pays no dividends before maturity, we have

the following lower bound on call options prices:
C(t, S, T,K) > c(t,8,T,K) > (S, — KB,(T))" .

Indeed, consider the portfolio X consisting of a long position of a European
call, a long position of K T—maturity zero-coupon bonds, and a short po-
sition of one share of the underlying security. The required result follows
from the observation that the final value at the maturity of the portfolio is
non-negative, and the application of the dominance principle.
o Assume that interest rates are positive. Then, an American call on a
security that pays no dividend before the maturity of the call will never be
exercised early.

Indeed, let u be an arbitrary instant in [¢,7),
- the American call pays 5, — K if exercised at time u,
-but S, — K < S — KB,(T — u) because interest rates are positive.
- Since C(Sy,u, K) > S, — KB,(T — u), by the lower bound, the American
option is always worth more than its exercise value, so early exercise is never
optimal.
o Assume that the security price takes values as close as possible to zero.
Then, early exercise of American put options may be optimal before maturity.

Suppose the security price at some time wu falls so deeply that S, <
K — KB,(T).
- Observe that the maximum value that the American put can deliver when
if exercised at maturity is K.
- The immediate exercise value at time u is K — S, > K — [K — KB, (T —u)]
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= KB, (T —u) = the discounted value of the maximum amount that the put
could pay if held to maturity,

Hence, in this case waiting until maturity to exercise is never optimal.

2.4.6 Risk effect on options prices

e The value of a portfolio of FEuropean/american call/put options, with com-
mon strike and maturity, always exceeds the value of the corresponding basket
option.

Indeed, let S, ..., S™ be the prices of n security, and consider the portfolio

composition A, ..., A" > 0. By sublinearity of the maximum,

ZAimaX{Si - K,0} > max{z NS — K,O}
i=1 i=1

i.e. if the portfolio of options is exercised on the optimal exercise date of
the option on the portfolio, the payoff on the former is never less than that
on the latter. By the dominance principle, this shows that the portfolio of
options is more maluable than the corresponding basket option.

e For a security with spot price S; and price at maturity Sy, we denote its
return by

St

R(T) = —.
(1) =

Definition Let R{(T), i = 1,2 be the return of two securities. We say that

security 2 is more risky than security 1 if
R}(T) = R;(T)+e where E[e|R/(T)] =0.

As a consequence, if security 2 is more risky than security 1, the above

definition implies that

Var [R}(T)] = Var [R;(T)] 4+ Var[e] 4+ 2Cov[R;(T), €]
= Var [R;(T)] + Varl[e] > Var [R}(T)]
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e We now assume that the pricing functional is continuous in some sense
to be precised below, and we show that the value of an European/American
call/put is increasing in its riskiness.

To see this, let R := Ry(T') be the return of the security, and consider the
set of riskier securities with returns R’ := R(T) defined by

R" = R+¢; where ¢ areiid and E[g;|R] =0.

Let C%t,S;, T, K) be the price of the American call option with payoff
(S R* — K)+, and C,(t,S;, T, K) be the price of the basket option defined
by the payoff (23" | S,R" — K)Jr = (Sr+23" 66— K)+.

We have previously seen that the portfolio of options with common ma-

turity and strike is worth more than the corresponding basket option:
1 1 Zn i Yal
O (t,St,T,K) - - C(t,St,T,K) Z C’n(t,St,T,K).
n
i=1

Observe that the final payoff of the basket option C,, (T, Sy, T, K) — (Sp — K)*
a.s. as n — oo by the law of large numbers. Then assuming that the pricing
functional is continuous, it follows that C,(t,S;, T, K) — C(t,S;, T, K),
and therefore: that

c'(t,S,T,K) > C(t,S,T,K).

Notice that the result holds due to the convezity of European/American call/put
options payoffs.
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Chapter 3

Super-hedging contingent claims

in discrete-time financial markets

3.1 Problem formulation

3.1.1 Definition

In this section, we fix some contingent claim B, i.e. an Fp—measurable

random variable, and we consider the super-hedging problem :
V(B) = inf{xeR L 30c A X >B P—a.s.} .

Remark 3.1 Notice that V(B) depends on the reference measure P only by
means of the corresponding null sets. Therefore, the super-hedging problem

is not changed if P is replaced by any equivalent probability measure.

From the point of view of the seller of the contract, if he can find a buyer
who is willing to pay the premium V' (B) + 2¢, for some £ > 0, then he would
immediately accept the contract : indeed, from the initial capital V(B) + ¢,
he can perform a portfolio strategy which allows him to face the promised

payment B at time 1 without risk. So he immediately gains the amount ¢.
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3.1.2 First properties

Proposition 3.1 The function B —— V(B) is

(i) monotonically increasing, i.e. V(By) > V(Bsy) for every By, By € LY(T)
with B; > By P—a.s.

(ii) sublinear, i.e. V(B + By) < V(By)+ V(By) for By, By € L)(T),

(iii) positively homogeneous, i.e. V(AB) = AV(B) for A\ > 0 and B €
LY(T),

(iv) V(0) =0 and V(B) > =V (—B) for every contingent claim B.

Proof. (i) This is trivial as any portfolio strategy which super-hedges B;
also super-hedges Bs.

(ii) For i = 1,2 and € > 0, set z; := V(B;) + ¢ and let 6; € A be such that
X;i“ai > B;. Then, by the linearity of the wealth process, we have X%é >
Bi + B,, where T := 21 + 25 and 0 := 6, + 6, € A. By the definition of the
super-hedging problem V(B; + Bs), that z > V(By + Bs), and the required
result follows from the arbitrariness of ¢ > 0.

(iii) Arguying asin (ii), it is immediately seen that V(AB) < AV (B) for every
A > 0 and B € L%T). Applying this inequality to B := AB, we sec that
V(B) = V(\"'B) < \"'V(B), proving that V is positively homogeneous.
(iv) Applying (ii) for By = By = 0 provides V' (0) < V(0) 4V (0), i.e. V(0) >
0. The reverse inequality V' (0) < 0 follows from the fact that 0 is hedgeable
the initial zero capital as X3* = 0. Hence 0 = V(0) = V(B — B) < V(B) +
V(=B) by (ii). ¢

Proposition 3.2 Let B be a contingent claim, and suppose that Xé,’io’go =
B P—a.s. for some (2°,6°) € R x A. Then
V(B) = inf {x eR : X2 =BP— as. for somef € A} :

Assume further that Condition NA holds and |B™||o < 0o. Then V(B) =

20,
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Proof. The first part of the proposition is an immediate consequence of the
monotonicity property stated in (i) of Proposition 3.1. Now, if NA holds,
then we may find an equivalent martingale measure Q € M(S). Let (z,0)
be an arbitrary pair in R x A with X%’e — B. Since B is bounded from
below, it follows from Lemma 2.3 that the process X% is a martingale, and
therefore z = E9[B] = V(B). &

3.1.3 No arbitrage bounds

Assume that the buyer of the contingent claim B has the same access to the
financial market than the seller. Then V(B) is the mazimal amount that the
buyer of the contingent claim contract is willing to pay. Indeed, if the seller
requires a premium of V(B) + 2¢, for some £ > 0, then the buyer would not
accept to pay this amount as he can obtain at least B be trading on the
financial market with initial capital V' (B) + .

Now, since selling of the contingent claim B is the same as buying the

contingent claim — B, we deduce from the previous argument that
—V(—B) < market price of B < V(B). (3.1)

Observe that this defines a non-empty interval for the market price of B
under the no-arbitrage condition, by Proposition 3.1.
We have then justified that the super-hedging problem provides arbitrage

bounds (3.1) for all possible market prices of the contingent claim B.

3.2 One-period examples

3.2.1 The binomial model

We first study the simplest one-period financial market T = 1. Let Q =
{wy,wq}, F the o-algebra consisting of all subsets of {2, and P a probability
measure on (2, F) such that 0 < P(w,) < 1.
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The financial market contains a non-risky asset with price process
S =1, SVwy) = K(wg) = €,
and one risky asset (d = 1) with price process
So = s, Si(wy) = su, Si(wg) = sd,

where s, r, u and d are given strictly positive parameters with v > d. Such

a financial market can be represented by the binomial tree :

time 0 time 1
Su
Risky asset So=s
Sd
Non-risky asset Sy =1 R=¢"

(i) The No-Arbitrage condition : By Theorem 2.4, Condition NA is equiv-
alent to the existence of a probability measure Q, defined par ¢, = Q(w,)
and ¢ = Q(wg) = 1 — qu, equivalent to P, i.e. 0 < ¢, < 1, such that the

discounted price process S of the risky asset is a Q-martingale :

su sd
w—+(1—q)—= = s.
R G
This linear equation admits a unique solution :
 R-d
Qu - u—d I

and we directly check that 0 < ¢, < 1 if and only if :
u>R>d. (3.2)

Hence the no-arbitrage condition NA in the present context of a one-period
binomial model is equivalent to (3.2). In addition, we observe that M(S) is

reduced to a singleton in the present setting.
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In the context of the present binomial model, the uniqueness of a risk
neutral measure, or equivalent martingale measure, is a remarkable property.

We shall see later that this property is very special to the binomial model.

(ii) Hedging contingent claims : A contingent claim is defined by its payoff
B, := B(w,) and By := B(wy) at time 1.
A self-financing trading strategy is a pair (z,6) € R% The corresponding

discounted wealth process at time 1 is given by :
Xfﬁ = ZE+0(§1 —S) .

In this context , it turns out that there exists a pair (2%, 6") € R x A such that
X;fo’go = B, as required by Proposition 3.2. indeed, the equality X7 "~ B
is a system of two (linear) equations with two unknowns which can be solved
straightforwardly :

Bu - Bd

B B ~
O — =2+ (1—q)=2 = E°[B] and ¢° = :
" = qu—y + (1 - qu) [B] an p—

R R

We also observe in our simple context that such a pair (2°,6°) is unique.
Then V(B) = E2[Be "] and (V(B),6°) is a perfect replication strategy for
B,ie X/® _ B,

(iii) No arbitrage valuation : Let us denote by p(B) the market price of

the contingent claim contract. Under the no-arbitrage condition, it follows
from the no-arbitrage bounds (3.1) that —E¢ [-Be™"] = =V (=B) < p(B) <
EQ [Be~"], and therefore

p(B) = E%[Be"]. (3.3)

Hence in the context of the simple binomial model, the no-arbitrage condition
implies a unique valuation rule defined by (3.3). This is the no-arbitrage price
of the contingent claim B.

In order to better understand this result, let us show directly this equality

without appealing to the super-hedging problem V(B). Suppose that the
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contingent claim B is available for trading at time 0. We will now show that,
under the no arbitrage condition N A, the price p(B) of the contingent claim
contract is necessarily given by p(B) = V(B).

(iii-a) Indeed, suppose that p(B) < V(B), and consider the following
portfolio strategy :

- at time 0, pay p(B) to buy the contingent claim, so as to receive the
payoff B at time 1,

- perform the self-financing strategy (—V(B), —0), this leads to paying
—V/(B) at time 0, and receiving —B at time 1
The initial capital needed to perform this portfolio strategy is p(B)—V(B) <
0. At time 1, the terminal wealth induced by the self-financing strategy ex-
actly compensates the payoff of the contingent claim. We have then built
an arbitrage opportunity in the financial market augmented with the contin-
gent claim contract, thus violating the no arbitrage condition on this enlarged
financial market.

(iii-b) If p(B) > V(B), we consider the following portfolio strategy :

- at time 0, receive p(B) by selling the contingent claim, so as to pay the
payoff B at time 1,

- perform the self-financing strategy (V' (B), 6), this leads to paying V' (B)
at time 0, and receiving B at time 1
The initial capital needed to perform this portfolio strategy is —p(B) +
V(B) < 0. At time 1, the terminal wealth induced by the self-financing
strategy exactly compensates the payoff of the contingent claim. This again
defines an arbitrage opportunity in the financial market augmented with the
contingent claim contract, thus violating the no arbitrage condition on this

enlarged financial market.

3.2.2 The trinomial model

Let T'= 1, and consider the elementary events set Q0 = {wy, W, wq}, together
with the o-algebra F consisting of all subsets of €2, and a reference probability

measure P with P(w;) > 0 for every i € {u, m,d}.
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The financial market consists of a non-risky asset with price process
So =1, 8w = Swn) = Siwa) = €,
and one risky asset (d = 1) with price process
So = s, Si(wy) = su, Si(wn) = sm and Si(wg) = sd,

where s, r, u, m and d are strictly positive reel parameters with v > m > d.

Such a financial market can be represented by the following trinomial tree :

time 0 time 1
Su
Risky asset So=s Sm
Sd

Non-risky asset Sy=1 R=¢"

(i) The no arbitrage condition : From Theorem 2.4, Condition NA is equiv-

alent to the existence of a probability measure Q, defined by ¢, = Q(w,),
gm = Q(wy,) and g4 = 1 — ¢, — gm, equivalent to P, i.e. ¢,,qs > 0 and
Gu + qq4 < 1, such that the discounted risky asset price Sisa Q-martingale :

su N sm +a )sd
U 5 m 5 —qu —qm)—H = S.
q R q R q q R
This condition is easily seen to be equivalent to :
d < R < u,

and the collection of all equivalent martingale measures, or risk neutral prob-
abilities, is defined by the set :

{(Qu7Qm) : Qu7Qm>07 Qu+Qm<1andQu(u_m)+Qd(d_m):R_m} .

Excepting some very special cases, this set contains an infinite number of

elements, defining an infinite set of equivalent martingale measures.
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(ii) Hedging of contingent claims : A contingent claim is defined by its pay-
ments B, := B(w,), By := B(wy,) and By := B(wy) at time 1. A self-

financing trading strategy is a pair (z, ) € R%. The corresponding discounted

wealth process at time 1 is given by :
X = 2 40(8 —s) .
As in the previous example, we are interested in the super-hedging problem :
V(B) = inf{xeR . 30eR, XM ZB} .

We start by checking whether the method used in the previous example still
works in this trinomial context : is it possible to find a pair (2°,6°) which

perfectly hedges the contingent claim B, i.e.
X = B, (3.4)

This leads to the following system of (linear) equations :

2100 (% —s) = B,
¥+ 00 (2 —5) = B,,
x0+«90(%1—s) = By

Since we have three equations and only two unknowns, there is no guarantee
for this system to have a solution. Hence, the argument of Example 1 does

not apply in the context of a trinomial model.

(iii) No-arbitrage valuation bounds : in the present context, we only have

that the market price of the contingent claim B lies in the no-arbitrage
valuation interval defined by (3.1). In contrast with the binomial model, we

shall see later on that this interval is in general not reduced to a singleton.
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3.3 Dual formulation

of the super-hedging problem

We now turn to the general setting of Chapter 1, and we introduce the set
M(S) = {Q ~P : Sisa Q—martingale} (3.5)

of all equivalent martingale measures, or risk neutral probability measures.
We recall that the main result of Chapter 2 states that the no-arbitrage
condition NA is equivalent to M(S) # (). The main result of this section is
the following.

Theorem 3.1 Assume that the no-arbitrage condition NA holds, and let B
be some contingent claim with E2[|B~|] < oo for every Q € M(S). Then :

- B
V(B) = sup EUB] = sup E© l—o} .
QEM(S) QEM(S) St

Moreover, of V(B) < oo, then existence holds in the above mazximization
problem, i.e. there exists a strateqy 0* € A such that X¥(B)’9* > B P—a.s.

Before turning to the proof of this theorem, let us observe that the dual

formulation of Theorem 3.1 implies that
If M(S) = {P°} , then V(B) = E*’ [B} . (3.6)

This is consistent with the study of the binomial financial market. We also

deduce from Theorem 3.1 that, for attainable contingent claims,
If B = X7°% for some (¢,6)) € Rx A, then V(B) = zy. (3.7)

In preparation for the proof of Theorem 3.1, we state the following Lemma
which will be proved in the Section 3.6.

Lemma 3.1 Assume that Condition NA holds. Then the set
Ky = {UeLO . 30 A, X%"EU} (3.8)

is closed in probability, i.e. for any sequence (U,), of elements of K which

converges in probability to some random variable U € L.°, we have U € K.
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Proof of Theorem 3.1 We first observe that we may assume without loss
of generality that
BelL'(P) and S, € L'(P)foreveryt=0,...,T. (3.9)
Indeed, this condition is satisfied under the probability measure P~ P de-
fined by the density
dP e~ 1BlI=X 7 |5¢|

aP E[e—\é\—zfzuﬁt\]’

and the problem is not changed if P is replaced by P, see Remark 3.1.
(i) We first show that V(B) > supge sy E° [B] Let (x,0) € R x A be
such that

X2 > B P-as. (3.10)
and consider an arbitrary probability measure Q € M(S). Since S is a
Q—martingale, the discounted wealth process X*? is a Q—local martingale.
Observe from (3.10) that E2 l(f(;g) _} < E%B7] < ||B |l < o0 by the

assumption of the theorem. It then follows from Lemma 2.3 that the process

X*% is a Q—martingale. Taking expected values in (3.10), we see that :
¢ = EYX2] > EYB.
Since (z,0) € R x A is an arbitrary pair satisfying (3.10) and Q is arbitrary
in M(S). This provides the required inequality.
(if) If supgen(s) EQ[B] = oo, then V(B) = oo from the previous step,

and the proof is complete. It then remains to prove the reverse inequality

sup K [B] < 00. (3.11)
QeM(S)
Let b be some fixed parameter with b < V(B). Then, with the notation of
Lemma 3.1,

B—-b ¢ K,:=KynL'.
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To see this, we assume to the contrary that B—be K. Then, X%" > B—b
for some 6 € A, i.e. X’ > B, and therefore b > V(B) by the definition of
V(B).

We now apply the Hahn-Banach separation theorem to the pair of non-
empty convex sets { B — b} and K7, recall from Lemma 3.1 that K is closed

in probability, and therefore K; is closed in L!. Then, there exist a pair
(Z,a) € L x R, with P[Z = 0] < 1, such that

E[ZU] < a < E[Z(B—-1b)] forevery Ue KNL'.  (3.12)

Since K is a cone containing the origin, we may choose o = 0. We also observe
that the random variable Y := —1,.9 € K. Then E[ZY]| = —E[Z1,] <
0 by (3.12), and therefore Z > 0 a.s. Since P[Z = 0] < 1, this implies in
particular that E[Z] > 0, and we may assume that E[Z] = 1. Finally, let £
be an arbitrary random variable in L3°(¢ — 1). Then, it follows from (3.9)
that the random variable & - (S’t — S’t,l) € K, and therefore E[Z¢ - (S’t —
S;-1)] < 0 by (3.12). By the arbitrariness of ¢ in L (t — 1), this shows that
E [Z(S‘t - gt_l)\ft_l} = 0. We have then proved that Z satisfies :

Z >0, E[Z(St—ét,l)\ft,l =0 and E[ZB] > b. (3.13)

Now, since the no-arbitrage condition NA is assumed to hold, we may find
a probability measure Q! € M(S). Let Z' := dQ!/dP be the corresponding
density with respect to IP. For every e € (0, 1], we introduce the probability

measure (Q° with density
7¢ = dQ°/dP = eZ'+(1—-¢)Z.

It is immediately verified that Q° € M(S). Together with the inequality
b < E[ZB], this implies that :
b < E¥[B] + E[(Z - Z°)B)
EY[B] + ¢E[(Z — Z")B]

< sup E9B] + ¢E[(Z - Z")B]
QeM(S)
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We finally send ¢ to zero to obtain :

b < sup E9B],
QeP

and we obtain the required inequality by sending b to V(B).

(iii) It remains to prove the existence result. By definition of the super-
hedging problem V(B), we may find a self-financing strategy 0" € A, for
every n > 0, such that

n— n n 1 -~
X¥(B)+ hen X%e +V(B)+E > B P-as.

This proves that C" := B—V(B)—n"! € K,. Clearly, C" — B—V(B) in
probability. Since K| is closed by Lemma 3.1, this implies that B — V(B) €
Ky, i.e. X%G* > B —V/(B) for some 0* € A, or equivalently, X:‘F/(B)’a* > B.
&

3.4 Application to the one-period examples

1. We first consider the one-period binomial model of section 3.2.1. In this
context, under the no-arbitrage condition, the set of equivalent martingale
measures is reduced to a singleton M(S) = {P’}. We therefore deduce
immediately from Theorem 3.1 that, for any contingent claim B, we have
V(B) = EP’[B]. The same theorem also states that V(—B) = E*’[~B]. It
then follows from the no-arbitrage bounds (3.1) that

V(B) = EY[B].

2. We next consider the one-period trinomial model of section 3.2.2. In this
context, under the no-arbitrage condition, the set of equivalent martingale
measures has a infinite cardinality, as a non-empty convex set not reduced
to a singleton. We will now show that the no-arbitrage valuation interval
defined by (3.1) is not reduced to one point, in general. We then consider

the following example of a European call option

B = (Sl—m50)+
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and we assume for simplicity that
d < R<m (3.14)
By Theorem 3.1, we see that

V(B)= sup R 'Sy(u—m)g,and =V (=B)= inf R 'Sy(u—m)q,,

(qu,gm)€Q (qu,qm)€Q
where
Q = {(qu, gm) € (0,00)%, qu+ qm < 1 and uq, +mgm + (1 — ¢, — gn)d = R}
By direct calculation, we see that
V(B) = So(u—m) max{u",R} and —V(-B)=0,

where we used the simplifying condition (3.14) for the second equality.

3.5 The Cox-Ross-Rubinstein model

3.5.1 Description of the model

In this chapter, we consider a dynamic version of the binomial model intro-
duced in Section 3.2.1.

