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Preface

This book provides an introduction to the markets for fixed-income securities and the models
and methods that are used to analyze such securities. The class of fixed-income securities covers
securities where the issuer promises one or several fixed, predetermined payments at given points
in time. This is the case for standard deposit arrangements and bonds. However, several related
securities with payments that are tied to the development in some particular index, interest rate,
or asset price are typically also termed fixed-income securities. In the broadest sense of the term,
the many different interest rate and bond derivatives are also considered fixed-income products.
Maybe a more descriptive term for this broad class of securities is “interest rate securities”, since
the values of these financial contracts are derived from current interest rates and expectations and
uncertainty about future interest rates. The key concept in the analysis of fixed-income securities
is the term structure of interest rates, which is loosely defined as the dependence between interest
rates and maturities.

The outline of this book is as follows. The first two chapters deal with the most common fixed-
income securities, fix much of the notation and terminology, and discuss basic relations between
key concepts.

The main part of the book discusses models of the evolution of the term structure of inter-
est rates over time. Chapter 3 introduces much of the mathematics needed for developing and
analyzing modern dynamic models of interest rates. In Chapters 4 and 5 we review some of the
important general results on asset pricing. In particular, we define and relate the key concepts of
arbitrage, state-price deflators, and risk-neutral probability measures. The connection to market
completeness and individual investors’ behavior is also addressed, just as the implications of the
general asset pricing theory for the modeling of the term structure are discussed. Chapter 6 applies
the general asset pricing tools to explore the economics of the term structure of interest rates. For
example we discuss the relation between the term structure of interest rates and macro-economic
variables such as aggregate consumption, production, and inflation. We will also review some of
the traditional hypotheses on the shape of the yield curve, e.g. the expectation hypotheses.

Chapters 7 to 12 develops models for the pricing of fixed income securities and the management
of interest rate risk. Chapter 7 goes through so-called one-factor models. This type of models was
the first to be applied in the literature and dates back at least to 1970. The one-factor models of
Vasicek and Cox, Ingersoll, and Ross are still frequently applied both in practice and in academic
research. Chapter 8 explores multi-factor models which have several advantages over one-factor
models, but are also more complicated to analyze and apply. In Chapter 9 we discuss how one-
and multi-factor models can be extended to be consistent with current market information, such as

bond prices and volatilities. Chapter 10 introduces and analyzes so-called Heath-Jarrow-Morton
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Preface

ix

models, which are characterized by taking the current market term structure of interest rates as
given and then modeling the evolution of the entire term structure in an arbitrage-free way. We
will explore the relation between these models and the factor models studied in earlier chapters.
Yet another class of models is the subject of Chapter 11. These “market models” are designed for
the pricing and hedging of specific products that are traded on a large scale in the international
markets, namely caps, floors, and swaptions. Chapter 12 discusses how the different interest rate
models can be applied for interest rate risk management.

The subject of Chapter 13 (only some references are listed in the current version) is how
to construct models for the pricing and risk management of mortgage-backed securities. The
main concern is how to adjust the models studied in earlier chapters to take the prepayment
options involved in mortgages into account. In Chapter 14 (only some references are listed in the
current version) we discuss the pricing of corporate bonds and other fixed-income securities where
the default risk of the issuer cannot be ignored. Chapter 15 focuses on the consequences which
stochastic variations in interest rates have for the valuation of securities with payments that are
not directly related to interest rates, such as stock options and currency options.

Finally, Chapter 16 (only some references are listed in the current version) describes several
numerical techniques that can be applied in cases where explicit pricing and hedging formulas are
not available.

Style...

Prerequisites...

There are several other books that cover much of the same material or focus on particular
elements discussed in this book. Books emphasizing descriptions of markets and products: Fabozzi
(2000), van Horne (2001). Books emphasizing modern interest rate modeling: James and Webber
(2000), Pelsser (2000), Rebonato (1996),...

I appreciate comments and corrections from Lennart Damgaard, Hans Frimor, Mette Hansen,
Frank Emil Jensen, Kasper Larsen, Morten Mosegaard, Per Plotnikoff, and other people. I also

appreciate the excellent secretarial assistance of Lene Holbaek.



Chapter 1

Basic interest rate markets, concepts, and

relations

1.1 Introduction

The value of an asset equals the value of its future cash flow. Traditionally, the value of a bond
is computed by discounting all its future payments using the same interest rate, namely the yield of
the bond. If we have two bonds with the same payment dates but different yields, we will therefore
discount the payments from the bonds with different interest rates. This is clearly illogical. The
present value of a given payment at a given future point in time is independent of which asset
the payment stems from. All sure payments at the same date should be discounted with the same
rate. On the other hand, there is no reason to discount payments at different dates with the same
discount rate. The interest rate on a loan will normally depend on the maturity of the loan, and
on the bond markets there will often be differences between the yields on short-term bonds and
long-term bonds. The term structure of interest rates is the relation between interest rates
and their maturity.

In this chapter we first provide a brief introduction to the most basic markets for borrowing
and lending and discuss different types of interest rates and discount factors as well as the relation
between them. We will briefly introduce some theories of the level and shape of the term structure
of interest rates. Finally, we will discuss how information about the term structure can be extracted

from market data.