Let Q = {—1,1}", and let F be the Borel o-algebra on €. Let (Z;)r>0 be
a sequence of independent random variables with distribution P[Z, = 1] =
P[Z; = —1] = 1/2. We shall see later that we may replace the value 1/2 by
any parameter in (0,1), see Remark 3.4). We consider the trivial filtration
Fo={0,F}, Fr = 0(Zy,..., Zx) and F" = {Fy, ..., Fn}.

Let T > 0 be some fixed finite horizon, and (b,,0,),>1 the sequence

defined by :
T T\ M2
— and o0, = 0 (—) ,
n n

where b and ¢ are two given strictly positive parameters.

b, = b
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Remark 3.2 All the results of this section hold true with a sequence (b,, 0,,)
satisfying :

nb, — bT and +/no, — oVT whenever n — oo .

For n > 1, we consider the price process of a single risky asset S™ = {S7,
k=0,...,n} defined by :

k
Sy = s and S} = sexp (kbn+anZZi>, k=1,...,n.

=1

The non-risky asset is defined by a constant interest rate parameter r, so
that the return from a unit investment in the bank during a period of length
T/nis

R, = ¢ T/m
For each n > 1, we have then defined a financial market with time step T'/n.

In order to ensure that these financial markets satisfy the no-arbitrage

condition NA, we assume that :
d, < R, < u, where u, = ™™ d, = e n>1 (3.15)

Exercise 3.1 Show that (3.15) is a necessary and sufficient conditon for the

financial markets of this section to satisfy the no-arbitrage condition NA.

Under this condition, there exists a unique risk neutral measure P defined
by :

Rn _dn

PZi=1] = ¢n = :
nl ] q —

By Theorem 4.3, the above financial markets are complete.
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3.5.2 Valuation and hedging of European options
In the rest of this chapter, we consider the contingent claims
B" := g(S) where g(s)=(s—K)" and K >0.

From the results of the previous chapters, the no-arbitrage price of this Eu-

ropean call option is :

n

ph(B") = e TER [(Sh - K)T] .

Under the probability measure P?, th erandom variables (1 + Z;)/2 are inde-

pendent and identically distributed as a Bernoulli with parameter ¢,. Then :

P! [Z“;Z =]

i=1

= Clg(1—q)" 7 for j=0,....n

This provides

pN(B") = _TTZQ (suldr7) Cigh(1 — )"

By moving the time origin to k7'/n, we obtain a trivial extension of the

problem with no-arbitrage price at time k7'/n given by :
pz(Bn) _ 7r(1f(k/n))TE]P’91 [Bn’f‘k]
_ —r(1—(k/n))T Zg Skuj dn k— ]) C] kqn(l - )n—k—j )
7=0

By the Tower property of conditional expectations, we observe that this

provides :

1
PH(B") = R—EP’% [pp (B")|Fi] for k=0,...,n—1. (3.16)

This formula shows that the no-arbitrage price of the European call option at

time 0 can be computed by a backward induction, avoiding the computation
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of the combinatorial terms C?. Indeed pl(B"™) = B, is given and (3.16)
reduces to :

1

BB = = |apia(BY),, + (1= a)pia(BY),

Expression (3.16) reduces the multi-period valuation and hedging problem
into a sequence “local” one-period valuation and hedging problems. Indeed,

pr(B") is the no-arbitrage price of the contingent claim pj, ,(B") :

date kT /n date (k+1)T'/n
U, Sy
Risky asset Sy
d, S}
pZH(B”)un

Contingent claim  p}(B")
pg—i—l (Bn)dn

Therefore, we can describe the (perfect) hedging strategy of the contingent
claim B™ by applying the one-period results of Section 3.2.1 :

pZ+l(13n)un'_TPZ+1(13n)dn

oy =
g USSP — dp S ’

Remark 3.3 The hedging strategy is the finite differences approximation
(on the binomial tree) of the partial derivative of the price of the contin-
gent claim with respect to the the spot price of the underlying asset. This

observation will be confirmed in the continuous-time model section.

Remark 3.4 The reference measure P is not involved neither in the val-
uation formula, nor in the hedging formula. This is due to the fact that
the no-arbitrage price in our complete market framework coincides with the
super-hedging cost, which in turn depends on the reference measure only
through the corresponding zero-measure sets.
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Exercise 3.2 Use the results of the previous chapter to suggest an algorithm

which produces the no-arbitrage price of an American contingent claim.

3.5.3 Continuous-time limit : A first approach to the
Black-Schole model

In this paragraph, we examine the asymptotic behavior of the Cox-Ross-
Rubinstein model when the time step T'/n tends to zero, i.e. when n — oo.
Our final goal is to show that the limit of the discrete-time valuation formulae
coincides with the Black-Scholes formula which was originally derived in [1] in
the continuous-time setting. We will also obtain this formula in the context
of a continuous-time formulation in Chapter 6.

Although the following computations are performed in the case of Euro-
pean call options, the convergence argument holds for a large class of con-
tingent claims.

Introduce the sequence :
N = inf{j=0,....n : suld"7 > K},
and let
B(n,p,n) = Prob[Bin(n,p) > 1],

where Bin(n, p) is a Binomial random variable with parameters (n, p).

The following Lemma provides an interesting reduction of our problem.

Lemma 3.2 Forn > 1, we have :

() n qnun -7
p (B ) = sB (n>R—a77n) — Ke TB(”?Qnann) .

Proof. Using the expression of p"(B™) obtained in the previous paragraph,

we see that
p"(BY) = R."> (suldy — K) Cigh(1 — ga)"
J="n
n j n—j n
= Y - — CIg? (1 —q,)" 7 .
sj; n(Rn)( 7 3 aah(1 = an)
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The required result follows by noting that ¢,u, + (1 — ¢,)d,, = R,. &

Hence, in order to derive the limit of p™(B™) when n — oo, we have to
determine the limit of the terms B (n, ¢ u, /Ry, mn) et B(n, ¢, n,). We only
provide a detailed exposition for the second term ; the first one is treated
similarly.

The main technical tool in order to obtain these limits is the following.

Lemma 3.3 Let (Xj.)1<k<n be a triangular sequence of iid Bernoulli ram-

dom variables with parameter m,:
PXin=1 = 1-PXy,, =0 = m7,.

Then:
iy Xin = M o, 1)

mn distribution .

nm, (1 — m,)

The proof of this lemma is reported at the end of this paragraph.
Exercise 3.3 Use Lemma 3.3 to show that

In (i) — N(T,0T) in distribution under P .

S

This shows that the Cox-Ross-Rubinstein model is a discrete-time approx-
imation of a continuous-time model where the risky asset price has a log-

normal distribution.

Theorem 3.2 In the context of the Cox-Ross-Rubinstein model, the no-
arbitrage price p"(B™) of a FEuropean call option converges, as n — oo, to
the Balck-Scholes price :

p(B) = sN (d+(s,f(,02T)> ~ K N(d_ <S,K,02T)>

where

. |
K:=Ke™,  di(s k)= n(s/k) + %

and N(z f _”2/2dv/\/27r 15 the cumulative distribution function of
standard N( 1) distribution.
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Proof. Under the probability measure @, notice that B; := (Z; + 1)/2,
1 > 0, defines a sequence of iid Bernoulli random variables with parameter

Gn- Then

B(na Qn,s nn) = Qn

j=1

We shall only develop the calculations for this term.

1. By definition of 7,, we have

Mm—1 Jn—nmp+1 N JN—)
sy dr—mT < K< suhdr T

277,10\/f +n (bZ — 0\/f> = In (E) +0 (nil/Z) ,
n n n s

which provides, by direct calculation that

Then,

In(K/s) —bT

n = & +t Vi ———=
7 \/_ 20\/T

+ o(v/n) . (3.17)

ng, = 1+<70_()__>T\/ﬁ+o(\/ﬁ). (3.18)

By (3.17) and (3.18), it follows that

_ I Z e —d_(s,K,0%T) .

lim
n=%0 \/ngn(1 — qn)

2. Applying Lemma 3.3 to the sequence (Zy, ..., Z,), we see that :

L@ <Zk=1zf — ”q"> — N(0,1),

nQn(l - Qn)

66



where £%"(Z) denotes the distribution under @, of the random variable Z.
Then :

lim B(n, Qn777n) — lim Qn Zk:l J ng > Ui ng
nmee nee V nQn(l - Qn) V nCJn(l - Qn)

- 1-N (-d,(s,f(,aQT)) - N (d,(s,f(,a?T)> .

&

Proof of Lemma 3.3. (i) We start by recalling a well-known result on
characteristic functions. Let X be a random variable with E[X"] < oo.
Then :

: = (it)"
¢X(t) — E[eti} _ Z( )

k=0

m E[X*] + o(t"). (3.19)
To prove this result, we denote F(t,x) := ¢ and f(t) = E[F(¢, X)]. The
function ¢t — F(t,x) is differentiable with respect to the ¢ variable. Since
|Fi(t, X)| = [iXF(t,X)] < |X| € L', it follows from the dominated conver-
gence theorem that the function f is differentiable with f'(t) = E[iXe®X]. In
particular, f/(0) = ¢E[X]. Iterating this argument, we see that the function

f is n times differentiable with n—th order derivative at zero given by :
F(0) = "E[X".

The expansion (3.19) is an immediate consequence of the Taylor-Young for-
mula.

(il) We now proceed to the proof of Lemma 3.3. Let

X'n_ n Z
Y = 22T and BY, = )Y
Vnm, (1 —m,) —

Since the random variables Y; are independent and identically distributed,

we have :

bsv, () = (dn ()" .
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Moreover, we compute directly that E[Y;] = 0 and E[Y?] = 1/n. Then, it
follows from (3.19) that :

t? 1
Sending n to oo, this provides :
nh_{& ey, (t) = e = b0, (1) -

This shows the convergence in distribution of Y, towards the standard

normal distribution. &

3.6 Complement : closeness of the set of hedge-

able claims

In this section, we shall use again the reduction of the portfolio strategies to
the set

Ni(t—1) = {pelyt—1) : <p,{>=0VEeN(Et—-1)},
N(it—1) = {¢eLit—-1) : <&&>=0P—as.}

introduced in Section 2.3. In preparation for the proof of Lemma 3.1, we

start by the following easy consequence of the condition NA.
Lemma 3.4 Let 0 € A be such that

0, € N (t),0<t<T—1, and X%g = 0P - a.s.
Then 0, =0,0<t<T —1P—a.s.

Proof.
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Proof of Lemma 3.1 We shall prove this Lemma by induction. Let KI =
L% and

T-1
K, = {UGILO : U§Z<«9k,§k+1—§k> P — a.s. forsome@GA}
k=t

for t <T'. Assume that
Kt s closed in probability for some 0<t<T -1,  (3.20)

and let us show that K is also closed in probability.
Given sequences (0"),>1 C A, (U"),>1 C L%, and U € L°, such that for

every n > 1,
T-1
ur < Z < 07,81 — Sk > and U™ — U in probability, (3.21)
k=t

we have to prove that U € K}. By Lemma 2.4, we may assume that
0p € N, (k) for everyk >t. (3.22)

1. Let 0 := liminf, . |0}'] € Ry U {400}, set F':= {w : O(w) = oo}, and
let us prove that P[F] = 0.

Define o} := (1 + |07])7'01p for k > ¢ and n > 1. Assuming that
P[F] > 0, it follows from Lemma 2.5 that there is a random variable ¢; such

that ¢} — ¢, where ¢} is defined from ¢} as in the statement of Lemma
2.5,

lpel =1, and ¢, € Ni(t) (3.23)

By (3.22). Defining C" := (14 |67|)"'U,, ¢, k > t, and C" similarly, it
follows from (2.12) that
C"— < @p S —Sk> <Y <07, S — Sk >

k=t+1
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Now, observe that 6" € A for every n > 1, and Cn— < o7, §k+1 — S >—
— <, §k+1 — S, > P—a.s. Then, it follows from the induction hypothesis
that — < ©, SkJrl — gk >c KtO—I—I? i.e.

T-1 ) )

< O, Spy1 — S>> 0 P—a.s. forsome e A. (3.24)

k=t
Observe that we may take ¢ € N, (k) for every k >t by (3.23) and Lemma
2.4. By the no-arbitrage condition NA, it follows from (3.24) that

S

-1
<90k>§k+1_§k>: 0 P — a.s.
t

i

which implies that ¢ = 0 for every k > t, by Lemma 3.4, contradicting
(3.23).

2. From the previous step, we deduce that § < co. By Lemma 2.5 that there
is a random variable 6; such that é? — 0;, where é[” is defined from 6} as

in the statement of Lemma 2.5,
|0t‘ = ]_, and «9t € NL(t) (325)

By (3.22). Defining U and é,’j, k > t accordingly, we deduce from (3.21)
that
T-1
Z <07, S —Sp> > U'— <0, 5.,—5 >
k=t+1
— U—-< et,gt_l,_l — S, > P—as.

By the induction hypothesis (3.20), this implies that U— < 6, Sp1—8, > ¢
K e

T-1
U < Z < O, Sps1— Sp > forsome 0¢e A,

k=t+1

which implies that U € K. O
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Chapter 4

Complete financial markets

4.1 Financial markets with unique risk neutral

measure

In the previous chapters, we have seen that the set of equivalent martingale
measures, or risk neutral measures, plays an important role both for the
characterization of the no-arbitrage condition and the dual formulation of
the super-hedging problem. An important particular case is when the set of
equivalent martingale measures is reduced to a singleton, i.e. M(S) = {P"}.
In this case, the dual formulation of the super-hedging problem shows that
the no-arbitrage condition implies a unique pricing rule : the market price

of any contingent claim B is given by p(B) = EF° [B] for every contingent
claim B with EF’ [B‘] < 00.

The purpose of this section is to characterize financial markets in finite
discrete time which have a unique equivalent martingale measure. The fol-
lowing result shows that, conditionally to F;, the distribution of S;,; — .5; is
discrete and is concentrated on d + 1 points. For instance, when d = 1, the
“binomial type” models are the only financial markets in finite discrete time

with unique equivalent martingale measure.
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Proposition 4.3 Suppose that M(S) is reduced to a singleton. Then, there
exist d + 1 adapted processes {6;, t =0,..., T —1},i=0,...,d, with values
in RY such that :

d
ZP[St_Stflzé‘Zfl’ftfl] =1 fO’f‘ tzl,,T
i=0
Moreover, for every t, the family of vectors {6} — 82, ...,6% — 8%} is linearly

independent P-a.s.

Proof. 1. Suppose that there is an event set A € F;, P(A) > 0, together
with d 4 2 random variables a°, ..., a%t € LY(¢), such that for every n > 0,

Pla;—1n < S —Si<a;+nF] >0 onA, fori=0,...,d+1,

and the a'(w) are different for w € A, i.e. the a'’s are points of the support
of the distribution of S;; — S; conditionally to F;. For each ¢ =0,...,d+1,
one can find F,-measurable random variables €' > 0 such that the balls
Bi(w) centered at a;(w) with radius ¢'(w) are disjoint, for all w € A. Let P°
be the unique equivalent martingale measure in M(S). Define the random

variables :

pi = EPO |:1{St+1*St€Bi} Ft} and ﬂz = EPO [(St+1 _St)]-{St.;.lfStEBi} ft] .

Notice that the random variables p’ and 3' are respectively in L°(¢) and
L9(t). We next consider the (random) linear system of d 4+ 1 equations with

d + 2 unknowns :

d+2 d+2
dprt =0, > pat =0, (4.1)
=1 =1

Notice that the family of d + 2 vectors {(p?, 8) (w),i =0, ...,d + 1} in R4+
can not be linearly independent. Then, the above system has a non-zero

solution (a,i = 0,...,d+ 1) € LY ,(t). By trivial normalization, we may
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choose a solution satisfying || < 1/2 for all i. We then introduce the strictly
positive random variable :

d+1
Z = 1+ Zaz]‘{st-%l*StEBi}]‘A )

=0

By definition of the a'’s, we see that :
E”[Z|F] = 1 and EF'[Z(Si — S)|F] = 0.

Hence, the measure Q := Z - PV is another equivalent martingale measure,
contradicting the assumption of the proposition.

This shows that P(A) = 0, and there exist d+1 random variables &7, . . ., 62
in LY(¢), all different, such that the support of the distribution of Sy, ; — S,

conditionally to 7, is contained in {d},... 6¢*'} ie.
d
Y PS— S =6F] = 1.
i=0
Set :

pi = ]P)O I:StJrl — St = (Sﬂft} .
Notice that we can assume with loss of generality that :
0

k N N S _d
pr = - 2P >0 =p" = 0=y,

which in fact defines the Fi-measurable random variables k; valued in {0, ..., d}.
Since P° € M(S), we have :

Kt kt
Zpé =1 and Zéfpi = 0.
i—1 i—1
2. We now prove that the family {6/ — 6°, i = 1,..., k;} is linearly indépen-

dent P-a.s. Let A € F; be such that P[A] > 0 and k = k on A. Suppose

that the linear system of d + 1 equations with k& unknowns :

k
Ssat = 0. Y isial = 0 (42)
] =0

73



has a non-zero solution (o, i = 1,...,k) € L°(¢) on A. By trivial normaliza-
tion, we may again assume that |a’| < 1/2. As in the first part of this proof,

we consider the strictly positive random variable

k
Z = 1+ ZQil{SHl*St:tﬁ}lA )
i=0
and we check immediately that E¥'[Z|F] = 1 and EF'[Z(Syq — Si)|F] =
0 by the definition of the a’’s. Then the measure Q := Z - P? is another
equivalement martingale measure in M(S5), contradicting the assumption of

the proposition. This shows that
(4.2) has a unique solution a = 0. (4.3)

Suppose that the family {6! — 2, i = 1,..., k;} is not linearly independent
for some w. Then, k; > 1, and we can find coefficients (3!, ..., 3*) # 0 such
that

k¢
> B85 —06) = 0.
i=1
Then (4.2) has a non-zero solution o = 3 for i = 1,...,k and a%° =

— 2% Bpi, which is in contradiction with (4.3). Since the random variables
sFett . 8¢ are not involved in the previous argument, we may fix them so
that the family {6} —d2,...,6¢— 6"} is linearly independent. This completes

the proof of the proposition. %

4.2 Complete / incomplete financial markets

In the one-period binomial model of Section 3.2.1, we have seen that any con-
tingent claim can be perfectly hedged by means of a self-financing portfolio.
This result does not hold in the context of the one-period trinomial model of

Section 3.2.2. In this section, we shall investigate further this question, and
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we shall show in the subsequent paragraph that this is intimately related to
the cardinality of the set of risk neutral measures.

Throughout this section, we assume that condition NA holds true, so
that M(.S) is not empty. A contingent claim is a random variable B such
that

B € NgemsL'(Q) and  sup EQB] < oo,
QeM(S)

i.e. V(B) < oo by Theorem 3.1.

Definition 4.1 A contingent claim B is attainable if X%’e = B P—a.s for
some (z,0) € R x A.

We first observe that the valuation problem of attainable contingent

claims is trivial.

Proposition 4.4 Let B be an attainable contingent claim. Then, the no-
arbitrage price of B is given by p(B) = V(B) = EQ[B] for any Q € M(S).

Proof. Let (z,0) € R x A be such that Xéf’a = B, and let Q be an arbitrary
equivalent martingale measure in M(.S). Since B~ is Q-integrable, the pro-
cess X% is a Q-martingale by Lemma 2.3. Then E?[B] = x is independent
of the choice if Q in M(S). The required result follows from the dual rep-
resentation of the super-hedging problem in Theorem 3.1 together with the
no-arbitrage bounds (3.1). &

Hence, the valuation problem of attainable contingent claims is com-
pletely solved by simply taking the expected value of the discounted con-

tingent claim under any risk neutral measure.

Remark 4.5 (Put-Call parity) Let Condition NA hold, and suppose that

the pricing rule p(.) is linear. Let B; and By be two contingent claims such
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that By + By is attainable. Then, p(B;)+ p(Bz) = EQ[B; + Bs] for any arbi-
trary Q € M(S). For instance this is the case if By and B, are respectively

a call and a put option on the same risky asset with the same strike K > 0 :
(S —K)t —(K—-Sr)" = Sr—K.
This is the so-called put-call parity of Paragraph 2.4.2.

We next turn to the characterization of financial markets whose contin-

gent claims are all attainable.

Definition 4.2 The financial market 1s said to be complete if all contin-
gent claims are attainable. Otherwise, we say that the financial market is

mcomplete.

According to this definition, the one-period binomial model of Section
3.2.1 defines a complete financial market. But the one-period trinomial model

of Section 3.2.2 defines an incomplete financial market.

Discussion 1. From the economic viewpoint, the existence of options
which are traded on the financial market suggests that real markets are
incomplete. Indeed, if the financial market is complete, then there is no
benefit from trading options as these assets can be perfectly replicated by
self-financing portfolio strategies. This argument has some limitations :

- traders on the financial market may have different information and dif-
ferent access to the financial market,

- in the presence of some market imperfections, as transaction costs or
portfolio constraints, options can not be perfectly duplicated as predicted in
the frictionless model.

2. The trinomial model of Section 3.2.2 defines an incomplete financial mar-
ket. Suppose that we enlarge this financial market by allowing for the trad-
ing of some given non-trivial European option, i.e. B = (S} — K)™ for some
Sod < K < Spu. Then, it is an easy exercise to check that the enlarged
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market is complete. This market completion fully justifies the existence of
options which are effectively traded on the financial market, as the set at-
tainable contingent claims is strictly enlarged.

3. In a finite probability space, the question of whether a financial market is
complete is a very simple problem of linear algebra. We are in fact wondering

whether the linear map

T
X (.’I,e) — ijﬂ’e = x+ Z@k,l . <’§k — 5']{,1)
k=1
is onto, i.e. X(R x A) =L’ In a one-period model, A = R? and therefore
the range of X' is dim[ImX] < d+ 1. So a necessary condition for the market
to be complete is that dim[L°] = d+ 1. If in addition the payoffs of the assets

are non-redundant, this is a necessary and sufficient condition.

4.3 Martingale characterization of complete mar-
kets

We now prove the so-called second fundamental theorem of asset pricing
which generalizes our findings in the simple contexts of the one-period bino-

mial and trinomial models of Sections 3.2.1 and 3.2.2.

Theorem 4.3 Let Condition NA hold. Then, the financial market is com-
plete if and only if M(S) is reduced to a singleton.

Proof. (i) We first prove the necessary condition. Let Q; and Q, be two
elements in M(S) and let A be an arbitrary event set in F. Consider the
contingent claim 14. Since the financial market is complete, it follows from
Proposition 4.4 that E@[1,4] = E®[14], i.e. Qi[A] = Qq[A]. Since A is
arbitrary in JF, this shows that Q; = Q..

(ii) We now prove the sufficient condition. Since M(S) = {P°} is reduced to

a singleton, we deduce from Proposition 4.3 that IL° is a finite dimensional
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vector space. Let
H = {UGLO . X5% = U for some (z,0) € R x A, } .

Clearly, the financial market is complete if and only if H = LY. Suppose to
the contrary that H # LY and let us work towards a contradiction. Then,
we may find a non-zero random variable ¢ € LY such that E[¢U] = 0 for all
Ue€ H,ie ¢ € H*. Denote by Z° = dP°/dP, and introduce the probability
measure Q defined by the density :

dQ  Z°+¢(

7 - S N T
dP E[Z0+ (]’

where ¢ > 0 is sufficiently small in order to ensure that Z > 0 (this is
possible since L? is a finite dimensional space). Then Q is a probability
measure equivalent to PP.

We next prove that S is a -martingale, so that Q is a second equivalent
martingale measure, contradicting our assumption. To see that S is a Q-
martingale, we consider the following elementary portfolio strategies. For all
t=1,...,T and all £ € LY(t — 1), set :

0, =0 if u#t—1 and 6, = .

By definition of ¢, we have 0 = E[(X%] = E [gg- (5} - S*t_l)] Since ¢

is arbitrary in LY(¢ — 1), this shows that E[¢ (5} - gt—l) |Fi—1] = 0 for all
t=1,...,7. Hence :

E|(20+£0)(Sis1 — S|
E[Z0 + e(|F]
€ E[C(gtﬂ - gt)u:t]
E[Z° + C|F]

E? [Si1 - SIF| =

= 0,

where we used the fact that S is a P-martingale. O
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4.4 Utility indifference valuation

In the previous sections, we have seen that the no-arbitrage condition implies
a unique pricing rule in the context of complete financial markets, which in
fact coincides with the minimal super-hedging cost. We now introduce an
alternative valuation rule based on individual preferences, and we show that
it leads to the same pricing rule in the context of complete markets.

Let U : R — R be an increasing strictly concave function. U is called
a utility function. A typical example is the constant absolute risk aversion
(CARA) utility function defined by U(z) = —e™*.

Let B be some given contingent claim with V' (B) < co. The preferences
of the seller of the contingent claim B qre described by the utility function
U. In the absence of the contingent claim, his objective is

vo(z) = 222 E [U (Xé,’i’g)] (4.4)

where x is some given initial capital. Now if the agent sells the contingent
claim B, then he would have to deliver the payoff B at the final time T,
and he would receive some premium p at the time origin, which typically
increases his initial capital. In this case, the objective of the seller is

vs(e+p) = sup E [U (X{,’i*"’e - B)] (4.5)

The utility indifference valuation rule is then defined by
R(B) := inf{p : vg(x+p) > vo(x)} . (4.6)

The following easy result shows that this valuation concept coincides with

the no-arbitrage pricing rule.

Proposition 4.5 Assume that the financial market is complete. The for any

contingent claim B, we have R(B) = p(B).

(B),m

Proof. Since the market is complete, we have B = X7, * for some 7 e A

Then by the linearity of the wealth process and the fact that A is a vector
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space, we se that

vp(x+p(B)) = sup E [U (X%*p(B)v“ _ X;(B)mo)}
beA

= sup E [U (X;*"*GO)} — vp(z)

Since the utility function U is strictly increasing, this implies that R(B) =
p(B)]. &

4.5 Application : optimal portfolio management

in complete markets

4.5.1 Problem formulation

We now turn to the general setting of Chapter 1. Recall that the discounted
wealth process induced by a self-financing strategy (z,0) € R x A is given

A utility function is a C! map U : R, — R which is increasing, strictly

concave, and satisfying the so-called Inada conditions :

lim U'(x) = 400 and lim U'(z) = 0. (4.7)

rz—0+ T—00

Given a utility function U, we define for every self-financing portfolio (z, 6)
E R+ X A:

J(z,0) = UX.

Definition 4.3 We say that a portfolio process 0 € A is admissible for the

wniatial wealth x if
x,0 _
X777 >0 P—as and E[J(z,0,c)7] < oo.
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We denote by A(z) the collection of all admissible portfolio-consumption pro-

CESSES.

The first admissibility condition is a no-bankruptcy restriction. The sec-
ond admissibility condition guarantees that E[J(z,6,c)] is well-defined in
R U {+o0}.

Remark 4.6 Suppose that the set of equivalent martingale measures M (S5)
is not empty. Then, for all z > 0 and all # € A with Xf:e’c > 0 P-a.s., we

have :
X > 0 P—as.

Indeed, for Q € M(S), the discounted wealth process X*? is a Q-martingale
(as a local martingale with X%’ > 0, see Lemma 2.3). Then X/’ =
E@[)N(%’elft]. Since the consumption process is non-negative, the process
X*0 is a supermartingale, and X 0> IE[)N(;“Z’Q\Ft]. Consequently, the ran-
dom variable X;"? inherits the non-negativity of the terminal wealth X3°.

%

The purpose of this section is to analyze the problem of optimal choice

of portfolio and consumption :

u(z) = sup E[J(z,0)] .
e A(z)

Exercise 4.4 Prove that if the financial market does not satisfy the no-

arbitrage condition NA, then v(x) = +oo.

4.5.2 Explicit solution in a complete financial market

We now derive an explicit solution of the optimal investment problem under

the following condition.

Assumption 4.1 M(S) = {P"}, i.e. the financial market is free from arbi-

trage opportunities and complete.
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We shall denote by Z the associated density process :

dPY

Z, = E|—
' [dIP’

",E't:| 5 tZO,,T

Recall that the utility function U is C! increasing and strictly concave.
Then U’ is continuous and strictly decreasing on (0,00). We denote their
inverse by I = (U’)~!. By the Inada conditions (4.7), these inverse functions
are bijections from (0, co) into (0, 00).

We next introduce the Fenchel-Legendre transform :

U(y) = sup(U(x)—uzy) ,

x>0

and we immediately calculate that

Uly) = U(I(y)) —yl(y) forevery y=>0.

Example 4.1 Consider the case of a power utility function U(x) = z”/p
where p € (0, 1) is a given parameter. This is a utility function with constant
relative risk aversion parameter (CRRA) 1 — p. Then, it is immediately
checked that I(y) = y*/®=V and

~ 4 1 1
U(y):y— where — ——=1.
q p q

The main result of this paragraph requires the following technical condi-

tion.
Assumption 4.2 For all y > 0, we have :
E"’ [I(yZT)} < 00.
Lemma 4.5 Under Assumption 4.2, the equation :
EY’ [[(yZT)] =
has a unique solution y*(x) for every x > 0.
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Proof. 1. Let g be the function defined on (0, +00) by :
gly) = EV[G(y, 2)] with G(y,2) = I(yZr).

Since Z; > 0 a.s. for every t = 1,...,T, the function g inherits the decrease
of I. To prove that g is continuous on (0, +00), we consider a sequence (y,)
such that y,, — y > 0 and y,, > y/2 for every n. Then G(y,, Z) — G(y, Z)
by continuity of the function 7, and G(y,, Z) < G(y/2,Z) by the positivity
and the decrease of . Since the random variable G(y/2,7) is integrable,
by Assumption 4.2, it follows from the dominated convergence theorem that
9(yn) — 9(y).

Hence, ¢ is a continuous strictly decreasing function, and in order to
complete the proof, it is sufficient to show that limg, g = 400 et lim ;g =
0.

2. Let (y,) be a sequence such that y, — 0. Since [ is non-negative and
Zy > 0 a.s., it follows from Fatou’s lemma that :

liminf ¢(y,) > EF’ liminf G(y,, Z)| = +o0

n—oo n—oo

3. Finally, let (y,) be a sequence such that y, — 400 and y,, > 1 for all n.
Then G(y,,Z) — 0. By the non-negativity and the decrease of I, we have
0 < G(yn, Z) < G(1,Z). Since the random variable G(1, Z) is integrable, it
follows from the dominated convergence theorem that g(y,) — 0. &

The main result of this section requires the following additional condi-

tion :.
Assumption 4.3 For all y > 0, we have :
E [U(yZT)_} < 0.
Theorem 4.4 Let Assumptions 4.1, 4.2 and 4.3 hold. Then :

v(z) = ay*(x)+E [U (y*(x)ZT>] :
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Moreover, there exists an optimal strategy 0* € A(z) defined by
X" =1 <y*(x)ZT) ;
i.e. 0 is a perfect replicating strateqy of the contingent claim I (y*(a:)ZT>

Proof. (i) We simply denote by y* := y*(z) as introduced in Lemma 4.5.
By definition of the functions U, we have for every 6 € A(z)

i <y*ZT> > U (X;ﬁﬁ) XY = U (X;ﬂ) —y Zp X (4.8)

for all ¢t = 1,...,7 — 1. By Remark 4.6, we deduce from inequality (4.8)
that :

E|0(yZr)] = BlJ(0)] -2y,
By the arbitrariness of § € A(x) this shows that
u(z) < E [U <y*ZT)] +ay* .
(ii) In order to restore equality in the last inequality, we need to have equality
in (4.8). This is possible by choosing 6* as in the statement of the theorem.
By Lemma 4.5, this defines completely 8* by the market completeness as-

sumption in (4.1). Finally, the portfolio strategy 6* is in A(z) by Assumption
4.3. ¢

Exercise 4.5 Solve the optimal investment problem in closed form in the
power utility case U(x) = u(z) = 2P /p, for some given parameter p € (0, 1).

Examine the limit case p — 0.

4.6 Complement: American contingent claims

in complete financial markets

4.6.1 Problem formulation

In the previous chapters, we have considered the so-called “European” con-

tingent claims which are defined by some payoff at some given maturity 7.
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For instance, a European call option on the asset S! is defined by the
payoff (St — K)* at time T. The buyer of such a contingent claim can
exercise the option at the maturity date 7' by buying the risky asset S' at
the pre-fixed price K. Similarly, a European put option on the asset S' is
defined by the payoff (K —S%)* at time T, and the buyer of such a contingent
claim can exercise the option at the maturity date T by selling the risky asset
St at the pre-fixed price K.

Hence, the buyer of the European option decides whether to exercise or
not the option at the final time 7. The latter restriction is dropped in the
case of American options, which allow the buyer to exercise the option at
any time before the maturity 7. Consequently, an American call option is
defined by the process of payoffs {(S} — K)*,t =1,...,T}, i.e. the buyer of
this contingent claim receives the payoff (S; — K)* if he decides to exercise
the option at time ¢.

Similarly, an American put option allows the buyer to sell the risky asset
S1, for the price defined by the strike K, at any time before the maturity 7.
Such an option is defined by the process of payoffs {(K —S;)*, t =1,...,T},
i.e. the buyer of an American put option receives the payoff (K — S;)* if he
decides to exercise the option at time .

This leads to the following concept of American contingent claims.

Definition 4.4 An American contingent claim is a process B = {B;, t =
1,...,T} adapted to the filtration F.

The seller of an American contingent claim has to face the promised payoff
B; at any time t before the maturity 7', as the buyer can decide to exercise

his right. Then, the relevant super-hedging problem in this context is :
V%(B) := inf {x eR : X">B,, 1<t<T P-—as. for some f € A(}4.9)

4.6.2 Decomposition of supermartingales

In the previous chapters, the concept of martingales played an important

role. In the setting of American contingent claim, we shall make use of the
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notion of supermartingales.

Definition 4.5 Let Q be some given probability measure, andY an F-adapted
process. We say that Y is a Q—supermartingale for the filtration F if Y; is
Q—1ntegrable for all t < T and

ECY|F] < Vi for 0<k<t<T.

It is immediately checked that we may formulate an equivalent definition
by taking k =t — 1. The analysis of supermartingales is usually reduced to

that of martingales thanks the following decomposition result.

Theorem 4.5 (Doob-Meyer). Let Q be a probability measure and Y a Q-

supermartingale for F. Then'Y has the following unique decomposition :
)/t — Mt_At7 tZO,...,T,

where M is a Q—martingale for F and A is a predictable non-decreasing

process with Ay = 0.

Proof. For ¢t = 0, the only possible choice is My = Y} since Ay = 0. Next,

we must have :
Yii =Y, = My — My — (A — A) -
Since M has to be a martingale, this implies that :
—(A1 — A) = BV, u|A]-Y:, t=0,....,T—1.

Since Y is a Q—supermartingale and Ay = 0, this defines a non-decreasing

process A. Then, the unique choice for the process M is :
My =Yy and My — M, = Y —EQY,4|F], t=0,....,T—1.

Clearly, this process is a Q—martingale. &
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4.6.3 The Snell envelope

Let B={B;,t =0...,T} be an F—adapted process (an American contingent

claim !) satisfying :

EQ[ sup \Btl] < 00,
T

where Q is some given probability measure. In this paragraph, we study the
process Y defined by the backward induction

Yr = Br and Y; = max{B, E%Y,|R|}, t=0,....T—1.
Exercise 4.6 Provide a financial interpretation of the process Y.

Proposition 4.6 The process Y is a Q—supermartingale. It is the smallest

Q—supermartingale which is larger than the process B.

Proof. The supermartingale property of Y together with the fact that
Y > B follows immediately from the definition of Y. Let Y be a Q-
supermartingale larger than B, and let us show by induction that Y, > Y,
forallt=0,...,T Q—-a.s.

By definition, Y > By = Yp. Suppose that Y; > Y. Since Y is a Q-

supermartingale, we have :
YVion > EQYi|F] > EQYi|F].
Since Y > B, this implies that
Vo1 > max{B_1,E¥Y;|F 4]} = Y.
&

Definition 4.6 The process Y is called the Snell envelope of B for the prob-
ability measure Q and the filtration F.

Let 7 denote the collection of all stopping times with values in {0, ..., T'}.
Our next result provides a representation of the Snell envelope in terms of

the underlying process B and the stopping times of 7.
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Proposition 4.7 The random vartable
v o= mf{t=0,....,T : Y, =B}
is a stopping time such that the stopped process YV is a Q—martingale and

Yo = supE%[B,] = E%[B,.].

veT
Proof. (i) We first show that v* defines a stopping time. Since Y7 = By, the
random variable v* takes values in {0, ...,T}. Clearly {v* = 0} = {Y, = By}
€ Foand fort > 1 :

since Y and B are both F—adapted.
(ii) We next prove that the stopped process Y is a Q—martingale. By

definition of v*, we have :
Ytl—/f—*l - Yty* = (Yt+1 - Yt)l{u*ztﬂ} .

By definition of the process Y, we have Y; > B; and Y; = EQ[Y,,|F] on
the event set {v* >t 4 1} (Fi-measurable as the complement of {v* < t}).
Hence :

*

V=YY = (Y — BVl B sy

and the required result is obtained by taking the expected values condition-
ally on F; and using the fact that {v* >t + 1} € F;.

(iii) Since the stopped process Y is a Q—martingale, we have :
Yo = EX[Y{] = E?[Yra] = E?Y,.] = E?[B,.] .

Moreover, for all v € T, the stopped process Y is a Q—supermartingale.

Therefore,
Yo > E%[Yy] = E°[v)] > E°[B)]
by definition of Y. This completes the proof of the proposition. &
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4.6.4 Valuation of American contingent claims in a com-

plete market

In this section, we assume that the financial market satisfies the no-arbitrage
condition and is complete. By Theorems 2.4 and 4.3, we know that the set
of all equivalent martingale measures, or risk neutral probability measures,

is reduced to a singleton :
M(S) = {P°}.

We consider an American contingent claim satisfying the integrability con-
dition
E" [ sup ]Bt]] < 00, (4.10)

t=0,...,
The next result expresses the super-replication problem for American con-

tingent claim (4.9) as an optimal stopping problem.

Theorem 4.6 Let B be an American contingent claim satisfying (4.10).
Then,

VYB) = sup E'[B,] = E¥'[B,],
veT

where v* = inf{t =0,...,T : Y, = B} and Y is the Snell envelope of the
process B for the probability measure P° and the filtration F.

Proof. (i) Let Y be the Snell envelope of the process B. This defines the
process Y by the usual relation Y := S°V. As a P-supermartingale, the
Snell envelope Y has the Doob-Meyer decomposition :

5;;5 - Mt_At7 t:O,...,T,

where M is a P'—martingale and A a non-decreasing process with Ay =

0. Since the financial market is complete, the (European) contingent claim

89



defined by the random variable S% My is attainable, i.e. there exists a self-
financing portfolio strategy 6 € A such that :

T-1

My = E”[M]+Y 6, (Sm - St)

t=0
T-1

= Yy +Zet : <'§t+1 - St)
t=0

as Ag = 0. Since the process S is a PP-martingale, the process XY is a
P-local martingale. Since X’%/O’g = Mp = ffT + Ap = BT + A > BT, we see
that (X}%)~ < B7, so that (X,;*)~ is P’-integrable by Condition (4.10).
By Lemma 2.3, this proves that :

t—1

M, = X = Yo+ 0 (Spea—Sk), t=1,....T.

k=0

We have then found a self-financing portfolio strategy 6 € A such that :

t—1

X = Yo+ Zek - (Sk1 — Sk)

k=0
= Yi+ A
> Y
> B

for t = 1,...,T. By definition of V%, this shows that Yy > V%(B), and by

Proposition 4.7, we obtain the first inequality

Ve(B) < supE” [By} — E”[B,.].
veT

It remains to show that the converse inequality holds. We claim that

VY4B) > V(B,) forall veT. (4.11)

Then, since p(B,) = EP [B,] for all v € 7, this provides the required in-
equality. To prove (4.11), we observe that

VYB) > V(B,v) = inf{zeR : 30 A X’ >B, as.}
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for every v € 7. We next check that V(B,) = V(B,,v). For x > V(B,,v),
there exists a self-financing portfolio strategy § € A such that X*? > B, a.s.
Consider the portfolio strategy

ét(w) = 9t(w)1{v(w)§t}'

Then, X2% = X0 = X=¢ > B, which shows that > V(B,). By the
arbitrariness of x > V(B,, ), this proves that V(B,,v) > V(B,).

Conversely, let x > V(B,). Then, X;”JG > B, a.s. for some self-financing port-
folio strategy # € A. Now observe that the process X*? is a P’-martingale
since S is a P-martingale and B; is PY—integrable. Consequently, by taking
expected values under P° conditionally to F,, it follows from the optional
sampling Theorem 2.3 that Xf’a > B, a.s. Hence, z > f/(Bl,, v) and there-
fore V(B,) > V(B,,v). &

The previous proof also provides as a by-product the optimal super-
hedging strategy, as the perfect hedging strategy of the European contingent
claim B, .

We conclude this chapter by the following sufficient condition for an
American contingent claim to coincide with the corresponding European con-

tingent claim Br.

Corollary 4.1 Suppose that the process B is a P'-submartingale, i.e. By <
EP° [Bt\]:k] for0<k<t<T. Then :

VY(B) = V(Br) = EX[By].
Proof. By the optional sampling Theorem 2.3 :
V(Br) =B [By] < swE”[B,] = V*(By) < supE” | E9[Br|7,]| = B [Br]
veT veT

by the tower property of conditional expectations. %

Remark 4.7 The last corollary applies to the case of American call options.

Let r be a constant interest rate, to simplify, and let us check that the process
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{e7"(S; — K)*,t =0,...,T} is a P'—submartingale. For 0 < k < ¢ < T,

we have :

EX (e (S, — K)Y|F] > EF'[e (S, — K)|F]
= ™Sy —e K > e (S, — K)

since S is a P’—martingale and r > 0. Since EF’[(S; — K)*|F] > 0, this

provides :
EP[e (S, — K)*|F] > e (S, — K)* .
We may also obtain this inequality by the Jensen inequality.

From the previous remark, the no-arbitrage price of an American call
option is equal to that of the corresponding European call option, and it is
optimal to exercise the American option at the maturity 7. This property
was obtained by a no-arbitrage argument without any model specification in
section 2.4.5.

Observe however that the corollary does not apply to American put op-

tions whenever the interest rate parameter r is strictly positive.

92



Chapter 5

Introduction to stochastic

calculus

The purpose of this chapter is to introduce the concepts from stochastic cal-
culus which will be needed for the future development of the course, namely
the Black and Scholes model for pricing and hedging European Vanilla op-
tions and barrier options, the Vasicek model and the corresponding Hull
and White extension for pricing fixed income securities and the correspond-
ing derivatives. We provide a treatment of all of these applications without

appealing to the general theory of stochastic integration.

5.1 Filtration and stopping times

Throughout this chapter, (2, F,P) is a given probability space.

A stochastic process with values in a set F is a map

V R xQ — F
(t,w) — Vi(w)

The index ¢ is conveniently interpreted as the time variable. In the context

of these lectures, the state space E will be a subset of a finite dimensional
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space, and we shall denote by B(E) the corresponding Borel o—field. The

process V is said to be measurable if the mapping

Vo Ry x QBR)®F) — (E,B(E))
(tw) — Vi(w)

is measurable. For a fixed w € €, the function ¢t € R, +— Vi(w) is the

sample path (or trajectory) of V' corresponding to w.