1.2 Markets for bonds and interest rates

This section gives a brief description of markets for bonds and other debt contracts. A bond
is simply a tradable loan agreement. Most bonds that are issued and subsequently traded at
either organized exchanges or over-the-counter (OTC) represent medium- or long-term loans with
maturities in excess of one year and often between 10 and 30 years. Some short-term bonds are also
issued and traded, but much of the short-term borrowing activity takes place in the so-called money
market, where large financial institutions (including the central bank) and large corporations form
several types of loan agreements with maturities ranging from a few hours up to around one year.
These agreements are usually not traded after the original contracting. The interest rates set in

the money market directly affect the interest rates that banks offer and charge their commercial



1.2 Markets for bonds and interest rates

and household customers. Small investors may participate in the money markets through money
market funds. Below, we introduce the most important types of bonds that are traded. More
details on bond markets can be found in e.g. Fabozzi (2000). We also look at some of the debt
contracts available in the money market. In Chapter 2 we will discuss many other interest rate
related securities, such as futures and options on bonds and interest rates.

The issuer of the bond (the debtor or borrower) issues a contract in which he is obligated to
pay certain payments at certain future points in time. Typically, a bond issue consists of a series of
identical bonds. The simplest possible bond is a zero-coupon bond, which is a bond promising
a single payment at a given future date, the maturity date of the bond, and no other payments.
Bonds which promise more than one payment when issued are referred to as coupon bonds.

Typically, the payments of coupon bonds follow a regular schedule so that the payments occur
at regular intervals (quarterly, semi-annually, or annually) and the size of each of the payments is
determined by the face value, the coupon rate, and the amortization principle of the bond. The
face value is also known as the par value or principal of the bond, and the coupon rate is also
called the nominal rate or stated interest rate. Most coupon bonds are so-called bullet bonds or
straight-coupon bonds where all the payments before the final payment are equal to the product
of the coupon rate and the face value. The final payment at the maturity date is the sum of the
same interest rate payment and the face value. Other bonds are so-called annuity bonds, which
are constructed so that the total payment is equal for all payment dates. Each payment is the
sum of an interest payment and a partial repayment of the face value. The outstanding debt and
the interest payment are gradually decreasing over the life of an annuity, so that the repayment
increases over time. Some bonds are so-called serial bonds where the face value is paid back in
equal instalments. The payment at a given payment date is then the sum of the instalment and the
interest rate on the outstanding debt. The interest rate payments, and hence the total payments,
will therefore decrease over the life of the bond. Finally, few bonds are perpetuities or consols that
last forever and only pay interest. The face value of a perpetuity is never repaid. Most coupon
bonds have a fixed coupon rate, but a small minority of bonds have coupon rates that are reset
periodically over the life of the bond. Such bonds are called floating rate bonds. Typically, the
coupon rate effective for the payment at the end of one period is set at the beginning of the period
at the current market interest rate for that period, e.g. to the 6-month interest rate for a floating
rate bond with semi-annual payments.

Bond markets can be divided into the national markets of different countries and the interna-
tional market (also known as the Eurobond market). The largest national bond markets are those
of the U.S., Japan, Germany, Italy, and France followed by other Western European countries and
Australia.

In the national market of a country, primarily bonds issued by domestic issuers are traded,
but often some bonds issued by certain foreign governments or corporations or international as-
sociations are also traded. The bonds issued in a given national market must comply with the
regulation of that particular country. Bonds issued in the less regulated Eurobond market are
usually underwritten by an international syndicate and offered to investors in several countries
simultaneously. Many Eurobonds are listed on one national exchange, often in Luxembourg or
London, but most of the trading in these bonds takes place OTC (over-the-counter). Other Eu-

robonds are issued as a private placement with financial institutions. Most Eurobonds are issued



1.2 Markets for bonds and interest rates

in U.S. dollars (“Eurodollar bonds”), the common European currency Euro, Pound Sterling, Swiss
francs, or Japanese yen.

Divided according to the type of issuer, national bond markets have two or three major cate-
gories: government(-related) bonds, corporate bonds, and — in some countries — mortgage-backed
bonds. In addition, some bonds issued by international institutions or foreign governments are
often traded. Eurobonds are typically issued by international institutions, governments, or large
corporations.

In most national bond markets, the major part of bond trading is in government bonds,
which are simply bonds issued by the government to finance and refinance the public debt. In
most countries, such bonds can be considered to be free of default risk, and interest rates in
the government bond market are then a benchmark against which the interest rates on other
bonds are measured. However, in some economically and politically unstable countries, the default
risk on government bonds cannot be ignored. In the U.S., government bonds are issued by the
Department of the Treasury and called Treasury securities. These securities are divided into three
categories: bills, notes, and bonds. Treasury bills (or simply T-bills) are short-term securities that
mature in one year or less from their issue date. T-bills are zero-coupon bonds since they have
a single payment equal to the face value. Treasury notes and bonds are coupon-bearing bullet
bonds with semi-annual payments. The only difference between notes and bonds is the time-to-
maturity when first issued. Treasury notes are issued with a time-to-maturity of 1-10 years, while
Treasury bonds mature in more than 10 years and up to 30 years from their issue date. Treasury
sells two types of notes and bonds, fixed-principal and inflation-indexed. The fixed-principal type
promises given dollar payments in the future, whereas the dollar payments of the inflation-indexed
type are adjusted to reflect inflation in consumer prices.! Finally, the U.S. Treasury also issue so-
called savings bonds to individuals and certain organizations, but these bonds are not subsequently
tradable.