5.1.1 Filtration

A filtration F = {F,, t > 0} is an increasing family of sub-oc—algebras
of F. As in the discrete-time context, JF; is intuitively understood as the
information available up to time ¢. The increasing feature of the filtration,
Fs C Fi for 0 < s < t, means that information can only increase as time

goes on.

Definition 5.1 A stochastic process V is said to be
() adapted to the filtration F if the random variable V; is Fy—measurable for
every t € Ry,

(i) progressively measurable with respect to the filtration F if the mapping

Vo (0,4 x QB(0,8) @ F) — (B, B(E))
(tw) — Vi(w)

1s measurable for everyt € R, .

Given a stochastic process V', we define its canonical filtration by F) =
o(Vs,s <t),t € Ry. This is the smallest filtration to which the process V'
is adapted.

Obviously, any progressively measurable stochastic process is measurable
and adapted. For the purpose of our applications, we shall only encounter

stochastic processes for which the two above definitions are equivalent:
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Theorem 5.1 Let V' be a stochastic process with right-continuous sample
paths or else left-continuous sample paths. Then, if V' is adapted to a filtration

IF, it is also progressively measurable with respect to F.

Proof. Assume that every sample path of V' is right-continuous (the case of
left-continuous sample paths is treated similarly), and fix an arbitraty ¢t > 0.
Observe that Vi(w) = lim,, o, V" (w) for every s € [0, t], where V" is defined
by

Vi w) = Vigyn(w) for (k—1t<sn<ktandk=1,...,n.

Since the map V™ is obviously B([0, t]) ® F —measurable, we deduce that the
measurability of the limit map V' defined on [0, ¢] x €. &

5.1.2 Stopping times

A random time is a random variable 7 with values in [0, oo]. It is called

- a stopping time if the event set {7 <t} is in F; for every t € R,

- an optional time if the event set {7 < t} is in F; for every t € R,.
Obviously, any stopping time is an optional time. It is an easy exercise

to show that these two notions are in fact identical whenever the filtration F

is right-continuous, i.e.
Fip = UssFs = F; forevery t>0.

This will be the case in all of the financial applications of this course. An

important example of a stopping time is:

Exercise 5.7 (first exit time) Let V' be a stochastic process with continu-
ous paths adapted to F, and consider a closed subset I' € B(F). Show that

the random time
Tr = inf{t>0: X; ¢T}
(with the convention inf () = c0) is a stopping time.
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Exercise 5.8 (i) If 7, and 7, are stopping times, then so are 71 + 7o, 71 A 72,
1V Ta.

(ii) If (75)n>1 is & sequence of stopping times, then so is sup,,»; 7.

(iii) If (7,)n>1 is & sequence of optional times, then so are sup,,»; 7, inf,>1 7y,

lim sup,,_, o T, liminf,, . 7.

As in the discrete-time framework, we provide a precise definition of the

information available up to some stopping time 7 of a filtration [F:
Fr = {AeF : An{r <t} e F foreverytc R}

Finally, given a stopping time 7, we shall frequently introduce the sequence

1
n

Y

which defines a decreasing sequence of stopping times converging a.s. to 7.
Here |t| denotes the largest integer less than or equal to ¢. Notice that the
[n7]

random time -~ is not a stopping time in general.

5.1.3 Martingales and optional sampling

In this section, we shall consider real-valued adapted stochastic processes V'
on the filtered probability space (2, F,F,P). The notion of martingales is

defined similarly as in the discrete-time case.

Definition 5.2 Let V' be an F—adapted stochastic process with E|V;| < oo
for everyt € R,..

(i) V' is a submartingale if E[V}|Fs] > Vi for 0 < s <t,

(i) V' is a supermartingale if E[V;|Fs] < Vi for 0 < s <,

(iii) V' is a martingale if E[V;|Fs] = Vi for 0 < s < t.

The following Doob’s optional sampling theorem states that submartin-
gales and supermartingales satisfy the same inequalities when sampled along

random times, under convenient conditions.
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Theorem 5.2 (Optional sampling) Let V' be a right-continuous submartin-
gale such that Vy :=lim;_,o, V; exists for almost every w € Q. If i < 1y are

two stopping times, then
EV,|IF,] > V., P—as.

Proof. For stopping times 77 and 7, taking values in a finite set, the proof
is identical to that of Theorem 2.3. In order to extend the result to gen-
eral stopping times, we approximate the stopping times 7; by the decreasing
sequence 7, 1= %, and we use a limiting argument. &

The optional sampling theorem requires the existence of a last element
V. as defined in the statement of the theorem. For completeness, we ob-
serve that this condition is verified for right-continuous submartingales V'
with sup,>oE [Vtﬂ < 0o. This is the so-called submartingale convergence
theorem, see e.g. Karatzas and Shreve [15] Theorem 1.3.15. In the con-
text of these lectures, we shall simply apply the following consequence of the

optional sampling theorem:

Exercise 5.9  For a right-continuous submartingale V' and two stopping
times 7 < T9, the optional sampling theorem holds under either of the fol-
lowing conditions:

(i) 72 < a for some constant a > 0,

(ii) there exists an integrable r.v. Y such that V; < E[Y|F] P—a.s. for every
t>0.

5.2 The Brownian motion

The Brownian motion was introduced by the scottish botanist Robert Brown
in 1828 to describe the movement of pollen suspended in water. Since then
it has been widely used to model various irregular movements in physics,
economics, finance and biology. In 1905, Albert Einstein built a model for

the trajectory of atoms subject to shocks, and obtained a Gaussian density.
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Louis Bachelier (1870-1946) was the very first to use the Brownian motion as
a model for stock prices in his thesis in 1900, but his work was not recognized
until the recent history. It is only sixty years later that Samuelson (Nobel
Prize in economics 1970) suggested the Brownian motion as a model for stock
prices. The real success of Brownian motion in the financial application was
however realized by Fisher Black, Myron Scholes, et Robert Merton (Nobel
Prize in economics 1997) who founded between 1969 and 1973 the modern
theory financial mathematics by introducing the portfolio theory and the
no-arbitrage pricing argument.

The first rogorous construction of the Brownian motion was achieved by
Norbert Wiener in 1923, who provided many applications in signal theory
and telecommunications. Paul Lévy, (X1904, Professor at Polytechnique)
contributed to the mathematical study of the Brownian motion and proved
many surprising properties. Kyioshi It6 (1915-) developed the stochastic
differential calculus. The theory benefitted from the considerable activity on

martingales theory, in particular in France around P.A. Meyer.

5.2.1 Definition and discrete-time approximation

Definition 5.3 Let W = {W,, t € R, } be a stochastic process on the prob-
ability space (U, F,P), and F a filtration. W is an F—standard Brownian
motion if

(i) Wy = 0 and the sample paths W (w) are continuous for a.e. w € €2,

(ii) W has independent increments, i.e. Wy, — Wy, and Wy, — Wy, are inde-
pendent for all 0 < t; <ty < t3 < ty,

(ili) the distribution of Wy — Wy is N(0,t — s) for allt > s > 0,

(iv) W is F—adapted.

Let us observe that, for any given filtration F, an F—standard Brownian
motion is also a G—standard Brownian motion for every filtration G > FW,
i.e. FV C G, where FV is the canonical filtration of W. This justifies the

consistency of the above definition with the following one which does not
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refer to any filtration:

Definition 5.4 Let W = {W,, t € R, } be a stochastic process on the prob-
ability space (2, F,P). W is a standard Brownian motion if it satisfies con-
ditions (i), (ii) and (ii) of Definition 5.3.

Before discussing the properties of the Brownian motion, let us comment
on its existence as a continuous-time limit of a random walk. Given a family
{Y;, i =1,...,n} of n independent random variables defined by the distri-
bution

PY,=1] = 1—PlY; = —1] — % (5.1)

we define the symmetric random walk
k

My =0and M, = ZYJ for k=0,...,n.
j=1

A continuous-time process can be obtained from the sequence {Mj, k =
0,...,n} by linear interpollation:

M, = Mm —l—(t— I_tJ)YLtJJrl for t20>

where |t] denotes the largest integer less than or equal to t. The following
figure shows a typical sample path of the process M.
We next define a stochastic process W™ from the previous process by

speeding up time and conveniently scaling:

1
W = —M,, t>0.
t \/ﬁ t il

In the above definition, the normalization by /n is suggested by the Central

Limit Theorem. We next set

t, = E for ke N
n

and we list some obvious properties of the process W™:
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50 Random Walk

o 1 2 3 4 5 6 7 8 8 10
time

Figure 5.1: Sample path of a random walk

o for 0 <4 <j <k <{<n, the increments Wy — Wy and Wy — Wy
are independent,
e for 0 < ¢ < k, the two first moments of the increment M, — M, are

given by
E[VV{; - VV{;] = 0 and Var[VVt’z — Wtﬂ =t —t;,

which shows in particular that the normalization by n~/? in the definition
of W™ prevents the variance of the increments from blowing up,

o with 77" := o (Y}, j < [nt]), t > 0, the sequence {W/", k € N} is a
discrete {]:tiv ke N} —martingale:

E[WiF] = W for 0<i<k.

Hence, except the Gaussian feature of the increments, the discrete-time pro-
cess {W{;, ke N} is approximately a Brownian motion. One could even
obtain Gaussian increments with the required mean and variance by replac-

ing the distribution (5.1) by a convenient normal distribution. However, since
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our objective is to imitate the Brownian motion in the asymptotics n — oo,
the Gaussian distribution of the increments is expected to hold in the limit
by a central limit type of argument.

The following figures represent a typical sample path of the process W™.

Figure 5.2: The rescaled random walk

Another interesting property of the rescaled random walk, which will be
inherited by the Brownian motion, is the following quadratic variation result:
k 2
W, = 30 (Wg - WL) = t, for keN.

j=1

A possible proof of the existence of the Brownian motion consists in proving
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the convergence in distribution of the sequence W™ toward a Brownian mo-
tion, i.e. a process with the properties listed in Definition 5.4. This is the
so-called Donsker’s invariance principle. The interested reader may consult
a rigorous treatment of this limiting argument in Karatzas and Shreve [15]
Theorem 2.4.20.

2D . .
50 Brownian M{.‘rtlﬂn

15

10 | ! ;;b
E K v 'qlilh rh P\
iy
=20

g 1 2 3 4 5 6 7 & 9 10
time

Figure 5.3: Approximation of a sample path of a Brownian motion

We conclude this section by extending the definition of the Brownian
motion to the vector case.

Definition 5.5 Let W = {W;, t € R} be an R"—walued stochastic process

on the probability space (0, F,P), and F a filtration. W is an F—standard
Brownian motion if the components W, i = 1,...,n, are independent F—standard
Brownian motions, i.e. (i)-(ii)-(iv) of Definition 5.3 hold, and

(iii) the distribution of Wy — W is N (0, (t — s)L,,) for allt > s > 0, where

L, s the identity matriz of R™.
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Figure 5.4: A sample path of the two-dimensional Brownian motion

5.2.2 Distribution of the Brownian motion

Let W be a standard real Brownian motion. In this section, we list some
properties of W which are directly implied by its distribution.

e The Brownian motion is a martingale:
E[W|F] = W, for 0<s<t,

where FF is any filtration containing the canonical filtration F* of the Brown-
ian motion. From the Jensen inequality, it follows that the squared Brownian

motion W? is a submartingale:
E[W2|F,] > W2, for 0<s<t.
The precise departure from a martingale can be explicitly calculated
E[W2F] = Wi+ (t—s), for 0<s<t,
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which means that the process {W? — ¢, ¢ > 0} is a martingale. This is an
example of the very general Doob-Meyer decomposition of submartingales
which has been stated in the discrete-time setting of Section 4.6.2, and which
extends to the continuous-time setting under some regularity conditions, see
e.g. Karatzas and Shreve [15].

e The Brownian motion is a Markov process, i.e.
E[¢(Wsa82t) ‘Ft] = E[@(WS,SEIS)‘WJ

for every ¢ > 0 and every bounded continuous function ¢ : C°(R,) — R,
where C°(R,) is the set of continuous functions from R, to R. This follows
immediately from the fact that W,—W, is independent of F; for every s > ¢, a
consequence of the independence of the increments of the Brownian motion.
We shall see later in Corollary 5.1 that the Markov property holds in a
stronger sense by replacing the deterministic time ¢ by an arbitrary stopping
time 7.

e The Brownian motion is a centered Gaussian process as it follows from
its definition that the vector random variable (W, ..., W;,) is Gaussian for
every 0 < t; < ... < t,. Centered Gaussian processes can be character-
ized in terms of their covariance function. A direct calculation provides the

covariance function of the Brownian motion
Cov (W, W) = E[W, W] = tAs = min{t, s}

The Kolmogorov theorem provides an alternative construction of the Brow-
nian motion as a centered Gaussian process with the above covariance func-
tion, we will not elaborate more on this and we send the interested reader to
Karatzas and Shreve [15], Section 2.2.

We conclude this section by the following property which is very useful

for the purpose of simulating the Brownian motion.

Exercise 5.10 For 0 < t; < { < t5, show that the conditional distribution
of W; given (Wi, Wy,) = (x1,x2) is Gaussian, and provided its mean and

variance in closed form. &
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e By definition of the Brownian motion, for 0 < ¢ < T, the conditional

distribution of the random variable Wy given W, = z is a N (z,t — s):

1 _(zrav)2
p(t, o, T,y)dy = PWr € ly,y+dy]|W,=2] = —————=¢ 2T dy
27(T —t)

An important observation is that this density function satisfies the heat equa-

tion for every fixed (¢, z):
o _ 10
or 2 0y’
as it can be checked by direct calculation. One can also fix (7', y) and express

the heat equation in terms of the variables (t, z):

op 1p

We next consider a function g with polynomial growth, say, and we define

the conditional expectation:

Vit,z) = Elg(Wr)|W,=1] = /g(y)p(t,I,T,y)dy' (5.3)

Since p is C'*°, it follows from the dominated convergence theorem that V' is
also C'*°. By direct differentiation inside the integral sign, it follows that the

function V is a solution of
o*V

v 1
E—f‘i?—o and V(T,.)—g. (5.4)

We shall see later in Section 5.5 that the function V' defined in (5.3) is the

unique solution of the above linear partial differential equation in the class

of polynomially growing functions.

5.2.3 Scaling, symmetry, and time reversal

The following easy properties follow from the properties of the centered Gaus-

sian distribution.
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Proposition 5.1 Let W be a standard Brownian motion, tg > 0, and ¢ > 0.
Then, so are the processes

o {—W,, t >0} (symmetry),

o {\/cWy, t >0} (scaling),

o (Wit — Wy, t >0} (time translation),

o {(Wpr_y —Wrp, 0<t<T} (time reversal).

Proof. Properties (i), (ii) and (iii) of Definition 5.4 are immediately
checked. &

Remark 5.1 For a Brownian motion W in R", the symmetry property of
the Brownian motion extends as follows: for any (n x n) matriz A, with
AAT = I,,, the process {AW;, t > 0} is a Brownian motion.

Another invariance property for the Brownian motion will be obtained by
time inversion in subsection 5.2.4 below. Indeed, the process B defined by
By := 0 and B, := tWy, t > 0, obviously satisfies properties (ii) and (iii);
property (i) will be obtained as a consequence of the law of large numbers.

We next investigate whether the translation property of the Brownian
motion can be extended to the case where the deterministic time % is replaced
by some random time. The following result states that this is indeed the case

when the random time is a stopping time.

Proposition 5.2 Let W be a Brownian motion, and consider some stopping

time 7. Then, the process B defined by
Bt::Wt+7_WT7 tz(),
1s a Brownian motion independent of F,.

Proof. Clearly By = 0 and B has a.s. continuous sample paths. In the
rest of this proof, we show that, for 0 < t; < ty < t3 < t4, s > 0, and
bounded continuous functions ¢, ¢ and f:
E [¢ (BM - Bts) w (BtQ - Btl) f (WS) 15§7’]
= E [d) (VVt4 - VVts)] E [¢ (VVtQ - VVt1 )] E [f (Ws) 15<7’] (55>
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This would imply that B has independent increments with the required Gaus-
sian distribution.

Observe that we may restrict our attention to the case where 7 has a finite
support {si,...,s,}. Indeed, given that (5.5) holds for such stopping times,
one may approximate a general stopping time 7 by the decreasing sequence
of stopping times 7" := (|n7] + 1) /n, apply (5.5) for each n > 1, and pass
to the limit by the monotone convergence theorem thus proving that (5.5)
holds for 7.

For a stopping time 7 with finite support {s1, ..., s,}, we have:
E [¢ (Bt4 - Bt3) w (Btz - Btl) f (WS) 1{s§7-}]

- ZE [d) (Bt4 - Bt3) 77Z) (Bt2 - Btl) f (Ws) 1{S§T}1{T:5i}]
=1

iE [¢ <Wti — th) (0 <Wt§ - Wti) f (WS) 1{7:51-25}]
i=1

where we denoted ti :=s; + 1t fori = 1,...,n and k = 1,...,4. We next
condition upon Fj, for each term inside the sum, and recall that 17—, is

Fs,—measurable as 7 is a stopping time. This provides
E [¢ (Bt4 - Bt3) (G (Btz - Btl) f (WS) 1{S§T}]

= ' E {E [gf) <VVt§'1 — W%) P (Wt; - Wt§> ‘ fsi:| f (W) 1{T=Si28}}

3

= D E{E[p Wey = Wi I E[Y (Wey = W) f (W) Lrmsizay}

where the last equality follows from the independence of the increments of

the Brownian motion and the symmetry if the Gaussian distribution. Hence
E (¢ (Bi, — By,) ¥ (By, — By,) | (W) 1ga<ry]
= B[ (Wi, ~ W B[S (W, ~ W) B [ (W) Lz
i=1
which is exactly (5.5). &
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An immediate consequence of Proposition 5.2 is the strong Markov prop-

erty of the Brownian motion.

Corollary 5.1 The Brownian motion satisfies the strong Markov property:
E[p (Weirs 2 0)|F] = E[6(Wi,s > 7) W]

for every stopping time T, and every bounded function ¢ : C°(R,) — R.

Proof. Since By := Wy, — W, is independent of F, for every s > 0, we

have

Elp(Ws,s = 7)|F] = E[o(B; +Wr, s =7)|F]
= E[¢(Bs+W,,s>7)|W,] .

o

We next use the symmetry property of Proposition 5.2 in order to pro-
vide explicitly the joint distribution of the Brownian motion W and the

corresponding running maximum process:

Wy = sup Wy, t>0.

0<s<t

The key-idea for this result is to make use of the Brownian motion started

at the first hitting time of some level y:
T, = inf{t >0 : W,>y}.
Observe that
Wi 2y} = {T, <t},

which implies in particular a connection between the distributions of the

running maximum W* and the first hitting time 7,.
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Proposition 5.3 Let W be a Brownian motion and W* the corresponding
running mazimum process. Then, for t > 0, the random variables W} and

|Wy| have the same distribution, i.e.
PW =yl = P[Wi| >yl .

Furthermore, the joint distribution of the Brownian motion and the corre-

sponding running mazximum s characterized by
PW, <z, Wy>y] = PW,>2y—x] for y>0andzx<y.

Proof. From Exercise 5.7 and Proposition 5.2, the first hitting time 7, of

the level y is a stopping time, and the process
By := (Wir, —Wr,) , t>0,

is a Brownian motion independent of Fr,. Since B; and —B; have the same

distribution and Wr, =y, we compute that

PW, <z, WS>yl = Ply+Bi_g, <z, T, <t
= ]P)[y_Bthy §x>Ty§ﬂ
= PW;>2y—a, WS >y] = P[W, >2y—2a],
where the last equality follows from the fact that {W; >y} C {W; > 2y—z}

as r > y. As for the marginal distribution of the running maximum, we

decompose:

PW, >y = PWi<y, W 2y +P[W, >y, W) >y
= P[W, <y, W >y|+P[W; > y]
= 2P[W, > y] = P[[Wi] > y]

where the two last equalities follow from the first part of this proof together

with the symmetry of the Gaussian distribution. &

The following property is useful for the approximation of Lookback op-

tions prices by Monte Carlo simulations.
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Exercise 5.11 For a Brownian motion W and t > 0, show that

PW; > y|W, =2] = exp (_sz(y — x)) for y>at.
5.2.4 Small/large time behavior of the Brownian sample

paths

We first state that the sample path of the Brownian motion is not bounded
P—a.s.

Proposition 5.4 For a standard Brownian motion W, we have

limsupW; = oo and liminf W, = —o0
t—00 t—o0
Proof. By symmetry of the Brownian motion, we only have to prove the
limsup result. Since the Brownian motion is invariant by time translation, it
follows that

C = limsup(W; — W)
t—00
is independent of s. By the symmetry of the Brownian motion C' € R, U{o0o}.
On the event set {C' < oo}, we have C' 4+ Wy = C and therefore W, = 0.
Since P[W, = 0] = 0, this shows that C' = oo a.s. o

The discrete-time approximation of the Brownian motion suggests that
% tends to zero at least along natural numbers, by the law of large numbers.
With a little effort, we obtain the following strong law of large numbers for

the Brownian motion.
Theorem 5.3 For a Brownian motion W, we have

W,
Tt — 0 P—as. as t— 0.
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Proof. We first decompose
Wi Wi = Wiy [t Wiy

t t t [t

By the law of large numbers, we have

W)
]

[t]
1
_TZW Wi.y) — 0 P—as.
=1

We next estimate that

M < MM, where A, := sup (W, —W,_;), n>1.
t t |t n—1<t<n
Clearly, {A,,n > 1} is a sequence of independent identically distributed
random variables. The distribution of A, is explicitly given by Proposition
5.3. In particular, by a direct application of the Chebychev inequality, it is
easily seen that ) o P[A, > ne|l =) ., P[A; > ne] < co. By the Borel
Cantelli Theorem, this implies that A,/ n —s 0 P—as.

Wt — W\_tJ
[£]

and the required result follows from the fact that t/[t] — 1 ast — oo. <

— 0 P—as. as t— 00,

As an immediate consequence of the law of large numbers for the Brow-
nian motion, we obtain the invariance property of the Brownian motion by

time inversion:

Proposition 5.5 Let W be a standard Brownian motion. Then the process
By = 0 and B; = tW% fort>0

15 a Brownian motion.

Proof.  All of the properties (i)-(ii)-(iii) of Definition 5.4 are obvious except
the sample path continuity at zero. But this is equivalent to the law of large

numbers stated in Proposition 5.3. %
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Another consequence is the following result which shows the complexity

of the sample paths of the Brownian motion.

Proposition 5.6 For any ty > 0, we have

. VVt - Wto

—— = —0 and limsup—— = ©

b0 t—1p \to Lt —1o

Proof. From the invariance of the Brownian motion by time translation,
it is sufficient to consider ¢y = 0. From Proposition 5.5, B, := tW;; defines
a Brownian motion. Since W;/t = By, it follows that the behavior of W} /t
for ¢ ™\, 0 corresponds to the behavior of B, for u /' co. The required limit

result is then a restatement of Proposition 5.4. &

We conclude this section by stating, without proof, the law of the iterated
logarithm for the Brownian motion. The interested reader may consult [15]

for the proof.

Theorem 5.4 For a Brownian motion W, we have

Wt Wt

limsup ——— = o0 and liminf —— = —o0
=0 2¢tIn(In 7) =0 /2tIn(In )

5.2.5 Quadratic variation

The purpose of this section is to study the variation of the Brownian motion

along dyadic sequences:

tl:=142"", for integers ¢ >0andn>1.

2

As we shall see shortly, the Brownian motion has infinite total variation.
In particular, this implies that classical integration theories are not suitable
for the case of the Brownian motion. The key-idea in order to define an
integration theory with respect to the Brownian motion is that the quadratic

variation is finite. In the context of these notes, we shall not present the
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complete stochastic integration theory. We will restrict our attention to the

quadratic variation along dyadic sequences defined by

2
‘/;n = Z ’Wt?Jrl — Wt? for t>0.

tn<t

More generally, given an adapted stochastic process ¢ = {¢;, t > 0}, we
define:

2
for t>0.

Vi(e) = Z%g

<t

Wﬂl - Wtﬂ
i+1 (3

Before stating the main result of this section, we observe that the quadratic

variation (along any subdivision) of a continuously differentiable function f

converges to zero. Indeed, Y5, -, [f(tiv1) = f(t:)* < I Lo (o) Do, <¢ Itivs —
t;|* — 0. Because of the non-differentiability property stated in Proposition

5.6, this result does not hold for the Brownian motion:

Proposition 5.7 Let W be a standard Brownian motion in R, and ¢ an

adapted stochastic process with fﬂh lo¢|?dt < 0o a.s. Then:

t
P [lim Vi () :/ wsds, for everyt > 0] = 1.
n—oo 0

Proof. (i) We first assume that E [ fR+ ‘(pt|2dt:| < 00, a condition which
will be relaxed in Step (iii) below. We first fix ¢ > 0 and show that V;"(¢) —

fot psds P—a.s. as n — 00, or equivalently:

2
Z ZZ rﬂ)o 0 IP—a.s. where ZZ = QOt;l ((V[/t?-&-l - Wt?> - 2—71) .
<t
Observe that E[Z;Z;] = 0 for i # j, and E[Z?] = C27*"E [|¢wm|*] for some
constant C' > 0. Then

2

Se|(Xa) | - RXEZ - e XY el

n<N <t n<N <t n<N <t

2,
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227 — fOtE [|¢]?] dt, we conclude that

2

1i]VIILiOIifE Z ZZi < 0.

n<N \ir<t

Since Zt%tE Ucpt?

By Fatou’s lemma, this implies that
2 2

E Zi < liminf E Z; 00 .
nz>:1 tfz;t Z I n<N 7; Z )

In particular, this shows that the series ) -, (Ztﬂ<t Zi>2 is a.s. finite, and
therefore > ,.., Z; — 0 P—a.s. asn — 0. .

(ii) From the first step of this proof, we can find a zero measure set Nj
for each rational number s € Q. For an arbitrary ¢ > 0, let (s,) and (s})
be two monotonic sequences of rational numbers with s, / ¢ and S; N\t
Then, except on the zero-measure set N := UscqlVs, it follows from the
monotonicity of the quadratic variation that

/ pudu = lim V7'(p) < liminf V" ()
0

n—~o0 n—oo

/

< limsup V)"(¢) < lim VSZ(SO) = /pCPudU-
0

n—oo n—oo

Sending p — oo shows that V" (¢) — fot wudu as n — oo for every w outside
the zero-measure set N.
(iii) We now consider the general case where ¢ is only known to satisfy

fR+ |o¢|?dt < oo a.s. We introduce the sequence of stopping times

¢
Ty = inf{t>0: /|g0u\2du2k}, k>1,
0

and we observe that T, — oo P—a.s. as k — o0o. From the previous steps

of this proof, we have P—a.s.

Z P

t;l <tAT}

t tATY
= V" (901[0,Tk]) — / @ul[o,Tk}(U)dUZ/ Pudu .
0 0

2

Wi — W
1+1 7
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The required limit result follows immediately by sending & — oc. %

Remark 5.2  Proposition 5.7 has a natural direct extension to the multi-
dimensional setting. Let W be a standard Brownian motion in R%, and let

¢ be an adapted process with (d x d)—matrix values. Then, P—a.s.

T t
Z Tr [@t? <Wt?+1 - Vth) <VVt?+1 o Wt?) :| - / Tr [SOt] dt, t=>0.
0

<t

We leave the verification of this result as an exercise.

Remark 5.3 Inspecting the proof of Proposition 5.7, we see that the

quadratic variation along any subdivision 0 = sff < ... < 5], = t satisfies:

n 2
> W, = Wer
=1

We also observe that the above convergence result holds in probability for

— t P —a.s. whenever E sup |siy, —si| — 0.
n>1 1Sisn

an arbitrary partition (si, 1 <1 < n), of [0,¢] with mesh sup,,,, [s},; — s}
shrinking to zero. See e.g. Karatzas and Shreve [15], Theorem 1.5.8 for the

case p = 1.

Proposition 5.7 implies, in particular, that the total variation of the Brow-

nian motion is not finite. This follows from the inequality
> ‘Wt?ﬂ — Wy
ieN

together with the continuity of the Brownian motion which implies that

V" < max

L
tn<t {ti <t}>

Wi — W
i+1 7

max<y |Wim  — Win| — 0. For this reason, the Stieltjes theory of inte-
1 — i+1 3 J y

gration does not apply to the Brownian motion.

5.2.6 On the filtration of the Brownian motion

Because the Brownian motion has a.s. continuous sample paths, the corre-
sponding canonical filtration is left-continuous, i.e. Us;FY = FV. How-
ever, F" is not right-continuous. To see this, observe that the event set

{W has a local maximum at t} is in F}} := Mg, F)", but is not in FV.
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This difficulty can be overcome by slightly enlarging the canonical filtra-
tion by the collection of zero-measure sets. The resulting filtration is called
the completed canonical filtration which can be shown to be continuous. In
the rest of these notes, we always work with the completed filtration, and
we send the interested reader to Karatzas and Shreve [15] for a rigorous
treatment of this question.

The following complementary result is another evidence of the path ir-

regularity of the Brownian motion.

Proposition 5.8 Let W be a Brownian motion in R. Then, P—a.s. W

changes sign infinitely many times in any time interval [0,t], t > 0.
Proof. Observe that the random times
Hi=inf{t>0: W, >0} and 7~ :=inf{t>0: W, <0}

are stopping times with respect to the completed filtration F". Since this
filtration is continuous, it follows that the event sets {7* = 0} and {7~ = 0}
are in FJV. By the symmetry of the Brownian motion, its non degeneracy
on any interval [0,¢], ¢ > 0, and the fact that F}V is trivial, it follows that
P[rt =0] = P[r~ =0] = 1. Hence for a.e. w € €, there are sequences of
random times 7,7 \, 0 and 7,7 /' 0 with W_+ >0 and W_- <0 for n > 1.

%

5.3 Itd’s lemma and stochastic integration

The purpose of this section is to prove the Itd6 formula for the change of
variable. As a by-product, we will obtain a definition of the stochastic inte-
gral with respect to the Brownian motion for integrands which are smooth
functions of the current value of the Brownian motion. This point of view,
which provides an easy introduction to the theory of stochastic integration,
is borrowed from El Karoui and Gobet [10]|. The reader should keep in mind

that the general theory of stochastic integration builds the stochastic integral
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as a limit in L2 (R, x Q) rather than the present construction as a limit in
the a.s. sense which is a consequence of the smoohness of the integrand.
For a function ¢ : [0, T] x R? — R? we define the corresponding Rieman

sum
Ir(p) = Z o (17, W) - <Wt;1+1 - qu) where ¢ :=427" fori>1,

tn<T

and W is a standard Brownian motion with values in R?.

Given a smooth function f(¢,x), we will denote by f;, f, and f,., the
partial gradients with respect to ¢, to z, and the partial Hessian matrix with
respect to .

When ¢ is C1? (R, RY) with values in R, we shall prove that the sequence
(I(¢2)),>; converges a.s. to some random variable Ir(y,) which we will take

as our definition of the stochastic integral

T
/ Pz (t, Wt) . th = [T(ng) .
0

This will be sufficient for the future developments of these lectures. Let us
observe that the theory of stochastic integration allows for a wider class of
integrands; the interested reader can consult Karatzas and Shreve [15]. The

following statement provides a precise meaning to the It6’s formula:
1

Theorem 5.5 Let [ : [0,T] x RY — R be C2 ([0, T],R?). Then the se-

quence (I} (fz)),>, converges a.s. to the random variable
T T 1
/ f:v (t, VVt) ' dVVt = f(T7 WT) - f(07 0) - / (ft + iTr[f:v:v]) (ta VVt)dt :
0 0
Furthermore, if E [fOT | fo (8, W) 2 dt} < 00:
T
I7 (fa) — / fo (6, W) -dWy  in L*(P).
0
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Proof. By possibly adding a constant to f we may assume that f(0,0) = 0.
Let n(T') := [T2"] so that ¢}, < T <t} ;. We first decompose

f <tZ(T)+1aWt;;(T)+1) = Z [f <t?+17Wt?+1) -/ (tzlvVVt?_H)]

tn<T

+ Z [f (t?athl) —f(t?>Wt;Z)} ;

tn<T

which provides, by a Taylor expansion:

I%(fi’?) = f <tz(T)+1’ VVtZ(T)Jrl) o Z fi <7—2,", VVt?“) 2

th<T
1
-3 T [(for (1,€0) = faw (17, Win)) APW AT
th<T
_% ST [fo (17, W) ATWAIWT] (5.6)
th<T

where AYW := Wi | — Wy, 7" is a random variable with values in [t?, t?ﬂ] ,
and &' = A\fWin + (1 — A7) Wip | for some random variable A\ with values in
0, 1].

Since a.e. sample path of the Brownian motion is continuous, and there-

fore uniformly continuous on the compact interval [0, 7 + 1], it follows that

f <t::(T)+1’ VVtZ(T)_H) - f(T7 WT) ) P—as.
Zt;ng i (Tina m?ﬂ) 27" — fOT ft(t, Wt)dt P — a.s.
and with Proposition 5.7:

ST [(fae (2, 60) = fuu (£, Wen)) APWAIWT] — 0 P—ass,

tn<T
Finally, from Proposition 5.7 and its multi-dimensional extension in Remark

5.2, the last term in the decomposition (5.6):

T
ST [ (87, We) APWAZWT] —s / To[fo (W) dE P—as..
0

tr<T
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Now, assume that E [fOT | fz (2, Wt)\th} < o0, and let us show that the
convergence result holds in L?(P). Under this condition, it follows from the
definition of the Brownian motion that the sequence of random variables
(I3(¢z)),>; 1s a Cauchy sequence in L*(P). Since L*(P) is complete, there
exists a random variable I € L2 (P) such that It — I in L?(P). Then, after
passing to a subsequence, I — I P—a.s. and we conclude that I must
coincide with the limit exhibited in the first part of this proof. &

Remark 5.4  Sine the Brownian motion has a.s. continuous sample paths,
it follows from the definition of the stochastic integral in Theorm 5.5 that the
stochastic integral is continuous. Then, by usual approximation along ratio-
nal numbers, it is easy to see that: with probability 1, the Ito formula holds
for every T" > 0. In particular, It6’s formula holds when the deterministic

time 7' is replaced by a random time 7.

Exercise 5.12 Let W be a Brownian motion and consider the process

Xt = X0+bt+0m, tZO,
where b is a vector in R and o is an (d x d)—matriz. Let f be a C1?(R,,R?)
function. Show that

of of 1 i T
af(t, X;) = —(t, Xypdt+ =, Xy) - dX; + =Tr | =——= (¢, X
f (L, X:) 815(’ t) +6x( t) S &zc&vT( t)oo
The next result provides some important properties of the stochastic in-
tegral obtained by means of [t6’s lemma. In fact, the general theory of
stochastic integration is built upon the following properties which are obvi-

ously satisfied by piecewise constant integrands.

Proposition 5.9 Let ¢,v : [0,T] x R? — R? be two CY? functions, and
set Oy := ¢, (t, Wy), Uy := 1, (t, W), 0 <t <T. Assume further that

T T
E{/ \@t\2dt]+EU W, |? dt
0 0
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Then, for0 < s <t <T:
(i- Martingale Property) E [ Jla,- qu‘ ]—'S] = [, dW,,

(i- 1to's Tsometry) B [ ([ @, W) (f @ dW)| =E | [} @, -, dul.

Proof. (i) By using the properties of the Brownian motion, we see that the
approximation of the stochastic integral along the dyadic partition ¢} = 27"

satisfies
E[l7(ea)|F] = E[Uy = I7) (0a)[F] + I (¢a) -

The required result follows directly from Theorem 5.5. Indeed I7'(p,) —
[5 @, - dW, P—as. and (I — I?) (¢,) — [} @, - AW, in L2(P).
(ii) Similarly, using the properties of the Brownian motion, we see that the

approximation of the stochastic integral along the dyadic partition satisfies

T
E[I7(pa) I7(1ha)] = E Z Py - V2™ — E {/0 Dy - ‘I’tdt} ;

tn<T

and we obtain the required property as a consequence of the IL?(P) conver-

gence of I'(y,) and I7(1,) towards the corresponding stochastic integrals.

&

The presentation of this section of the stochastic integral is based on the
derivation of Itd’s lemma for the Brownian motion. We therefore obtain
the stochastic integral for a very restricted family of integrands, but which
will be sufficient for the future developments of these lectures. We would
like to avoid that the present simple introduction to the theory of stochastic
integration be misleading for the reader by insisting on the following warning:
the almost sure convergence of the discrete approximation I} towards the
stochastic integral does not hold in the general stochastic integration theory,
and is specific to the class of integrands implied by the application of the Itd’s
lemmoa, the theory of stochastc integration with general integrands provides a

similar convergence result in L*(Ry x Q).
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5.4 Local martingale property of stochastic in-

tegrals

The above proposition 5.9 states that the process, defined by the stochastic
integral indexed by T, defines a martingale when the integrands satisfies
the IL?(P) integrability property E [ fOT \@t\th} < 00. The objective of this
section is to show that in the absence of this property, the stochastic integral

is a local martingale, and fails to be a martingale, in general.

Definition 5.6 An F—adapted process M = {M,, t > 0} is a local martin-
gale if there exists a sequence of stopping times (T,)n>0 (called a localizing
sequence) such that 17, — oo P—a.s. as n — oo, and the stopped process
M™ = { M., t > 0} is a martingale for every n > 0.

Proposition 5.10 Let p(t,z) be a C1? (R+,]Rd) function. Then, for every
T > 0, the process {I;(pz), 0 <t < T} is a local martingale.

Proof. By the smoothness of o, we have that fOT |®,|>du < oo P—a.s. Then,

the sequence of stopping times

t
T, := inf {t >0: / |, [2du > n} where @, := ¢, (u, W,),
0
is easily shown to be a localizing sequence. &

We next provide an example of local martingale which fails to be a mar-
tingale, although positive and integrable. This shows the limitation of the
discrete-time result of Lemma 2.3.

Example 5.1 Let W be a Brownian motion in R¢.

e In the one-dimensional case d = 1, we have P [|[W;| > 0, V¢ > 0] =0, see
also Proposition 5.8.

e When d > 2, the situation is drastically different as it can be proved
that P[|W;] > 0, for every t > 0] = 1, see e.g. Karatzas and Shreve [15]
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Proposition 3.22 p161. In words, this means that the Brownian motion never

returns to the origin P—a.s. Then, for a fixed t; > 0, the process
X = ‘Wtoth‘_l ) t>0,

is well-defined, and it follows from It6’s lemma that
1

e We now consider the special case d = 3. By the previous Proposition
5.10, it follows from It6’s lemma that X is a local martingale. However, by

the scaling property of the Brownian motion, we have

lo
t+ 1o

E[Xt] = E[XO] ) t Z 07

so that X has a non-constant expectation and can not be a martingale.

5.5 The Feynman-Kac representation formula

In this section, we consider the following linear partial differential equation

ov ov 1 0%v

- = T R? (5.
T 7 T3 ] kv+f=0, t<T, x¢€ (5.7)

u(T,.)=g (5.8)

where g is a given function from R? to R, k and f are functions from [0, T]x R4
to R, b is a constant vector in R%, and ¢ is a constant d x d matrix. This
is the so-called Dirichlet problem. The following result provides a stochastic

representation for the solution of this purely deterministic problem.

Theorem 5.6 Assume that the function k is uniformly bounded from below,
and f has polynomial growth in x uniformly in t. Let v be a C'? ([O, T), ]Rd)

solution of (5.7) with polynomial growth in x uniformly in t. Then
T
v(t,z) = E [/ BE f(s, Xb™)ds + Ba"g (Xth) ., t<T zeR?,
t
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where X' =z + b(s — t) + o(W, — W,) and B = e~ JikXif)du for
t<s<T.

Proof. We first introduce the sequence of stopping times
7 = TAinf{s>t: }Xﬁ’x—x} >n},

and we oberve that 7,, — T P—a.s. Since v is smooth, it follows from [t6’s
lemma that for t < s < T

t, t,x _ t, @ @ 1 620 t,x
4(87 (s, X)) = B ( ot gy 2y L |20 (60 as
txa

® Ox
= g (—f(s X' ds + ov (s, X07) - dW)
- S 9 s ax 9 S S 9

(5, XE%) - W,

by the PDE satisfied by v in (5.7). Then:
E [85%v (15, XE¥)] — v(t, x)
= E [/ Bhe (—f(s,Xs)ds + % (s, X17) ~dWS)} .
t

Now observe that the integrands in the stochastic integral is bounded by
definition of the stoppig time 7, and the smoothness of v. Then the stochastic

integral has zero mean, and we deduce that

o(tx) — E[ / "B f (s, XY ds + B (Tn,Xjf)}. (5.9)
t

Since 7, — T and the Brownian motion has continuous sample paths P—a.s.

it follows from the continuity of v that, P—a.s.

/ ’ BLT f (3 Xt”““) ds + B-*v (Tn, Xﬁf)
t
i ﬁt “f (s, X07) ds + Bt (T, X5°) (5.10)
[ s i ()
t
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by the terminal condition satisfied by v in (5.7). Moreover, since k is bounded
from below and the functions f and v have polynomial growth in z uniformly

in ¢, we have

| Xy ds e i (X6
t

< C (1 —|—sup\Wt\p) :

<T
By Proposition 5.3, the latter bound is integrable, and we deduce from
the dominated convergence theorem that the convergence in (5.10) holds

in IL' (), proving the required result by taking limits in (5.9). &

The above Feynman-Kac representation formula can be extended to the
case where the coefficients b and o of the partial differential equation (5.7) are
functions of (¢, x). In this case, the process X in the representation formula
is defined as the solution of a stochastic differential equation.

We also observe that the Feynman-Kac representation formula has an
important numerical implication. Indeed it opens the door to the use of
Monte Carlo methods in order to obtain a numerical approximation of the
solution of the partial differential equation (5.7). For sake of simplicity, we
provide the main idea in the case f = k = 0. Let (X(l), e ,X(k)) be an iid

sample drawn in the distribution of X%x, and compute the mean:

Zk:g (X(i)) )

By the Law of Large Numbers, it follows that 0x(t,z) — v(t,z) P—a.s.

ﬁk(t, .’I) =

e

Moreover the error estimate is provided by the Central Limit Theorem:
VE (0p(t, 2) — v(t, x)) YN (0,Var [g (X7")])  in distribution,

and is remarkably independent of the dimension d of the variable X !
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5.6 The Cameron-Martin change of measure

Let N be a Gaussian random variable with mean zero and unit variance. The

corresponding probability density function is

1 2
%P[Ngx] = f(x) = \/%e_‘U/Q, r €R.

For any constant a € R, the random variable N + a is Gaussian with mean

a and unit variance with probability density function

TBNtas<a] = flr—a) = [@e T, zeR.

Then, for every (at least bounded) function v, we have

E[$(N +a)] = / ) f()eFde = E [T g(N)]

This easy result can be translated in terms of a change of measure. Indeed,

N—

2
. . a_ ., o . .
since the random variable e*"~ 2 is positive and integrates to 1, we may

N_a?

introduce the equivalent measure Q := "~ 2 - P. Then, the above equality

says that the Q—distribution of N coincides with the P—distribution of N +a,

le.
under Q, N —a is distributed as AN(0,1).