While Treasury notes and bonds are issued as coupon bonds, the Treasury Department in-
troduced the so-called STRIPS program in 1985 that lets investors hold and trade the individual
interest and principal components of most Treasury notes and bonds as separate securities.? These
separate securities, which are usually referred to as STRIPs, are zero-coupon bonds. Market par-
ticipants create STRIPs by separating the interest and principal parts of a Treasury note or bond.
For example, a 10-year Treasury note consists of 20 semi-annual interest payments and a principal
payment payable at maturity. When this security is “stripped”, each of the 20 interest payments
and the principal payment become separate securities and can be held and transferred separately.?

In some countries including the U.S., bonds issued by various public institutions, e.g. utility
companies, railway companies, export support funds, etc., are backed by the government, so that
the default risk on such bonds is the risk that the government defaults. In addition, some bonds

are issued by government-sponsored entities created to facilitate borrowing and reduce borrowing

IThe principal value of an inflation-indexed note or bond is adjusted before each payment date according to the
change in the consumer price index. Since the semi-annual interest payments are computed as the product of the
fixed coupon rate and the current principal, all the payments of an inflation-indexed note or bond are inflation-
adjusted.

2STRIPS is short for Separate Trading of Registered Interest and Principal of Securities.

3More information on Treasury securities can be found on the homepage of the Bureau of the Public Debt at the

Department of the Treasury, see www.publicdebt.treas.gov.
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costs for e.g. farmers, homeowners, and students. However, these bonds are typically not backed
by the government and are therefore exposed to the risk of default of the issuing organization.
Bonds may also be issued by local governments. In the U.S. such bonds are known as municipal
bonds.

In some countries, corporations will traditionally borrow funds by issuing bonds, so-called
corporate bonds. This is the case in the U.S., where there is a large market for such bonds.
In other countries, e.g. Germany, corporations tend to borrow funds through bank loans, so that
the market for corporate bonds is very limited. For corporate bonds, investors cannot ignore the
possibility that the issuer defaults and cannot meet the obligations represented by the bonds.
Bond investors can either perform their own analysis of the creditworthiness of the issuer or rely
on the analysis of professional rating agencies such as Moody’s Investors Service or Standard &
Poor’s Corporation. These agencies designate letter codes to bond issuers both in the U.S. and
in other countries. Investors will typically treat bonds with the same rating as having (nearly)
the same default risk. Due to the default risk, corporate bonds are traded at lower prices than
similar (default-free) government bonds. The management of the issuing corporation can effectively
transfer wealth from bond-holders to equity-holders, e.g. by increasing dividends, taking on more
risky investment projects, or issuing new bonds with the same or even higher priority in case of
default. Corporate bonds are often issued with bond covenants or bond indentures that restrict
management from implementing such actions.

U.S. corporate bonds are typically issued with maturities of 10-30 years and are often callable
bonds, so that the issuer has the right to buy back the bonds on certain terms (at given points in
time and for a given price). Some corporate bonds are convertible bonds meaning that the bond-
holders may convert the bonds into stocks of the issuing corporation on predetermined terms.
Although most corporate bonds are listed on a national exchange, much of the trading in these
bonds is in the OTC market.

Mortgage-backed bonds constitute a large part of some bond markets, e.g. in the U.S.,
Switzerland, and Denmark. A mortgage is a loan that can (partly) finance the borrower’s purchase
of a given real estate property, which is then used as collateral for the loan. Mortgages can be
residential (family houses, apartments, etc.) or non-residential (corporations, farms, etc.). The
issuer of the loan (the lender) is a financial institution. Typical mortgages have a maturity between
15 and 30 years and are annuities in the sense that the total scheduled payment (interest plus
repayment) at all payment dates are identical. Fixed-rate mortgages have a fixed interest rate,
while adjustable-rate mortgages have an interest rate which is reset periodically according to some
reference rate. A characteristic feature of most mortgages is the prepayment option. At any
payment date in the life of the loan, the borrower has the right to pay off all or part of the
outstanding debt. This can occur due to a sale of the underlying real estate property, but can
also occur after a drop in market interest rates, since the borrower then have the chance to get a
cheaper loan.

Mortgages are pooled either by the issuers or other institutions, who then issue mortgage-backed
securities that have an ownership interest in a given pool of mortgage loans. The most common
type of mortgage-backed securities is the so-called pass-through, where the pooling institution
simply collects the payments from borrowers with loans in a given pool and “passes through”

the cash flow to investors less some servicing and guaranteeing fees. Many pass-throughs have
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payment schemes equal to the payment schemes of bonds, e.g. pass-throughs issued on the basis of
a pool of fixed-rate annuity mortgage loans have a payment schedule equal to that of annuity bond.
However, when borrowers in the pool prepay their mortgage, these prepayments are also passed
through to the security-holders, so that their payments will be different from annuities. In general,
owners of pass-through securities must take into account the risk that the mortgage borrowers in
the pool default on their loans. In the U.S. most pass-throughs are issued by three organizations
that guarantee the payments to the securities even if borrowers default. These organizations are
the Government National Mortgage Association (called “Ginnie Mae”), the Federal Home Loan
Mortgage Corporation (“Freddie Mac”), and the Federal National Mortgage Association (“Fannie
Mae”). Ginnie Mae pass-throughs are even guaranteed by the U.S. government, but the securities
issued by the two other institutions are also considered virtually free of default risk.