The purpose of this section is to extend this result to a Brownian motion
W in RY. Let h be a C! function from [0, 7] to RY. From Theorem 5.5, the

stochastic integral

N = /OTh(t) AW,

is well-defined as the a.s. limit of the corresponding Riemann sum. In par-
ticular, since the space of Gaussian random variables is closed, it follows
that

T
N is distributed as N(O,/ ]h(t)\th) :
0
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and we may define an equivalent probability measure Q by:

le% = elo h@ydWi— [ |n(0)dt (5.11)
Theorem 5.7 For a Brownian motion W in R?, let Q be the probability
measure equivalent to P defined by (5.11). Then, the process

t
B, =W, — / h(u)du, tel0,7],
0
18 a Brownian motion under Q.

Proof. We first observe that By = 0 and B has a.s. continuous sample
paths. It remains to prove that, for 0 < s < t, B; — B, is independent of F,
and distributed as a centered Gaussian with variance t — s. To do this, we

compute the Q—Laplace transform

EQ [eXWe-Ws)

F] = E [eﬁh(u)-dwréff|h<u>|2duex-<wt—ws>

7|

— 3 [l IhwPdug [ef:(h(U)—f—)\)-qu

7|

Since the random variable fst(h(u) + A) - dW, is a centered Gaussian with
variance ! [h(u) 4+ A|[du, independent of F,, this provides:
EQ [ek-(Wths) -7:5} — e [ h@)Pdu g [1 (w2

3N (=) +X T h(u)du

This shows that W, — W, is independent of F, and is distributed as a Gaussian
with mean fst h(u)du and variance t — s, i.e. By — By is independent of F;

and is distributed as a centered Gaussian with variance t — s. &

Let us observe that the condition that h is C! can be dropped, but requires
a wider definition of the notion of stochastic integral. The Cameron-Martin
formula holds for h € L? (R,). More generally, the above result can be
extended to the case where h is an adapted stochastic process satisfying some
convenient integrability conditions. This is the so-called Girsanov theorem.
In the context of these lectures, we shall only need the Gaussian framework

of the Cameron-Martin formula.
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Chapter 6

The Black-Scholes valuation
theory

6.1 The continuous-time financial market

Let T be a finite horizon, and (2, F, P) be a complete probability space
supporting a Brownian motion W = {(W}', ..., W¢), 0 < t < T'} with values
in RY. We denote by F = {F, 0 < t < T} the (continuous) canonical
completed filtration of W, i.e. the canonical filtration augmented by zero
measure sets. For simplicity, we shall always assume that F = Fr.

The financial market consists in d + 1 assets :

(i) The first asset SY is non-risky, and is defined by

t
S?zexp(/r(u)du), 0<t<T,
0

where 7 : [0,7] — R, is a deterministic instantaneous interest rate func-
tion.
(i) The d remaining assets S%, i = 1,...,d, are risky assets with price

processes :

o vl R ot .
Sy = Sjexp (/ (bz(u) ~3 g ‘O'Zj(t)‘Q) dt + E / oty dwi ), t>0,
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for 1 <i < d. Hereb = (b',...,0%) and 0 = (6) are determinstic C’-
functions on [0, 7] with values respectively in R and Mg(d,d), the set of
d x d matrices with real coefficients.In order for the above stochastic integral
to be well-defined, we assume that the matrix-valued function o is C!. By a

direct application of the It6 formula, this provides the dynamics:

d
dsi = S (bi(t)dwzaﬁ(t)dwg),

J=1

or in vector notations:

where, for z € R™, diag|z] denotes the diagonal matrix with diagonal elements
2'. We assume that the Mg(d, d)—matrix o(t) is invertible for every ¢ €

[0, T, and we introduce the function
N(t) = oty (ult)— (), 0<t<T,

called the risk premium. We shall frequently make use of the discounted

3 s, t
Sy = w5 = Seiexp —/ r(u)du |,
Si 0

where S = (S%,...,8%). Using the above matrix notations, the dynamics of

process

the process S are given by in
dS, = diag[Si] {(b(t) — r(t)1)dt + o(t)dW,} = diag[Si]o(t) (\°(t)dt + dW;)

where 1 = (1,...,1) € R,

6.2 Portfolio and wealth process

A portfolio strategy is an F—adapted process 7 = {m, 0 < t < T'} with
values in R, For 1 <i <mnmand 0 <t < T, n is the amount (in Euros)

invested in the risky asset S°.
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As in the discrete-time financial market, we shall consider self-financing
strategies. Let X; denote the wealth process at time ¢ induced by the portfolio
strategy . Then, the amount invested in the non-risky asset is X; — > " | 7
=X, —m -1

Under the self-financing condition, the dynamics of the wealth process is

given by

’/Tt i - 0
Z s T s

Let X be the discounted wealth process

t
X; = X;exp (—/ r(u)du), 0<t<T.
0
Then, by an immediate application of [t6’s formula, we see that

dXt = ’ﬁ't : diag[gt]_ldgt (61)
= @ -o(t) (N(t)dt+dW,), 0 <t <T. (6.2)

We still have to place further technical conditions on 7, at least for the above
wealth process to be well-defined as a stochastic integral. Before this, let us

observe that, assuming that the risk premium function satisfies:
T 2
A et ([0,T]) and / IA°(8)]” dt < oo,
0

it follows from the Cameron-Martin change of measure theorem that the

process
t
WY = Wt—/ N(w)du, 0<t<T, (6.3)
0

is a Brownian motion under the equivalent probability measure

PO = Z%-P on Fr, (6.4)
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where
T 1 /T
79 = exp (—/ )\O(u)~qu—§/ ]Ao(u)]2du) : (6.5)
0 0

In terms of the P Brownian motion W9, the discounted wealth process in-

duced by an initial capital x and a portfolio strategy m can be written in
t
T~ %, +/ Foo(w)dV, 0<t<T. (6.6)
0

Definition 6.1 An admissible portfolio process m = {m,t € [0,T]} is an
F—adapted process such that the stochastic integral (6.6) is well-defined, and
the corresponding discounted wealth process satisfies the finite credit line con-
dition

inf X/ > —C

0<t<T

for some constant C' > 0 which may depend on w. The collection of all

admissible portfolio processes will be denoted by A.

By the previous chapter, the existence of the stochastic integral in (6.6) is
guaranteed for portfolio processes m which are smooth deterministic functions
of time and the current value of the assets prices. The finite credit line
condition is needed in order to exclude any arbitrage opportunity, and will

be justified in the subsequent subsection.

6.3 Admissible portfolios and no-arbitrage

Similarly to the discrete-time framework, we introduce the following no-
arbitrage condition.

Definition 6.2 We say that the financial market contains no arbitrage op-

portunities if for any admissible portfolio process m € A,

X2™ > 0P —a.s. implies X3" = 0P — a.s.
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The purpose of this section is to show that the financial market described
above contains no arbitrage opportunities. Our first observation is that P°
is a risk neutral measure, or an equivalent martingale measure, for the price

process 9, i.e.
the process {S't, 0<t< T} is a P* — martingale. (6.7)

Indeed, in terms of the PY—Brownian motion W9, the discounted price pro-

cess of the risky asset is given by

gfzSéexp(/az( dWO——/| \dt)

where o;, = (041, ...,0:4). This is clearly an (exponential) martingale under
PO,

We next observe that the discounted wealth process is a local martingale:
X®™ s a local P—martingale for every (z,7) e Rx A,  (6.8)

as a stochastic integral with respect to the P—Brownian motion W7.

Before stating the main result of this section, we recall the situation
in the finite discrete-time framework of the first chapters of these notes.
Assuming that the set M(S) of risk neutral measures is not empty, the
discounted wealth process is a local martingale under any fixed risk neutral
measure Q. Then, whenever the final wealth is non-negative, it follows from
Lemme 2.3 that the discounted wealth process is a martingale under Q. We
then conclude immediately that the final wealth must coincide with the zero
random variable by taking expected values under Q.

In the present context, the non-negativity of the terminal wealth does not
ensure that the P°—local martingale X% is a martingale, recall the example
developed in Example 5.1. Observe that the latter example also shows that
the finite credit line condition on admissible portfolios does not guarantee
that the discounted wealth process is a P’—martingale.

In the continuous-time framework, one has to rule out the so-called class

of doubling strategies which are naturally excluded in finite discrete-time.
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Doubling strategies are well-known in Casinos. Suppose that a player starts
playing in the Casino without any initial funds. So he borrows some capital
xo > 0 (with zero interest rate, say) and invests it on some game whose payoff
is 2z¢ with some positive probability p, and 0 with probability 1 — p. At the
end of this first round, the player’s wealth is X; = xy with probability p, and
X, = —x¢ with probability 1 —p. If X; = —z, then the player borrows again
the amount x; = 2x, i.e. doubles his debt, and plays again. At the end of
this second round, the player’s wealth, conditionally on X; = —x, is again
either Xy = x9 = ¢ with probability p, and Xy = —2z, with probability
1 —p. And so on... If the player is allowed to play an infinite number of
rounds, then he would perform this doubling strategy up to the first moment
that his wealth is positive, which happens at some finite time with probability
1.

In conclusion, this strategy allows to perform some positive gain without
any initial investment ! the drawback of this strategy is, however, that the
wealth process can be arbitrarily large negative. So it is only feasible if there
is no restriction on borrowing, which is not realistic.

Since the continuous-time analogue of the discrete-time random walk is
the Brownian motion, see Chapter 3.5, the above doubling strategies provide
a good intuition for our continuous-time model. The following result from
stochastic integration is due to Dudley [9], and is stated for completeness in

order to show how things can get even worse in continuous-time.

Theorem 6.1 Let W be a standard one-dimensional Brownian motion. For
T > 0, and & € L%T), there exists a progressively measurable process ¢
satisfying

T T
§ = / GedWy  and / |pe|?dt < 00 P — a.s.
0 0

We now turn to the main technical ingredient in order to exclude arbitrage

opportunities.
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Lemma 6.1 Let M = {M;, 0 <t <T} be a local martingale bounded from
below by some constant m, i.e. My > m for allt € [0,T] a.s. Then M is a

supermartingale.

Proof. Let (T,), be a localizing sequence of stooping times for the local
martingale M, i.e. T, — o0 a.s. and {M\7,, 0 <t < T} is a martingale

for every n. Then :
E[Mt/\Tn|Fu] - Mu/\Tnu OSUStST

for every fixed n. We next send n to infinity. By the lower bound on M, we

can use Fatou’s lemma, and we deduce that :

which is the required inequality. %

Exercise 6.13 Show that the conclusion of Lemma 6.1 holds true under the
weaker condition that the local martingale M is bounded from below by a

martingale.

Given an admissible portfolio process m € A and an initial capital x € R,
the corresponding wealth process X*™ is a P°—local martingale which is

bounded from below by some constant. It follows from Lemma 6.1 that
X% is a P'—supermartingale for every (z,7) € Rx A.  (6.9)

A first consequence of this supermartingale property concerns the no-arbitrage

condition in our continuous-time financial market.

Theorem 6.2 The continuous-time financial market described above con-

tains no arbitrage opportunities.

Proof. For m € A, the corresponding discounted wealth process X0 ig a
P°—super-martingale. Then EP’ [f(%”] < 0. Recall that P° is equivalent
to P and SV is strictly positive. Then, this inequality shows that, whenever
X3 > 0 P—as., or equivalently X" > 0 P'—a.s., we have X" = 0 P'—a.s.
and therefore X" = 0 P—a.s. &

133



6.4 Hedging and pricing Vanilla options

In this section, we consider a special class of contingent claims defined by

the payoff at some maturity 7" > 0:
G = g(Sr) forsome g : RL —R.

We shall refer to such contingent claims as Vanilla options. The following
result provides an explicit perfect replication strategy for such options by
continuous investment on the financial market, and provides as a by-product

their no-arbitrage price.

Theorem 6.3 (i) Suppose that the function g is bounded. Then, the no
arbitrage price of the Vanilla option G at time 0 s given by

po(G) = v(0,Sy) where wv(t,s) = EF [e*ftTr(u)dug (ST)’St _ s} ‘

(ii) Assume further that the market price py is a continuous map from L' (PY)
to R. Then (i) holds whenever g(Sr) € L' (P°).

(ili) The above function v € C*?([0,T),R). If g is bounded from below,
then

ov
o= —(t,S), 0<t<T,
Uv; 38( t) >0 >
defines an admissible portfolio strategy in m € A which perfectly replicates G,
- X’U(O,SO),ﬁ' o S
i.e. Xp = ¢g(S7).

Proof. Part (ii) is a dirct consequence of (i) which follows by considering
the approximating contingent claims defined by the truncated payoff function
g" := gAnV(—n), and using the continuity assumption. So we only have
to prove (i) and (iii).

As in the finite discrete-time framework, we introduce the super-hedging

problem
Vo(G) = inf{z: X7 > G as. for some 7 € A},

134



and we argue as in Section 3.1.3 that the market price py(G) lies inside the

no-arbitrage bounds:
—W(=G) < po(G) < W(G). (6.10)

1. For an arbitrary = > V;(G), we have X" > G a.s. for some w € A. Since
X=™ is a PY—supermartingale, we deduce that z > EP° [CNJ], and therefore

Vo(G) > E [G} .

2. In order to prove the reverse inequality V,(G) > EF° [é], we show in
Step 3 below that GG can be perfectly hedged starting from the initial capital
EP’ |G|. Since —G satisfies the same conditions as G, the conclusions of
Step 1 and the first part of this step hold also for —G. The required results
then follow from the no-arbitrage bounds (6.10).

3. It remains to show that GG can be perfectly hedged by means of an ad-
missible portfolio, starting from the initial capital EF’ [CNJ} . Since In S! has a

Gaussian distribution, satisfying the heat equation, the function v satisfies
v

0s0sT

1
v +7rs- v + =Tr ldiag[s]aaTdiag[s]

ot 9s | 2 ]_”’:O

fort <T,se€ ]Ri. We then deduce from It6’s lemma that
T ~ ~
e (T, 57) = v(0,5) + / ey - od WO = XUOSOF
0

Since v(T,s) = g(s), this shows that X;(O’SO)J? = ¢ (Sr). Since g (Sr) is
square integrable, as a consequence of the polynomial growth condition on
g, it follows that Xv(0:50)7 is a PO —square integrable martingale (exercise !),

and therefore
XS o= fyrludug, g g

inherits the boundness of g. Hence 7 is an admissible portfolio strategy in

A. O
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Remark 6.1 In the above proof, we used the fact that the option price

v(t, s) satisfies the linear partial differential equation

v ov 1 0*v
4 2T | di Tqi — = T)(%.
T +rs P + 5T diag[s]oo” diag][s] 5e05T |~V 0, (t,s) € [0,7)(8.R
v(T,s) = g(s), s>0. (6.12)

From Theorem 5.6, this partial differential equation provides a characteri-
zation of the option price. In the subsequent section, we shall obtain this
characterization by means of a heuristic argument which avoids to use the

martingale theory.

6.5 The PDE approach for the valuation prob-

lem

In this section, we derive a formal argument in order to obtain the valuation
PDE (6.11). The following steps have been employed by Black and Scholes
in their pioneering work [1].

1. Let p(t,S;) denote the time—t market price of a contingent claim defined
by the payoff B = ¢g(Sr) for some function g : R, — R. Notice that we
are accepting without proof that p is a deterministic function of time and

the spot price, this has been in fact proved in the previous section.

2. The holder of the contingent claim completes his portfolio by some in-
vestment in the risky assets. At time ¢, he decides to holds —A? shares of

the risky asset S?. Therefore, the total value of the portfolio at time ¢ is
Pt = p(t,St)—A'St, 0§t<T

3. Considering delta as a constant vector in the time interval [¢,¢ + dt), and
assuming that the function p is of class C'2, the variation of the portfolio

value is given by :
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where Lp = p; + 3Tr[diag[s]oo” diag]s] asasT] In particular, by setting

9p
0s’

we obtain a portfolio value with finite quadratic variation

4. The portfolio P, is non-risky since the variation of its value in the time
interval [¢,t + dt) is known in advance at time ¢. Then, by the no-arbitrage

argument, we must have

dP, = r(t,S)Pdt = r(t,S))[p(t,S;) — A - Sy

0
= r(t,5) { (t,S) — 8—p St:| (6.14)
By equating (6.13) and (6.14), we see that the function p satisfies the PDE
el 4 T — —
a5 +r " Ds + -Tr [dlag[ oo diag|s] 50T | P 0,

which is exactly the PDE obtained in the previous section.

6.6 The Black and Scholes model for European

call options

6.6.1 The Balck-Scholes formula

In this section, we consider the one-dimensional Black-Scholes model d = 1
so that the price process S of the single risky asset is given in terms of the

PY—Brownian motion WP :
o2
St = SoeXp [(T_?)t+UWtO:| s OStST (615)

Observe that the random variable S; is log-normal for every fixed t. This is

the key-ingredient for the next explicit result.
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Proposition 6.1 Let G = (Spr — K)* for some K > 0. Then the no-
arbitrage price of the contingent claim G 1is given by the so-called Black-

Scholes formula :

p—0(GQ) = SON<d+(SO,f(,02T)> - f(N(d,(so,f(,a?T)) (6.16)

where
~ _ In(s/k) 1
K :=Ke T = + - d
e ™, di(s, k,v) NG 2\/5, (6.17)
and the optimal hedging strategy is given by
# = SN <d+(St, K,oX(T - t)) . 0<t<T. (6.18)

Proof. This formula can be derived by various methods. One can just
calculate directly the expected value by exploiting the explicit probability
density function of the random variable Sp. One can also guess a solution
for the valuation PDE corresponding to the call option. We shall present
another method which relies on the technique of change of measure and

reduces considerably the computational effort. We first decompose
po(G) = EPO [ST 1{§T2R}i| — [N( ]P)O [ST 2 K] (619)

where as usual, the #ilda notation corresponds to discounting, i.e. multipli-

"I in the present context.

cation by e~
1. The second term is directly computed by exploiting the knowledge of the

distribution of S'T :

In (S7/So) + (02/2)T _In (K/Sy) + (62/2)T
oVT o oVT

(K /S) + (0¥2)T
- N( T )

- N (d_(So,f(, 02T)> .

PS> K| = IPO[
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2. As for the first expected value, we define the new measure P! := Z1 . P?

on Fr, where

02 S'T
71 = exp (JWT — 7T) = S0
By the Girsanov theorem, the process W}! := WP — o;, 0 < ¢ < T, defines a
Brownian motion under P!, and the random variable
In (gT/SO) - (0'2/2)T
oT

We now re-write the first term in (6.19) as

is distributed as A(0,1) under P'.

B [Sr Lis,ery| = SoP' [Sr2 K]

In (K /Sy) — (02/2)T
oV'T

= SpProb [./\/(0, 1) >

— SN <d+(50,f(,02T)) .

3. The optimal hedging strategy is obtained by directly differentiating the

price formula with respect to the underlying risky asset price, see Theorem

6.3. &

Exercise 6.14 (Black-Scholes model with time-dependent coefficients)
Consider the case where the interest rate is a deterministic function r(¢), and
the risky asset price process is defined by the time dependent coefficients b(t)
and o(t). Show that the European call option price is given by the extended
Black-Sholes formula:

w(@) = SN <d+(50, f(,v(T))) “KN <d_(SO, f(,v(T))) (6.20)

T
K = Ke Jor®dt (1) = / o (t)dt . (6.21)
0
What is the optimal hedging strategy. &
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Figure 6.1: The Black-Scholes formula as a function of S and t

6.6.2 The Black’s formula

We again assume that the financial market contains one single risky asset
with price process defined by the constant coefficients Black-Scholes model.
Let {F},t > 0} be the price process of the forward contract on the risky asset
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with maturity 7" > 0. Since the interest rates are deterministic, we have
F = S’ = Fe 27 toW? << T,

In particular, we observe that the process {F}, t € [0,7"]} is a martingale
under the risk neutral measure P°. As we shall see in next chapter, this
property is specific to the case of deterministic interest rates, and the corre-
sponding result in a stochastic interest rates framework requires to introduce
the so-called forward neutral measure.

We now consider the European call option on the forward contract F
with maturity 7' € (0, T"] and strike price K > 0. The corresponding payoff
at the maturity 7 is G := (Fp — K)©. By the previous theory, its price at

time zero is given by
p(G) = E7 [ (Fr— K)']

In order to compute explicitly the above expectation, we shall take advantage
of the previous computations, and we observe that €™ py(G) corresponds to

the Black-Scholes formula for a zero interest rate. Hence:
po(G) = e " (FN (dy(Fy, K,0°T)) — KN (d_(Fp, K, 0°T))) (6.22)

This is the so-called Black’s formula.

6.6.3 Option on a dividend paying stock

When the risky asset S pays out some dividend, the previous theory requires
some modifications. We shall first consider the case where the risky asset
pays a lump sum of dividend at some pre-specified dates, assuming that the
process S is defined by the Black-Scholes dynamics between two successive
dates of dividend payment. This implies a downward jump of the price
process upon the payment of the dividend. We next consider the case where
the risky asset pays a continuous dividend defined by some constant rate.
The latter case can be viewed as a model simplification for a risky asset

composed by a basket of a large number of dividend paying assets.
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Lump payment of dividends Consider a European call option with ma-
turity 7" > 0, and suppose that the underlying security pays out a lump
of dividend at the pre-specified dates t,...,t, € (0,7). At each time ¢;,

7 =1,...,n, the amount of dividend payment is
0;St;—
where d1,...,6d, € (0,1) are some given constants. In other words, the divi-

dends are defined as known fractions of the security price at the pre-specified
dividend payment dates. After the dividend payment, the security price

jumps down immediately by the amount of the dividend:
Stj = (1—(53')575],,, jzl,,n

Between two successives dates of dividend payment, we are reduced to the
previous situation where the asset pays no dividend. Therefore, the dis-
counted security price process must be a martingale under the risk neutral

measure P’ i.e. in terms of the Brownian motion W9, we have

St _ Stj_le(rfT)(tftjfﬂJra(Wt Wtj,1)7 te [tj—latj) 7

for y =1,...,n with £y := 0. Hence

St = Syoe(r*%Q)TJFUWT where Sy := S H(l —0;),

j=1

and the no-arbitrage European call option price is given by
EP [T (Sy — K)*] = SN <d+(S0, K, JZT)> ~ KN (d,(éo, K, JQT)> ,

with K = Ke T, i.e. the Black-Scholes formula with modified spot price
from Sy to 5'0.