Finally, let us take a brief look at some of the debt contracts made in the money market.
While we focus on the U.S. market, similar contracts exist in many other countries and many
of the contracts are also made in the Euromarket. The debt contracts in the money market are
mainly zero-coupon loans, which have a single repayment date. Financial institutions borrow large
amounts over short periods from each other by issuing certificates of deposit, also known in the
market as CDs. In the Euromarket deposits are negotiated for various terms and currencies, but
most deposits are in U.S. dollars and for a period of one, three, or six months. Interest rates set
on deposits at the London interbank market are called LIBOR rates (LIBOR is short for London
Interbank offered rate).

To manage very short-term liquidity, financial institutions often agree on overnight loans, so-
called federal funds. The interest rate charged on such loans is called the Fed funds rate. The
Federal Reserve has a target Fed funds rate and buys and sells securities in open market operations
to manage the liquidity in the market, thereby also affecting the Fed funds rate. Banks may obtain
temporary credit directly from the Federal Reserve at the so-called “discount window”. The interest
rate charged by the Fed on such credit is called the federal discount rate, but since such borrowing
is quite uncommon nowadays, the federal discount rate serves more as a signaling device for the
targets of the Federal Reserve.

Large corporations, both financial corporations and others, often borrow short-term by issuing
so-called commercial papers. Another standard money market contract is a repurchase agreement
or simply repo. One party of this contract sells a certain asset, e.g. a short-term Treasury bill, to
the other party and promises to buy back that asset at a given future date at the market price at
that date. A repo is effectively a collateralized loan, where the underlying asset serves as collateral.
As central banks in other countries, the Federal Reserve in the U.S. participates actively in the

repo market to implement their monetary policy. The interest rate on repos is called the repo rate.

1.3 Discount factors and zero-coupon bonds

We will assume throughout that the face value is equal to 1 (dollar) unless stated otherwise.
Suppose that at some date t a zero-coupon bond with maturity T > ¢ is traded in the financial
markets at a price of Bf. This price reflects the market discount factor for sure time 7' payments.
If many zero-coupon bonds with different maturities are traded, we can form the function 7'+ B},

which we call the (market) discount function prevailing at time ¢. Note that B} = 1, since
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the value of getting 1 dollar right away is 1 dollar, of course. Presumably, all investors will prefer
getting 1 dollar at some time 7" rather than at a later time S. Therefore, the discount function

must be decreasing, i.e.
(1.1) 1>B'>BY >0, T<S.

An example of an estimated market discount function is shown in Figure 1.1 on page 17.

Next, consider a coupon bond with payment dates t1,ts,...,t,, where we assume without loss
of generality that t; < to < --- < t,. The payment at date ¢; is denoted by Y;. Such a coupon
bond can be seen as a portfolio of zero-coupon bonds, namely a portfolio of Y7 zero-coupon bonds
maturing at ¢1, Y5 zero-coupon bonds maturing at o, etc. If all these zero-coupon bonds are traded
in the market, the price of the coupon bond at any time ¢ must be
(12) B = S Vi,

ti>t
where the sum is over all future payment dates of the coupon bond. If this relation does not hold,

there will be a clear arbitrage opportunity in the market.

Example 1.1 Consider a bullet bond with a face value of 100, a coupon rate of 7%, annual
payments, and exactly three years to maturity. Suppose zero-coupon bonds are traded with face
values of 1 dollar and time-to-maturity of 1, 2, and 3 years, respectively. Assume that the prices
of these zero-coupon bonds are BIt! = 0.94, BI™? = 0.90, and B3 = 0.87. According to (1.2),
the price of the bullet bond must then be

By =7-094+7-0.90+ 107 - 0.87 = 105.97.

If the price is lower than 105.97, riskfree profits can be locked in by buying the bullet bond and
selling 7 one-year, 7 two-year, and 107 three-year zero-coupon bonds. If the price of the bullet
bond is higher than 105.97, sell the bullet bond and buy 7 one-year, 7 two-year, and 107 three-year

zero-coupon bonds. O

If not all the relevant zero-coupon bonds are traded, we cannot justify the relation (1.2) as a
result of the no-arbitrage principle. Still, it is a valuable relation. Suppose that an investor has
determined (from private or macro economic information) a discount function showing the value
she attributes to payments at different future points in time. Then she can value all sure cash
flows in a consistent way by substituting that discount function into (1.2).

The market prices of all bonds reflect a market discount function, which is the result of the
supply and demand for the bonds of all market participants. We can think of the market discount
function as a very complex average of the individual discount functions of the market participants.
In most markets only few zero-coupon bonds are traded, so that information about the discount
function must be inferred from market prices of coupon bonds. We discuss ways of doing that in
Sections 1.5-1.6.

1.4 Zero-coupon rates and forward rates

Although discount factors provide full information about how to discount amounts back and

forth, it is pretty hard to relate to a 5-year discount factor of 0.7835. It is far easier to relate to the
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information that the five-year interest rate is 5%. Interest rates are always quoted on an annual
basis, i.e. as some percentage per year. However, to apply and assess the magnitude of an interest
rate, we also need to know the compounding frequency of that rate. More frequent compounding
of a given interest rate per year results in higher “effective” interest rates. Furthermore, we need
to know at which time the interest rate is set or observed and for which period of time the interest
rate applies. Spot rates applies to a period beginning at the time the rate is set, whereas forward

rates applies to a future period of time. The precise definitions follow below.

1.4.1 Annual compounding

Given the price B} at time t on a zero-coupon bond maturing at time 7', the relevant discount
rate between time ¢ and time T is the yield on the zero-coupon bond, the so-called zero-coupon
rate or spot rate for date 7. Let  denote this rate computed using annual compounding. We

then have the following relationship:

(1.3) Bl =1 +g)~T
or

. —1/(T-t)
(1.4) 9¢ = (Bf) ~1.

The zero-coupon rates as a function of maturity is called the zero-coupon yield curve or
simply the yield curve. It is one way to express the term structure of interest rates. An example
of a zero-coupon yield curve is shown in Figure 1.2 on page 17.

While a zero-coupon or spot rate reflects the price on a loan between today and a given future
date, a forward rate reflects the price on a loan between two future dates. The annually com-
pounded relevant forward rate at time ¢ for the period between time T and time S is denoted by
ftT o Here, we have t < T < S. This is the rate, which is appropriate at time ¢ for discounting
between time T and S. We can think of discounting from time S back to time ¢ by first discounting

from time S to time 7" and then discounting from time 7' to time ¢. We must therefore have that
5y —(5—t) o\ —(T—1) or,5) ~3-T)

(1.5) (1+37) = (1+397) (1+ 779 :

from which we find that

s _ (L4 )=/
LT A+ g8) -G/ T !

We can also write (1.5) in terms of zero-coupon bond prices as

. —-(S-T)
T,
(1.6) B =B (1+/1°) ,
so that the forward rate is given by
R BT 1/(S_T)
(1.7) IS — <—t) —1.
t B?

Note that since Bf = 1, we have
5 BE\Y 5T —1/(S—t)
t,5 t s S
i.e. the forward rate for a period starting today equals the zero-coupon rate or spot rate for the

same period.



1.4 Zero-coupon rates and forward rates

1.4.2 Compounding over other discrete periods — LIBOR rates

In practice, many interest rates are quoted using semi-annually, quarterly, or monthly com-
pounding. An interest rate or R per year compounded m times a year, corresponds to a discount
factor of (1 4+ R/m)~"™ over a year. The annually compounded interest rate that corresponds to
an interest rate of R compounded m times a year is (1 4+ R/m)™ — 1. This is sometimes called the
“effective” interest rate corresponding to the nominal interest rate R.

As discussed earlier, interest rates are set for loans with various maturities and currencies at
the international money markets, the most commonly used being the LIBOR rates that are fixed
in London. Traditionally, these rates are quoted using a compounding period equal to the maturity
of the interest rate. If, for example, the three-month interest rate is l§+0'25 per year, it means that
the present value of one dollar paid three months from now is

1
Bit0.25 _ )
k 1+0.25040-%

Conversely, the three-month rate is

jro2s _ 1 L)
t 0.25 Btt+0.25

More generally, the relations are

1.8 Bl = ———
(18) E N A A

1 1
T
= (== —1].
F=r (o)

Similarly, a six-month forward rate of L} " %% valid for the period [T, T + 0.5] means that

and

-1
BtT+o.5 _ BtT (1 4 O'5LtT,T+O.5> ’

so that

prr+os _ 1 Bl 1
¢ 0.5 \ BT+0% :

More generally,

1 BT
1. s 2 (2t 1),
(1.9) t S-T (Bts
Although such spot and forward rates are quoted on many different money markets, we shall
use the term (spot/forward) LIBOR rate for all such money market interest rates computed with
discrete compounding.

1.4.3 Continuous compounding

Increasing the compounding frequency m, the effective annual return of one dollar invested at

the interest rate R per year increases to e’?, due to the mathematical result saying that

m
lim (1 + E) = el
m— o0 m
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A nominal, continuously compounded interest rate R is equivalent to an annually compounded
interest rate of e — 1 (which is bigger than R).
Similarly, the zero-coupon bond price B} is related to the continuously compounded zero-

coupon rate y{ by

(1.10) BT = ¢ (T-1),
so that
1

The function T+ y}' is also a zero-coupon yield curve that contains exactly the same information
as the discount function 7'+ B} and also the same information as the annually compounded
yield curve T — §1. We have the following relation between the continuously compounded and

the annually compounded zero-coupon rates:
yi =In(1+3/).

If ftT S denotes the continuously compounded forward rate prevailing at time ¢ for the period

between T and S, we must have that

Bts — Bg"e—ftT’S(S—T),

in analogy with (1.6). Consequently,

In B —1In BY
(1.12) TS A5 TR
‘ S—-T
Using (1.10), we get the following relation between zero-coupon rates and forward rates under
continuous compounding;:

s Y (S—t)—yl (T —1)
T.5 _ .