Continuous dividend payment We now suppose that the underlying

security pays a continuous stream of dividend {JS;, t > 0} for some given
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constant rate 0 > 0. This requires to adapt the no-arbitrage condition so
as to account for the dividend payment. From the financial viewpoint, the
holder of the option can immediately re-invest the dividend paid in cash into
the asset at any time ¢ > 0. By doing so, the position of the security holder

at time ¢ 1s
St(é) = S’ t>0.

In other words, we can reduce the problem the non-dividend paying security
case by increasing the value of the security. By the no-arbitrage theory, the
discounted process {r‘”’St(d), t> O} must be a martingale under the risk

neutral measure P°:
(72 ‘1)’ 0'2 ‘1)’
S(a) = Séé)e(r_7>t+a . Soe(r_T)tJra 7 t>0,

where W is a Brownian motion under P°. By a direct application of It&’s
formula, this provides the expression of the security price process in terms of

the Brownian motion WW°:
S, = Spelr i T W s (6.23)
We are now in a position to provide the call option price in closed form:
EP° [efrT (St — K)+] — T P’ [ef(rfé)T (St — K)ﬂ
— T [50 N <d+(50, K® aQT))
~ KON (d,(so, KO, a2T))}(@.24)
where

KO = Ke roT,

6.6.4 The Garman-Kolhagen model for exchange rate
options

We now consider a domestic country and a foreign country with different

currencies. The instantaneous interest rates prevailing in the domestic coun-
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try and the forign one are assumed to be constant, and will be denoted
respectively by % and 7rf.

The exchange rate from the domestic currency to the foreign one is de-
noted by £ at every time ¢ > 0. This is the price at time ¢, expressed in
the domestic currency, of one unit of the foreig currency. For instance, if
the domestic currency is the Euro, and the foreign currency is the Dollar,
then &8 is the time—t value in Euros of one Dollar; this is the Euro/Dollar
exchange rate.

Similarly, one can introduce the exchange rate from the foreign currency
to the domestic one &£f. Assuming that all exchange rates are positive, and
that the international financial market has no frictions, it follows from a

simple no-arbitrage argument that

1
gl = oa for every ¢t >0. (6.25)
t
We postulate that the exchange rate process £9 is defined by the Black-

Scholes model
d—ﬂ t+0’th
gl = 5§e(” *) . 1>0. (6.26)
Our objective is to derive the no-arbitrage price of the exchange rate call

option
G4 = (5%—K)+ ,

for some K > 0, where the payoff G¢ is expressed in domestic currency.

To do this, we will apply our results from the no-arbitrage valuation
theory. We will first identify a risky asset in the domestic country which will
isolate a unique risk neutral measure P9, so that the no arbitrage price of
the contingent claim G¢ will be easily obtained once the distribution of £¢
under P9 is determined.

1. In order to relate the exchange rate to a financial asset of the domestic
country, consider the following strategy, for an investor of the domestic coun-

try, consisting of investing in the non-risky asset of the foreign country. Let
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the initial capital at time ¢t be P, := 1 Euro or, after immediate conversion
(5 d) ! Dollars. Investing this amount in the foreign country non-risky asset,
the investor collects the amount (Sd)fl (1+ rfdt) Dollars after a small time
period dt. Finally, converting back this amount to the domestic currency

provides the amount in Euros

gL (1 +rtdt d&d
Piya = e o rdi) and therefore dP, = 5—5 +ride.
t t

2. Given the expression (6.26) of the exchange rate, it follows from a direct

application of It6’s formula that
dP, = (p*+rh)dt+o%dW, = ridt+ oldWy

where

/Ld—f-Tf—Td

W =W, +\t, t >0, where \:= 5
o

Since P, is the value of a portfolio of the domestic country, the unique risk
neutral measure P9 is identified by the property that the processes W9 is a
Brownian motion under P4, which provides by the Girsanov theorem:
ded — e MW MPT
dP
3. We now can rewrite the expression of the exchange rate (6.26) in terms

on Fr.

of the Brownian motion W9 of the risk neutral measure P9:
d_rf_ﬂ)t_i_ dyy
szgge(r )7 >0,

Comparing with (6.23), we obtain the following

Interpretation The exchange rate £¢ is equivalent to an asset of the do-

mestic currency with continuous dividend payment at the rate r'.

4. We can now compute the call option price by directly applying (6.24):
EP [e_TdTGd} = T [551 N <d+(5§,ff”f)> ’Ud,QT)>

~ RN (d_(gg. K0, |o*PT))]
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where K" .= Ke~ (=0T

5. Of course the previous analysis may be performed symmetrically from

the point of view of the foreign country. By (6.25) and (6.26), we have:

<Mf*‘df‘2>t+0th
& = Egle ’ ,  t>0,

where
pti=—pt + o and o = -0, (6.27)

The foreign financial market risk neutral measure together with the corre-

sponding Brownian motion are definied by

dP4 AN Wp— LA f f
er T3 on Fr and W, :=W,+ \'t,
where
A= 'U/f—i_rrij_rrf = )\ _5d
o
by (6.27).

6.6.5 The practice of the Black-Scholes model

The Black-Scholes model is used allover the industry of derivative securities.
Its practical implementation requires the determination of the coefficients
involved in the Black-Scholes formula. As we already observed the drift
parameter p is not needed for the pricing and hedging purposes. This sur-
prising feature is easily understood by the fact that the perfect replication
procedure involves the underlying probability measure only through its zero-
measure sets, and therefore the problem is not changed by passage to any
equivalent probability measure; by the Girsanov theorem this means that the
problem is not modified by changing the drift 4 in the dynamics of the risky

asset.
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Since the interest rate is observed, only the volatility parameter o needs
to be determined in order to implement the Black-Scholes formula. After
discussing this important issue, we will focus on the different control variables
which are carefully scrutinized by derivatives traders in order to account for
the departure of real life financial markets from the simple Black-Scholes
model.

Volatility: statistical estimation versus calibration
1. According to the Black-Scholes model, given the observation of the risky
asset prices at times t; := th, ¢ = 1,...,n for some time step h > 0, the

returns

2
Ry, :==1In (SSti ) are iid distributed as N ((M - %) h, 02h) .

ti—1

Then the sample variance

62 = %Z (Rtl. — Rn)2 , where R, := %ZRM ,
i=1 i=1

is the maximum likelihood estimator for the parameter 2. The estimator
0, is called the historical volatility parameter.
The natural way to implement the Black-Scholes model is to plug the

historical volatility into the Black-Scholes formula
BS (S, 0, K,T) = SN (d+ <St, f(,a?T)) ~ KN (d, (St,f?,m@.)zza)
to compute an estimate of the option price, and into the optimal hedge ratio
A(S,,0,K,T) = N <d+ <St,f(,02T)) (6.29)

in order to implement the optimal hedging strategy.
Unfortunately, the options prices estimates provided by this method per-
forms very poorly in terms of fitting the observed data on options prices.

Also, the use of the historical volatility for the hedging purpose leads to a
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very poor hedging strategy, as it can be verified by a back-testing procedure
on observed data.

2. This anomaly is of course due to the simplicity of the Black-Scholes
model which assumes that the log-returns are gaussian independent random
variables. The empirical analysis of financial data reveals that securities
prices exhibit fat tails which are by far under-estimated by the gaussian
distribution. This is the so-called leptokurtic effect. It is also documented
that financial data exhibits an important skewness, i.e. asymmetry of the
distribution, which is not allowed by the gaussian distribution.

Many alternative statistical models have suggested in the literature in
order to account for the empirical evidence (see e.g. the extensive literature
on ARCH models). But none of them is used by the practioners on (liquid)
options markets. The simple and by far imperfect Black-Scholes models is
still used allover the financial industry. It is however the statistical estimation

procedure that practitioners have gave up very early...

3. On liquid options markets, prices are given to the practitioners and are
determined by the confrontation of demand and supply on the market. There-
fore, their main concern is to implement the corresponding hedging strategy.
To do this, they use the so-called calibration technique, which in the present
context reduce to the calculation of the implied volatility parameter.

It is very easily checked the Black-Scholes formula (6.28) is a on-to-one
function of the volatility parameter, see (6.34) below. Then, given the ob-
servation of the call option price C}(K,T) on the financial market, there
exists a unique parameter ¢'™P which equates the observed option price to

the corresponding Black-Scholes formula:
BS (st, o (K, T), K, T> = C}(K,T), (6.30)

provided that C} satisfies the no-arbirage bounds of Subsection 2.4.5. This
defines, for each time ¢ > 0, a map (K,T) — o}"°(K, T) called the implied

volatility surface. For their hedging purpose, the option trader then computes
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the hedge ratio
A™(TK) == A (St,aimp(K, 7), K, T) .

If the constant volatility condition were satisfied on the financial data, then
the implied volatility surface would be expected to be flat. But this is not the
case on real life financial markets. For instance, for a fixed maturity 7', it is
usually observed that that the implied volatility is U-shaped as a function of
the strike price. Because of this empirical observation, this curve is called the
volatility smile. It is also frequently argued that the smile is not symmetric

but skewed in the direction of large strikes.

012 |-
01 .-

0.08 |-
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0.6 300

Figure 6.2: an example of implied volatility surface

From the conceptual point of view, this practice of options traders is in
contradiction with the basics of the Black-Scholes model: while the Black-
Scholes formula is established under the condition that the volatility pa-

rameter is constant, the practical use via the implied volatility allows for a
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stochastic variation of the volatility. In fact, by doing this, the practioners
are determining a wrong volatility parameter out of a wrong formula !
Despite all the criticism against this practice, it is the standard on the
derivatives markets, and it does perform by far better than the statistical
method. It has been widely extended to more complex derivatives markets as

the fixed income derivatives, defaultable securities and related derivatives...

Risk control variables: the Greeks

With the above definition of the implied volatility, all the parameters
needed for the implementation of the Black-Scholes model are available. For
the purpose of controlling the risk of their position, the practitioners of the
options markets various sensitivities, commonly called Greeks, of the Black-
Scholes formula to the different variables and parameters of the model. The
following picture shows a typical software of an option trader, and the ob-

jective of the following discussion is to understand its content.
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Figure 6.3: A typical option trader software
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1. Delta: This control variable is the most important one as it represents
the number of shares to be held at each time in order to perform a perfect
(dynamic) hedge of the option. The expression of the Delta is given in (6.29).
An interesting observation for the calculation of this control variables and

the subsequent ones is that
sN'(dy (s, k,v)) = EN'(d_(s,k,v)),

where N'(z) = (21)~1/2e=%°/2,

2. Gamma: is defined by

2
I'(Sy, 0, K,T) = % (St 0, K, T)
_ Stcf;\/T——tN/ <d+ (St, K 02T>> . (6.31)
The interpretation of this risk control coefficient is the following. While the
simple Black-Scholes model assumes that the underlying asset price process
is continuous, practitioners believe that large movemements of the prices,
or jumps, are possible. A stress scenario consists in a sudden jump of the
underlying asset price. Then the Gamma coefficient represent the change in
the hedging strategy induced by such a stress scenario. In other words, if
the underlying asset jumps immediately from S; to S; 4+ &, then the option
hedger must immediately modify his position in the risky asset by buying
'€ shares (or selling if ;€ < 0).
Given this interpretation, a position with a large Gamma is very risky, as

it would require a large adjustment in case of a stress scenario.

3. Rho: is defined by
B
p(St70—7KaT) = %(St,U,K,T)

— K(T-tN (d, <St,f(,02T)) . (6.32)

and represents the sensitivity of the Black-Scholes formula to a change of the

instantaneous interest rate.
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4. Theta: is defined by

B
0(S;,0,K,T) := % (Si, 0, K,T)

— %St(f\/T——tN’ (df (St,ff,aQT)), (6.33)

is also called the time value of the call option. This coefficient isolates the

depreciation of the option when time goes on due to the maturity shortening.

5. Vega: is one of the most important Greeks (although it is not a Greek
letter 1), and is defined by

B
V (S, 0,K,T) = %(St,a, K,T)

= ST —IN' (d_ <St,f(,02T)) L (6.34)

This control variable provides the exposition of the call option price to the
volatility risk. Practitioners are of course aware of the stochastic nature
of the volatility process (recall the smile surface above), and are therefore

seeking a position with the smallest possible Vega in absolute value.

6.7 Complement: barrier options in the Black-

Scholes model
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Chapter 7

(zaussian interest rates models

In this chapter, we provide an introduction to the modelling of the term
structure of interest rates. We will develop a pricing theory for securities
that depend on default-free interest rates or bond prices. The general ap-
proach will exploit the fact that bonds of many different maturities are driven
by a few common factors. Therefore, in contrast with the previous theory
developed for a finite securities markets, we will be in the context where the
number of traded assets is larger (in fact infinite) than the number of sources
of randomness.

The first models introduced in the literature stipulate some given dynam-
ics of the instantaneous interest rate process under the risk neutral measure
P°, which is assumed to exist. The prices of bonds of all maturities are then
deduced by computing the expected values of the corresponding discounted
payoff under P°. We shall provide a detailed analysis of the most represen-
tative of this class, namely the Vasicek model. An important limitation of
this class of models is that the yield curve predicted by the model does not
match the observed yield curve, i.e. the calibration to the spot yield curve is
not possible.

The Heath-Jarrow-Morton approach (1992) solves this calibration prob-
lem by taking the spot yield curve as the initial condition for the dynamics

of the entire yield curve. The dynamics of the yield curve is driven by a
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finite-dimensional Broanian motion. In order to exclude all possible arbi-
trage opportunities, we will assume the existence of a risk neutral probability
measure, for all bonds with all maturities. In the present context of a large
financial market, This condition leads to the so-called Heath-Jarrow-Morton
restriction which states that the dynamics of the yield curve is defined by the
volatility process of zero-coupon bonds together with a risk premia process
which is common to all bonds with all maturities.

Finally, a complete specification of an interest rates model requires the
specification of the volatility of bonds. As in the context of finite securities
markets, this is achieved by a calibration technique to the options markets.
We therefore provide an introduction to the main tools for the analysis of
fixed income derivatives. An important concept is the notion of forward
neutral measure, which turns the forward price processes with pre-specified
maturity into martingales. In the simplest models defined by deterministic
volatilities of zero-coupon bonds, this allows to express the prices of European
options on zero-coupon bonds in closed form by means of a Black-Scholes type
of formula. The structure of implied volatilities extracted from these prices
provides a powerfull tool for the calibration of the yield curve to spot interest

rates and options.

7.1 Fixed income vocabulary

7.1.1 Zero-coupon bonds

Throughout this chapter, we will denote by B;(T') the price at time ¢ of a pure
discount bond paying 1 at date 7' > t. By definition, we have Br(T) = 1.
In real financial markets, the prices By(T;) are available, at each time ¢,
for various maturities T;, ¢ = 1,..., k. We shall see later that these data
are directly available for maturities shorter than one year, and can be ex-
tracted from bond prices for larger maturities by the so-called boostrapping

technique.
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Since the integer k recording the number of maturities is typically large,
the models developed below allow for trading the zero-coupon bonds B (T)
for any T' > t. We are then in the context of infinitely many risky assets.
This is a first major difference with the theory of derivative securities on
stocks developed in previous chapters.

The second specificity is that the zero-coupon bond with price By(T)
today will be a different asset at a later time u € [¢, T] as its time to maturity
is shortened to T'— u. This leads to important arbitrage restrictions.

Given the prices of all zero-coupon bonds, one can derive an un-ambiguous
price of any deterministic income stream: consider an asset which pays F; at
each time t;, 7 = 1,...,n. Then the no-arbitrage price at time 0 of this asset

1s
> F; Bo(t:).
i—1

If F; is random, the above formula does not hold true, as the correlation
between F; and interest rates enters into the picture.
Coupon-bearing bonds are quoted on financial markets. Their prices are

obviously related to the prices of zero-coupon bonds by

n

B = ZC By(T;) + K By(T) = ipK By(Ti) + K Bo(T)

i=1

where ¢ = pK is the coupon corresponding to the pre-assigned interest p > 0,
Ty < ...<T, <T are the dates where the coupons are paid, and K is the
Principal (or face value) to be paid at the maturity 7.

The yield to maturity is defined as the (unique !) scalar Y such that

n
P, = E ce Y0l 4 e YoT

=1

The bond is said to be priced

e at par if p =Y},
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e below par if p < Yy,
e above par if p > Y.

Only short term zero-coupon bonds are quoted on the market (less than
one-year maturity). Zero-coupon bonds prices are inferred from coupon-
bearing bonds (or interest rates swaps introduced below).

On the US market, Government debt securities are called:

e Treasury bills (T-bills): zero-coupon bonds with maturity < 1 year,

e Treasury notes (T-notes): coupon-bearing with maturity < 10 years,
e Treasury bonds (T-bonds): coupon-bearing with maturity > 10 years.

A government bond is traded in terms of its price which is quoted in terms

of its face value.

7.1.2 Interest rates swaps

Let Ty > 0,0 >0, T, =Ty +id, : = 1...,n, and denote by T := {T <
Ty < ... < T,} the set of such defined maturities. We denote by L (7;_1)
the LIBOR rate at time T;_;, i.e. the floating rate received at time 7} and
set at time 7j_; by reference to the price of the zero-coupon bond over that
period:

1

Br () = 5wy

The interest rate swap is defined by the comparison of the two following
streams of payments:

e the floating leg: consists of the payments 6L (7;_) at each maturity 7
for j =1,...,n, and the unit payment (1) at the final maturity 7,

o the fized leg: consists of the payments 0x at each maturity 7} for j =
1,...,n, and the unit payment (1) at the final maturity 7,,, for some

given constant rate k.
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The interest rate swap rate correponding to the set of maturities T is defined
as the constant rate x which equates the value at time 7Tj of the above floating
and fixed leg. Direct calculation leads to the following expression of the swap
rate:

1 - B(Ty,T,)
6 > BT, 1)

kr, (0,n) =

We leave the verification of this formula as an exercise.

7.1.3 Yields from zero-coupon bonds

We define the yields corresponding to zero-coupon bonds by

B(T) = ¢ T DRM e R(T) = BT
T—1
The term structure of interest rates represents at each time ¢ the curve T' ——
R(T) of yields on zero-coupon bonds for all maturities 7 > 0. It is also
commonly called the yields curve.
In practice, there are many different term structures of interest rates,

depending on whether zero-coupon bonds are deduced
e from observed bonds prices
e from observed swaps prices

e from bonds issued by the government of some country, or by a firm

with some confidence on its liability (rating).

We conclude this section by the some stylized facts observed on real financial
markets data:

a- The term structure of interest rates exhibits different shapes: (almost)
flat, increasing (most frequently observed), decreasing, decreasing for short
term maturities then increasing, increasing for short term maturities then
decreasing. Examples of observed yield curves are displayed in Figure 7.1

below.
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b- Interest rates are positive: we shall however make use of gaussian models
which offer more analytic solutions, although negative values are allowed by
such models (but with very small probability).

c- Interest rates exhibit mean reversion, i.e. oscillate around some average
level and tend to be attracted to it. See Figure 7.2 below.

d- Interest rates for various maturities are not perfectly correlated.

e- Short term interest rates are more volatile than long term interest rates.

See Figure 7.3
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Figure 7.1: Various shapes of yield curves from real data

7.1.4 Forward Interest Rates

The forward rate Fy(T) is the rate at which agents are willing, at date t, to
borrow or lend money over the period [T, T+ h] for h \, 0. It can be deduced
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directly from the zero-coupon bonds {B;(T), T > t} by the following no-

arbitrage argument:

e start from the initial capital B;(T), and lend it over the short periods
[t,t+h], [t+h,t+2h], ..., at rates agreed now; for h \ 0, this strategy
yields the payoff Bt(T)eftT Fy(udu,

e Since the alternative strategy of buying one discount bond costs By(T')

yields a certain unit payoff (1), it must be the case that

B(T) = eI A

In terms of yields to maturity, the above relation can be rewritten in:
1 T
R(T) = —— Fi(u)du .
A1) = 5y | B

So zero-coupon bonds and the corresponding yields can be defined from for-

ward rates. Conversely, forward rates can be obtained by

FA(T) = DT OR(T)} and F(T) = 2 {nB(T))

7.1.5 Instantaneous interest rates

The instantaneous interest rate is given by

It does not correspond to any tradable asset, and is not directly observable.
However, assuming that the market admits a risk neutral measure P, it

follows from the valuation theory developed in the previous chapter that:

B(T) = E" [e_ftTr“d"

.

Hence, given the dynamics of the instantaneous interest rates under P°, we

may deduce the prices of zero-coupon bonds.
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7.2 The Vasicek model

Consider the process p defined by:

t t
0y = po+ m)\/ eMdt + a/ eMdw?
0 0
t
= pot+m (e)‘t — 1) + 0/ eMdwy?
0
where W is a Brownian motion under the risk neutral measure P°. Observe
that the above stochastic integral is well-defined by Theorem 5.5. The Va-
sicek model (1977) assumes that the the instantaneous interest rate is given
by:

o= pte_)‘t for t>0.