(1.13) -

In the following chapters, we shall often focus on forward rates for future periods of infinitesimal
length. The forward rate for an infinitesimal period starting at time 7T is simply referred to as the
forward rate for time T’ and is defined as fI = limg_p f{"°. The function T — f is called the
term structure of forward rates. Letting S — T in the expression (1.12), we get

B 0ln B B oBF /0T

T
(1.14) fo === BT

assuming that the discount function T+ B is differentiable. Conversely,
(1.15) BT = = i it du,

Applying (1.13), the relation between the infinitesimal forward rate and the spot rates can be

written as

T T
(1.16) pr= 2By Wy
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under the assumption of a differentiable term structure of spot rates T' +— yI. The forward rate
reflects the slope of the zero-coupon yield curve. In particular, the forward rate f and the zero-
coupon rate y{ will coincide if and only if the zero-coupon yield curve has a horizontal tangent
at T. Conversely, we see from (1.15) and (1.10) that

T 1 4
(1.17) Y =T—_t/t i du,

i.e. the zero-coupon rate is an average of the forward rates.

1.4.4 Different ways to represent the term structure of interest rates

It is important to realize that discount factors, spot rates, and forward rates (with any com-
pounding frequency) are perfectly equivalent ways of expressing the same information. If a complete
yield curve of, say, quarterly compounded spot rates is given, we can compute the discount function
and spot rates and forward rates for any given period and with any given compounding frequency.
If a complete term structure of forward rates is known, we can compute discount functions and spot
rates, etc. Academics frequently apply continuous compounding since the mathematics involved
in many relevant computations is more elegant when exponentials are used.

There are even more ways of representing the term structure of interest rates. Since most bonds
are bullet bonds, many traders and analysts are used to thinking in terms of yields of bullet bonds
rather than in terms of discount factors or zero-coupon rates. The par yield for a given maturity
is the coupon rate that causes a bullet bond of the given maturity to have a price equal to its face
value. Again we have to fix the coupon period of the bond. U.S. treasury bonds typically have
semi-annual coupons which are therefore often used when computing par yields. Given a discount

function T +— B}’ the n-year par yield is the value of ¢ that solves the equation

2n

> () Brov e B =1,

i=1
It reflects the current market interest rate for an n-year bullet bond. The par yield is closely

related to the so-called swap rate, which is a key concept in the swap markets, cf. Section 2.9.

1.5 Determining the zero-coupon yield curve: Bootstrapping

In many bond markets only very few zero-coupon bonds are issued and traded. (All bonds issued
as coupon bonds will eventually become a zero-coupon bond after their next-to-last payment date.)
Usually, such zero-coupon bonds have a very short maturity. To obtain knowledge of the market
zero-coupon yields for longer maturities ,we have to extract information from the prices of traded
coupon bonds. In some markets it is possible to construct some longer-term zero-coupon bonds
by forming portfolios of traded coupon bonds. Market prices of these “synthetical” zero-coupon

bonds and the associated zero-coupon yields can then be derived.

Example 1.2 Consider a market where two bullet bonds are traded, a 10% bond expiring in one
year and a 5% bond expiring in two years. Both have annual payments and a face value of 100.
The one-year bond has the payment structure of a zero-coupon bond: 110 dollars in one year

and nothing at all other points in time. A share of 1/110 of this bond corresponds exactly to a
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zero-coupon bond paying one dollar in a year. If the price of the one-year bullet bond is 100, the

one-year discount factor is given by

1
Bt = — . 100 ~ 0.9091.
t 110

The two-year bond provides payments of 5 dollars in one year and 105 dollars in two years.
Hence, it can be seen as a portfolio of five one-year zero-coupon bonds and 105 two-year zero-coupon

bonds, all with a face value of one dollar. The price of the two-year bullet bond is therefore
B} =5B;T" + 1058/,
cf. (1.2). Isolating BI™2, we get

1 5
1.18 Bit?= _—_p?_ —_pitl
(1.18) ¢ 105°¢ 105 ¢

If for example the price of the two-year bullet bond is 90, the two-year discount factor will be

1 5
Bit? = — .90 — — - 0.9091 ~ 0.8139.
! To5 90 — 755 - 09091 ~ 0.8139

From (1.18) we see that we can construct a two-year zero-coupon bond as a portfolio of 1/105 units
of the two-year bullet bond and —5/105 units of the one-year zero-coupon bond. This is equivalent
to a portfolio of 1/105 units of the two-year bullet bond and —5/(105 - 110) units of the one-year
bullet bond. Given the discount factors, zero-coupon rates and forward rates can be calculated as
shown in Section 1.4.1-1.4.3. |

The example above can easily be generalized to more periods. Suppose we have M bonds
with maturities of 1,2,..., M periods, respectively, one payment date each period and identical
payment date. Then we can construct successively zero-coupon bonds for each of these maturities
and hence compute the market discount factors Bf“, Btt+2, e ,Bf+M . First, BttJrl is computed
using the shortest bond. Then, Bf“ is computed using the next-to-shortest bond and the already
computed value of BttH, etc. Given the discount factors Bf+17 Bttﬁ7 R BerM7 we can compute
the zero-coupon interest rates and hence the zero-coupon yield curve up to time ¢ + M (for the M
selected maturities). This approach is called bootstrapping or yield curve stripping.

Bootstrapping also applies to the case where the maturities of the M bonds are not all different
and regularly increasing as above. As long as the M bonds together have at most M different
payment dates and each bond has at most one payment date, where none of the bonds provide
payments, then we can construct zero-coupon bonds for each of these payment dates and compute
the associated discount factors and rates. Let us denote the payment of bond i (i = 1,..., M) at
timet+j (j =1,..., M) by Y;;. Some of these payments may well be zero, e.g. if the bond matures
before time ¢+ M. Let B} denote the price of bond i. From (1.2) we have that the discount factors

B B2 BM must satisfy the system of equations
B} Yii, Y2 ... Yiu\ [ B
(1.19) B? Yor Y ... Yoy || BiY?

BM Yan Yue ... Yua) \BIFM
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The conditions in the bonds ensure that the payment matrix of this equation system is non-singular
so that a unique solution will exist.

For each of the payment dates ¢t + j, we can construct a portfolio of the M bonds, which is
equivalent to a zero-coupon bond with a payment of 1 at time ¢ 4+ j. Denote by x;(j) the number
of units of bond ¢ which enters the portfolio replicating the zero-coupon bond maturing at ¢ + j.

Then we must have that

Yll }/21 cee eee e YMl 1‘1(])
Y12 }/22 YM2 IQ(])
1 Ylj Y2j e e e YJWj x](])

where the 1 on the left-hand side of the equation is at the j’th entry of the vector. Of course, there
will be the following relation between the solution (B{™!,... BI™) to (1.19) and the solution

(21(5), ..,z (§)) to (1.20):

M
(121) S a5 = B,
i=1
Thus, first the zero-coupon bonds can be constructed, i.e. (1.20) is solved for each j =1,..., M,

and next (1.21) can be applied to compute the discount factors.

Example 1.3 In Example 1.2 we considered a two-year 5% bullet bond. Assume now that a
two-year 8% serial bond with the same payment dates is traded. The payments from this bond
are 58 dollars in one year and 54 dollars in two years. Assume that the price of the serial bond

is 98 dollars. From these two bonds we can set up the following equation system to solve for the

discount factors B! and B!t
90\ (5 105\ (Bi*!
98 58 54 ) \B"*2)’

The solution is Bf ™ ~ 0.9330 and Bf ™2 ~ 0.8127. i

More generally, if there are M traded bonds having in total N different payment dates, the
system (1.19) becomes one of M equations in N unknowns. If M > N, the system may not have
any solution, since it may be impossible to find discount factors consistent with the prices of all

M bonds. If no such solution can be found, there will be an arbitrage opportunity.

Example 1.4 In the Examples 1.2 and 1.3 we have considered three bonds: a one-year bullet

bond, a two-year bullet bond, and a two-year serial bond. In total, these three bonds have two

4In matrix notation, B = YP and e; = Y " x(j), where e; is the vector on the left hand side of (1.20), and the

other symbols are self-explanatory (the symbol T indicates transposition). Hence,
x(j)TB=x(j)TYP =e] P = B/t

which is equivalent to (1.21).
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different payment dates. According to the prices and payments of these three bonds, the discount

factors B and B! must satisfy the following three equations:

100 = 110B{ ™,
90 = 5B +105B!12,
98 =58B! 4 54B{ 12

No solution exists. In Example 1.2 we found that the solution to the first two equations is
Bt~ 0.9091 and BIt? ~0.8139.
In contrast, we found in Example 1.3 that the solution to the last two equations is
Bt~ 0.9330 and Bit? ~0.8127.
If the first solution is correct, the price on the serial bond should be
(1.22) 58 -0.9091 + 54 - 0.8139 ~ 96.68,

but it is not. The serial bond is mispriced relative to the two bullet bonds. More precisely, the
serial bond is too expensive. We can exploit this by selling the serial bond and buying a portfolio
of the two bullet bonds that replicates the serial bond, i.e. provides the same cash flow. We know
that the serial bond is equivalent to a portfolio of 58 one-year zero-coupon bonds and 54 two-year
zero-coupon bonds, all with a face value of 1 dollar. In Example 1.2 we found that the one-year
zero-coupon bond is equivalent to 1/110 units of the one-year bullet bond, and that the two-year
zero-coupon bond is equivalent to a portfolio of —5/(105 - 110) units of the one-year bullet bond
and 1/105 units of the two-year bullet bond. It follows that the serial bond is equivalent to a
portfolio consisting of )

54—
o8 110 g 105 - 110

units of the one-year bullet bond and

~ 0.5039

1
54 — ~0.5143
105

units of the two-year bullet bond. This portfolio will give exactly the same cash flow as the serial
bond, i.e. 58 dollars in one year and 54 dollars in two years. The price of the portfolio is

0.5039 - 100 + 0.5143 - 90 ~ 96.68,

which is exactly the price found in (1.22). O

In some markets, the government bonds are issued with many different payment dates. The
system (1.19) will then typically have fewer equations than unknowns. In that case there are many
solutions to the equation system, i.e. many sets of discount factors can be consistent both with

observed prices and the no-arbitrage pricing principle.
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1.6 Determining the zero-coupon yield curve: Parameterized forms

Bootstrapping can only provide knowledge of the discount factors for (some of) the payment
dates of the traded bonds. In many situations information about market discount factors for
other future dates will be valuable. We will next consider methods to estimate the entire discount
function T +— B} (at least up to some large T'). The basic assumption is that the discount function
is of a given functional form with some unknown parameters. The value of these parameters are
then estimated to obtain the best possible agreement between observed bond prices and theoretical
bond prices computed using the functional form. Typically, the assumed functional forms are either
polynomials or exponential functions of maturity or some combination. This is consistent with the
usual perception that discount functions and yield curves are continuous and smooth. If the yield
for a given maturity was much higher than the yield for another maturity very close to the first,
most bond owners would probably shift from bonds with the low-yield maturity to bonds with the
high-yield maturity. Conversely, bond issuers (borrowers) would shift to the low-yield maturity.
These changes in supply and demand will cause the gap between the yields for the two maturities
to shrink. Hence, the equilibrium yield curve should be continuous and smooth. The unknown
parameters can be estimated by least-squares methods.