An immediate application of It6’s formula provides the following dynamics

of the interest rates process:
dry = Xm —r)dt + adW, .

this is the so-called Ornstein-Uhlenbeck process in the theory of stochastic
processes. Observe that this process satisfies the mean reversion property
around the level m with intensity A:
e if r, < m, then the drift is positive, and the interest rate is pushed upward
with the intensity A,
e if r, > m, then the drift is negative, and the interest rate is pushed down-
ward with the intensity .

The process {r;,t > 0} is explicitly given by

t
e = m+(ro—m)e M+ a/ e A=Wl (7.1)
0

Using the It6 isometry, this shows that {r;,¢ > 0} is a gaussian process with

mean
EX[re] = m+ (ro—m)e™, t>0,
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and covariance function

t s
Cov®’ [re,rs] = EF° {/ e_’\(t_“)dWB / e_’\(s_“)dWS}
0 0

2
= ;f—)\ (e_)‘“_s‘ — e_)‘(t“)) , fors,t>0.

In particular, this model allows for negative interest rates with positive
(but small) probability ! For fixed ¢ > 0, the distributionunder P° of r,
is N (EPO [r,], VE [’I“t]), which converges to the stationary distribution

0.2
N{im,—]) as t— 0.
(5)
7.3 Zero-coupon bonds prices

Recall that the price at time 0 of a zero-coupon bond with maturiyt 7' is

given by
By(T) = B [e"dm] .

In order to develop the calculation of this expectation, we now provide the
distribution of the random variable fOT ridt by integrating (7.1):

T T Tt
/ rdt = mT + (rg —m) / e Mdt + U/ / e NI (7.2)
0 0 o Jo

1— e—)\T T rt
= mT + (ro —m) —— U/ / e A=W - (7.3)
o Jo

In order to derive the distribution of the last double integral, we need to
reverse the order of integration. To do this, we introduce the process Y; :=
fot edW?, t > 0, and we compute by Itd’s formula that

d(eNY;) = e MY, — e MYt = dW) — Ne MYt

Integrating between 0 and 7" and recalling the expression of Y;, this provides:
T t T
/ /\e_)‘t/ AWt = WP —e MYy = / (1- e_’\(T_t)) dwy .
0 0 0
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Plugging this expression into (7.2), we obtain:

T T
/ redt = mT + (ro — m) MT') + a/ AT — t)dW
0 0

where

This shows that

T T T
/ rdt s distributed as N (EPO { / rtdt] LV { / rtdt]) ,(7.4)
0 0 0

where

EY [/OT rtdt} = mT + (ro — m) A(T)

ST T T
vF [/ rtdt} = o’ / Au)du .
0 0

Given this explicit distribution, we can now compute the prices at time zero
of the zero-coupon bonds:

0_2

Bo(T) = exp [mT +(ro—m) A(T) + = /0 ' A(u)Qdu] for T>0.

Sinc the above Vasicek model is time-homogeneous, we can deduce the price
at any time ¢ > 0 of the zero-coupon bonds with all maturities:

2

Bi(T) = exp [—m(T —t) = (re —m) AT —t) + % /t ' A(u)2du](7.5)

for "> t > 0. The term structure of interest rates is also immediately

obtained:

—In By(T)
T—1t

AT —1t) o

= m+ (r, —m) T3 _2(T—t)/t A(u)*dy7.6)

Ry (T) =

Exercise 7.15 Show that the joint distribution of the pair (rT, fOT rtdt) is
gaussian, and provide its characteristics in explicit form. Hint: compute its

Laplace transform.
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We conclude this section by deducing from (7.5) the dynamics of the price
process of the zero-coupon bonds, by a direct application of It6’s lemma. An
important observation for this calculation is that the drift term in this differ-
ential representaion is already known to be dBy(T) = By(T)rdt + - - - dW),
since {By(T),0 <t < T} is the price of a security traded on the financial
market. Therefore, we only need to compute the volatility coefficient of the

zero-coupon price process. This is immediately obtained from (7.5):

dBy(T)

= rdt — o N(T — ) dW? t<T.
B.(T) T4 aA( )aw,’, <

7.4 Calibration to the spot yield curve and the

generalized Vasicek model

An important requirement that the interest rate must satisfy is to reproduce

the observed market data for the zero-coupon bond prices
Biy(T), T=0,

or equivalently, the spot yield curve at time zero
Ry(T), T=>0,

or equivalently the spot forward rates curve
F(T), T=0,

In practice, the prices of the zero-coupon bonds for some given maturities
are either observed (for maturities shorter than one year), or extracted from
coupon-bearing bonds or interest rates swaps; the yield curve is then con-
structed by an interpollation method.

Since the Vasicek model is completely determined by the choice of the four
parameters ro, A\, m, o, there is no hope for the yield curve (7.6) predicted

by this model to match some given observe spot yield curve R§(T) for every
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T > 0. In other words, the Vasicek model can not be calibrated to the spot
yield curve.

Hull and White (1992) suggested a slight extension of the Vasicek model
which solves this calibration problem. In order to meet the infinite number
of constraints imposed by the calibration problem, they suggest to model the

instantaneous interest rates by
re = pe ™ where p, = po+ A /tm(t)e)‘tdt + a/t eMawy
0 0
which provides the dynamics of the instantaneous interest rates:
dry = XNm(t) —ry)dt + odW?, (7.7)

Here, the keypoint is that m(.) is a deterministic function to be determined by
the calibration procedure. This extension increases the number of parameters
of the model, while keeping the main features of the model: mean reversion,
gaussian distribution, etc...

All the calculations of the previous section can be reproduced in this
context. One can show that the above extension of the Vasicek model defines
a Gaussian process. The distribution of the cumulated interest rate can
also be shown to be gaussian, and its mean and variance can be computed
explicitly. The details of these computations are left as an exercise for the
reader.

In the present context, the calibration to the spot yield curve is possible
by chosing:

—kT
m(T) = ek a% {ekT {FS‘(T) + %JQF(T)Z]} :

Of course, such a calibration must be updated at every time instant. This

means that the coefficient m(.) which is supposed to be deterministic, will
typically be fixed at every time instant by the calibration procedure. Hence,
similarly to the implied volatility parameter in the case of European op-
tions on stocks, the Hull-White model is based on a gaussian model, but its
practical implementation violates its founding assumptions by allowing for a

stochastic evolution of the mean reversion level m(.).
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7.5 Multiple Gaussian factors models

In the one factor Vasicek model and its Hull-White extension, all the yields-
to-maturity R;(7) are linear in the spot interest rate 7, see (7.6). An im-
mediate consequence of this model is that yields corresponding to different

maturities are perfectly correlated:
Cor™ [Ry(T), R(T)| F] = 1

which is not consistent with empirical observation. The purpose of this sec-

tion is to introduce a simple model which avoids this perfect correlation,

while keeping the analytical tractability: the two-factor Hull-White model.
Let X and Y be two factors driven by the centred Vasicek model:

dX, = —\X.dt+ ocdW)
dY, = —0Y,dt+ EdBY
Here A, o, i, and £ are given parameters, and W9 B° are two independent

Brownian motions under the risk neutral measure P°. The instantaneous

interest rate is modelled as an affine function of the factors X, Y
re = a(t) + Xy + Y,

This two-factor model is then defined by four parameters and one determin-
istic function a(t) to be determined by calibration on the market data.
Exploiting the independence of the factors X and Y, we immediately

compute that

B(T) = E"’ [e_ftT“d“

A

— o a®dtgP [e’ 11 Xudu

F BF [ S Vi
— exp[A(4T) = A(T — )X, — O(T — 1)Y]

A

where

At T) = /T a(u)du — %2 /TA(u)Qdu - %Q/T O(u)*du
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and
_1—6_)‘“ _1—6_9“
N 8

The latter explicit expression is derived by analogy with the previous com-

A(u) : O(u) :

putation in (7.5). The term structure of interest rates is now given by
1

and the yields with different maturities are not perfectly correlated. Further
explicit calculation can be performed in order to calibrate this model to the
spot yield curve by fixing the function a(.). We leave this calculation as an
exercise for the reader.

We finally comment on the interpretation of the factors. It is usually de-
sirable to write the above model in terms of factors which can be identified on
the financial market. A possible parameterization is obtained by projecting

the model on the short and long rates. This is achieved as follows:

e By direct calculation, we find the expression of the short rate in terms

of the factors:
re = )\Xt -+ 9}/; -+ AT(t, t) s

where

0A o? £2
Ar(t,t) = a7 = a(t) — 7/\(15)2 )
T=t

(1)
e Fix some positive time-to-maturity 7 (say, 30 years), and let

Et - Rt(t‘i‘%),

represent the long rate at time t. In the above two-factors model, we

have

)
&
I
S

[A(t,t +7) + A(T) X, + O(7T)YY]
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e In order to express the factors in terms of the short and the long rates,

we now solve the linear system

Tt Xt AT(t, t)
A 0
D = < AR O ) :

Assuming that A\ # 6 and A0 # 0, it follows that the matrix D is

invertible, and the above system allows to express the factors in terms

where

of the short and long rates:

Xt . _1 Tt AT(t,t)
() = o l(2) (i ) e

Finally, using the dynamics of the factor (X,Y), it follows from (7.8)
and (7.9) that the dynamics of the short and long rates are given by:

0
) _ g bt,7) — | " || dat+D odW;
de, ‘, €dBY
where

A0 _ _ [ (A +Ar)(t,t) Ar(t,1)
K = D < O 9 ) D 1’ b(t7 7_) = K 1 ( (AtT«i»Aq:T)(t,t‘i’?) + A(t7f+77)

T T

Notice from the above dynamics that the pair (74, ¢;) is a two-dimensional
Hull-While model with mean reversion towrd b(t,t + 7).

7.6 Introduction to the Heath-Jarrow-Morton

model

7.6.1 Dynamics of the forward rates curve

These models were introduced in 1992 in order to overcome the two following

shortcomings of factor models:
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e Factor models ignore completely the distribution under the statistical mea-
sure, and take the existence of the risk neutral measure as granted. In par-
ticular, this implies an inconsistency between these models and those built
by economists for a predictability purpose.
e The calibration of factor models to the spot yield curve is artificial. First,
the structure of the yield curve implied by the model has to be computed,
then the parameters of the model have to be fixed so as to match the ob-
served yield curve. Furthermore, the calibration must be repeated at any
instant in time leading to an inconsistency of the model.
Heath-Jarrow-Morton suggest to directly model the dynamics of the ob-
servable yield curve. Given the spot forward rate curve, Fy(7") for all matu-
rities 0 < 7' < T, the dynamics of the forward rate curve is defined by:

F,(T) = FO(T)+/Otau(T)du+/0tau(T)-qu
= FO(T)+/Otozu(T)du+zj:/Otai(T)de

where W is a Brownian motion under the statistical measure PP with values
in R*, and {oy(T),t < T}, {o{(T),t < T}, i=1,...,n, are adapted pro-
cesses for every fixed maturity 7. Throughout this section, we will assume
that all stochastic integrals are well-defined, and we will ignore all technical

conditions needed for the subsequent analysis.

7.6.2 The Heath-Jarrow-Morton drift condition

The first important question is whether such a model allows for arbitrage.
Indeed, one may take advantage of the infinite number of assets available for
trading in order to build an arbitrage opportunity. To answer the question,
we shall derive the dynamics of the price process of zero-coupon bonds, and
impose the existence of a risk neutral measure for these tradable securities.
This is a sufficient condition for the absence of arbitrage opportunities, as

the discounted wealth process corresponding to any portfolio strategy would

170



be turned into a local martingale under the risk neutral measure, hence to a
supermartingale thanks to the finite credit line condition. The latter super-
martingale property garantees that no admissible portfolio of zero-coupon
bonds would lead to an arbitrage opportunity.

We first observe that

d[Tmumm = —ﬂ@mt+ZTdmumm

T T

= —rdt +/ at(u)dudt+/ or(u)du - dWy
¢ ¢

= —rdt +3(T)dt + T,(T)dW,

where we introduced the adapted processes:
T T
wT) = / ai(u)du and Ty(T) = / o (u)du
t t
Since By(T) = e~ Frwdu it follows from It6’s lemma that
1

We next impose that the zero-coupon bond price satisfies the risk neutral

dynamics:

= Tt dt — Ft(T) 'thO
where
t
WY = Wt+/ Adu, >0,
0

defines a Brownian motion under some risk neutral measure P°, and the so-
called risk premium adapted R"—valued process {)\;,t > 0} is independent
of the maturity variable T. This leads to the Heath-Jarrow-Morton drift

condition:
1
Ly(T) - N = %(T)— §|Ft(T)|2~ (7.10)
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Recall that

oy or
8T(t T)=«a(t,T) and 9T

Then, differentiating with respect to the maturity 7', we see that

E(t,T) = o(t,T).

o(T) N = o(T)—oo(T) -Ty(T),
and therefore
dE(T) = a(T)dt+ o (T)-dWy = oy(T) - Ty(T)dt + oo(T) - thO

We finally derive the risk neutral dynamics of the instantaneous interest rate
under the HJM drift restriction (7.10). Recall that:

rr = Fp(T) = Fo(T) + /T ay(T)du + /Tau(T) -dW,
Then:

T
dry = iF (T) dT + ar(T) dT+/ a%ozu(T)du dT
0

/ 50u(T) - AW, dT + or(T) - dWr
Organizing the terms, we get:
dr, = By dt + o,(t) dW,
where
G = %FO( )+at(t)+/0ta%a (t )du+/t 86T W(t) - dW,
or, in terms of the P’—Brownian motion:

dry = B dt + o,(t) dW)

@ - %Fawat(wn(m / a%m(t)f ) dut [ G-,

t
0
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7.6.3 The Ho-Lee model

The Ho and Lee model corresponds to the one factor case (n = 1) with a

constant volatility of the forward rate:
dE(T) = ou(T)dt + cdW, = o*(T —t)dt + cdW}

The dynamics of the zero-coupon bond price is given by:

dBy(T)
By(T)

1
= rdt — o(T —t)dW) with r, = Fo(t)+§azt+am0

By the dynamics of the forward rates, we see that the only possible move-
ments in the yield curve are parallel shifts, i.e. all rates along the yield curve

fluctuate in the same way.

7.6.4 The Hull-White model

The Hull and White model corresponds to one-factor case (n = 1) with the

following dynamics of the forward rates

o aT-1l — e M) “NT—1) 711/0
dE((T) = o°e Tdt%—ae dw,
The dynamics of the zero-coupon bond price is given by:
dBt(T) ag NT—
= rdt — — (1 — e 2T=0) qi?
By - Rt
with
¢
re = a(t) +/ ae‘k(t_“)dWS,
0
and
2 —Xt
a(t) = Fy(t)+ e (e —1)+ 5

This implies that the dynamics of the short rate are:

dry = N(m(t) —r)dt +odW? where Ma(t) = dm(t) +m/(t)
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7.7 The forward neutral measure

Let Ty > 0 be some fixed maturity. The Ty—forward neutral measure Q7 is

defined by the density with respect to the risk neutral measure P°

To
- / Tt dt
dQ™ e Jo

dP0 BTy

and will be shown in the next section to be a powerful tool for the calculation

of prices of derivative securities in a stochastic interest rates framework.

Proposition 7.1 Let M = {M,;,0 <t < Ty} be an F—adapted process, and

assume that M is a P’ —martingale. Then the process

B(Tp)’

G 0<t<Ty,

is a martingale under the Ty—forward neutral measure Q0.

Proof. We first verify that ¢ is Q’°—integrable. Indeed:

T 0 To M’
EQ 0 — Bo(T —IEIP’ |: —fo rudu ’ t :|
Hgth 0( 0) € Bt(TO)

— BO(TO)ﬂEPO [effotrud“\Mt]} = 190(T0)*1IE‘1IP’0 [[Mt\] < o0,
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where the second equality follows from the tower property of conditional

7|

7|

expectations. We next compute for 0 < s < t that

PO — f(;ro rudu M
E [6 Bt(To)

EY° (6| F] =

EPe [e— f(;ro rudu

- Bs(TO) - d)s 5

where we used the Bayes rule for the first equality and the tower property of
conditional expectation in the third equality. %

The above result has an important financial interpretation. Let S be
the price process of any tradable security. Then, the no-arbitrage condition
ensure that M = S is a martingale under some risk neutral measure P°. By
definition ¢ is the price process of the Ty—forward contract on the security

S. Hence Proposition 7.1 states that

The price process of the Ty—forward contract on any tradable security

is a martingale under the Ty—forward measure Q0.

We continue our discussion of the Tj—forward measure in the context of

the gaussian Heath-Jarrow-Morton model for the zero-coupon bond prices:

dBy(T) 0 1 —e @
= rdt — AN(T — t)od h ANu) = ———
B.(T) T ( JodW, where A(u) " ,

which corresponds to the solution
Bt(T) — BO(T)efot(ruf%UQA(Tfu)Q)duffOt 0‘/\(T*’LL)dI/Vq‘iJ ’ 0 S t S T (711)
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Recall that this model corresponds also to the Hull-White extension of the
Vasicek model, up to the calibration to the spot yield curve. Since By (T') = 1,
it follows from (7.11) that

dQTO e—foTrudu 1 t ) ) t .
BT BT exp (—5/0 o“NT — u) du—/o aA(T—u)qu),

and by the Cameron-Martin formula, we deduce that the process

¢
Wi = Wy +/ oA(T —u)du, 0<t<Ty, (7.12)
0

is a Brownian motion under the T°—forward neutral measure Q7.

7.8 Derivatives pricing under stochastic inter-

est rates and volatility calibration

7.8.1 European options on zero-coupon bonds

The objective of this section is to derive a closed formula for the price of a
European call option on a zero-coupon bond defined by the payoff at time
1o > 0:

G = (Bp,(T) — K)* forsome T >T,

in the context of the above gaussian Heath-Jarrow-Morton model.

We first show how the use of the forward measure leads to a substantial
reduction of the problem. By definition of the Ty—forward neutral measure,
the no-arbitrage price at time zero of the European call option defined by

the above payoff is given by
p(G) = B [en I (B (T) — K)*| = Bo(To)EY" [(By,(T) — K)'] .

Notice that, while firt expectation requires the knowledge of the joint distri-

bution of the pair <e_ Io® rdt B, (T)) under P, the second expectation only

176



requires the distribution of By, (T') under Q. But, in view of Proposition
7.1, an additional simplification can be gained by passing to the price of the

Ty—forward contract on the zero-coupon bond with maturity 7"

Since By, (Ty) = 1, it follows that ¢, = By, (T), and therefore:
po(G) = Bo(To)EZ” [(¢r, — K)'] .

Since the process ¢ is a QT —martingale by Proposition 7.1, we only need to
compute the volatility of this process. An immediate calculation by means

of Itd’s formula shows that

dor
o

By analogy with the previously derived Black-Scholes formula with deter-

= o(MT —t) = ATy —t)) dw;.

ministic coefficients (6.20), this provides:

po(G) = Bo(Tp) [poN (dy (do, K, v(Tp))) — KN (d_(¢o, K, v(Tp)))]

= Bo(T)N <d+(B0(T), K, U(To))) ~ KN (d_(Bo(T), ff,v(To))) :
(7.13)

where
K = KBy(Ty), v(Tp) =0 /T (AT —t) — A(Ty — t))*dt. (7.14)

Given this simple formula for the prices of options on zero-coupon bonds, one
can fix the parameters o and \ so as to obtain the best fit to the observed
options prices or, equivalently, the corresponding implied volatilities. Of
course with only two free parameters (o and \) there is no hope to perfectly
calibrate the model to the whole strucrue of the implied volatility surface.

However, this can be done by a further extension of this model.
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7.8.2 The Black-Scholes formula under stochastic inter-
est rates

In this section, we provide an extension of the Black-Scholes formula for the

price of a European call option defined by the payoff at some maturity 7" > 0:
G = (Sr— K)* for some exercise price K >0,

to the context of a stochastic interest rate. Namely, the underlying asset

price process is defined by

S, = Spelo (remalSEP)duwt [ S-aw =y 5

where W9 is a Brownian motion in R? under the risk neutral measure P°,
and ¥ = (¥1,%;) : Ry — R is a deterministic C* function. The interest
rates process is defined by the Heath-Jarrow-Morton model for the prices of

zero-coupon bonds:

1.2 2 1
Bi(T) = By(T)elo (r=30*MT=u)?)du=[§ oAT—u)awy

)

where

1—e M
A(t) = —

for some parameters o, A > 0. This models allows for a possible correlation
between the dynamics of the underlying asset and the zero-coupon bonds.
Using the concept of formard measure, we re-write the no-arbitrage price

of the European call option in:
pO(G) _ E]P’O [67 foTrtdt (ST _ K)+i|
= By(T)EY [(Sy — K)] = By(T)EY [(¢r — K)T] ,

where ¢; := B;(T)~1S; is the price of the T—forward contract on the security
S. By Proposition 7.1, the process {¢;,t > 0} is a QT —martingale measure,

so its dynamics has zero drift when expressed in terms of the Q7 —Brownian
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motion W7. We then calculate the volatility component in its dynamics by

means of [t6’s formula, and we obtain:

do,
o0

Hence, under the T'—forward neutral measure Q7, the process ¢ follows a

= (Zu(t) + AT — 1)) dWT" + Sy (t)dW ™ |

time-dependent Black-Scholes model with zero interest rate and time de-
pendent squared volatility (2;(t) + o A(T — t))* + 25(t)2. We can now take
advantage of the calculation performed previously in (6.20), and conclude
that

po(G) = Bo(T) [po N (d (o, K,v(T))) — K N (d_ (o, K, v(T)))]
— SN <d+(So,f(,v(T))> _KN (d,(so,f(,v(T))) ,

where

K := KBy(T) and o(T):= /T ((Z1(t) + o M(T — )%+ Sy (t)?) dt .
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