It can be quite hard to fit a relatively simple functional form to prices of a large number of
bonds with very different maturities. To enhance flexibility, some of the procedures suggested in
the literature divide the maturity axis into subintervals and use separate functions (of the same
type) in each subinterval. To ensure a continuous and smooth term structure of interest rates, one
must impose certain conditions for the maturities separating the subintervals. Procedures of this
type are called spline methods.

In this section we will focus on two of the most frequently applied parameterization techniques,
namely cubic splines and the Nelson-Siegel parameterization. An overview of some of the many
other approaches suggested in the literature can be seen in Anderson, Breedon, Deacon, Derry,
and Murphy (1996, Ch. 2). For some recent procedures, see Jaschke (1998) and Linton, Mammen,
Nielsen, and Tanggaard (2001).

The purpose of the procedures is to estimate the term structure of interest rate at a given date
t from the market prices of bonds at that date. To simplify the notation in what follows, let P(7)
denote the discount factor for the next 7 periods, i.e. P(7) = BI*". Hence, the function P(7) for
7 € [0, 00) represents the time ¢ market discount function. In particular, P(0) = 1. We will use a

similar notation for zero-coupon rates and forward rates: §(7) = yi*" and f(7) = f{*7.

1.6.1 Cubic splines

In this subsection we will discuss a version of the cubic splines approach introduced by Mec-
Culloch (1971) and later modified by McCulloch (1975) and Litzenberger and Rolfo (1984). Given
prices for M bonds with time-to-maturities of Ty < Ts < .-+ < Tjy. Divide the maturity axis into
subintervals defined by the “knot points” 0 = 79 < 71 < -+ < 7, = T A spline approximation

of the discount function P(7) is based on an expression like
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where the G;’s are basis functions, and the I;’s are the step functions

1, ifr>my,
Ii(r) =
0, otherwise.

We demand that the G;’s are continuous and differentiable and ensure a smooth transition in the
knot points 7;. A polynomial spline is a spline where the basis functions are polynomials. Let us

consider a cubic spline, where
Gj(1) = aj + B(1 — 15) + (7 = 75)* + 85 (1 — 7)°,

and o, 35,7;, and 6; are constants.

For 7 € [0,71), we have
(1.23) P(1) = ap + BoT + o712 + do7>.
Since P(0) = 1, we must have ag = 1. For 7 € [, 72), we have
(1.24) P(1) = (14 Bot + 707> + 607°) + (a1 + Bi(T = 11) + N (T — 71)> + 01(1 — 11)?) .

To get a smooth transition between (1.23) and (1.24) in the point 7 = 71, we demand that

(1.25) P(ri—) = P(n1+),
(1.26) P'(n—) = P'(n+),
(1.27) P'(11—) = P"(m1+),

where P(11—) = lim, ., r<r, P(7), P(11+) = lim, ., -~ P(7), etc. The condition (1.25) implies
a; = 0. Differentiating (1.23) and (1.24), we find

P,(T):ﬁ0+2’)/07+3607'2, 0<7<m,

and
P'(1) = Bo + 27907 + 36072 + 1 + 271 (7 —11) + 301 (T —711)%, T <T < To.

The condition (1.26) now implies #; = 0. Differentiating again, we get
P"(1) =279 + 687, 0<7 <7y,

and
P"(1) =2y + 6507 + 27, + 651 (7 —71), T <T < To.

Consequently, the condition (1.27) implies 4, = 0. Similarly, it can be shown that a; = 8; =v; =0
for all j =1,...,k — 1. The cubic spline is therefore reduced to
k—1
(1.28) P(r) =14 Bor + 707> + 607> + Y _ 8;(7 — 7,)°I;(7).
j=1
Let t1,ta,...,tn denote the time distance from today (date t) to the each of the payment dates
in the set of all payment dates of the bonds in the data set. Let Y}, denote the payment of bond

i in t, periods. From the no-arbitrage pricing relation (1.2), we should have that

N
Bi = Z)/mp(tn)v
n=1
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where B; is the current market price of bond i. Since not all the zero-coupon bonds involved in

this equation are traded, we will allow for a deviation €; so that
N

(1.29) B; =) YinPltn) +e:.
n=1

We assume that ; is normally distributed with mean zero and variance o2 (assumed to be the
same for all bonds) and that the deviations for different bonds are mutually independent. We want
to pick parameter values that minimize the sum of squared deviations Zf\il 2.

Substituting (1.28) into (1.29) yields
N N N N k-1 N
B; — Z Yin = 0o Z Yintn + 0 Z Yint2 + do Z Yints + Z d; Z Yin(tn — 1)L (ts) + ;.
n=1 n=1 n=1 n=1 j=1 n=1

Given the prices and payment schemes of the M bonds, the k+ 2 parameters 3, Yo, 09, 1, - - -, Ox—1

5 Substituting the estimated parameters

can now be estimated using ordinary least squares.
into (1.28), we get an estimated discount function, from which estimated zero-coupon yield curves
and forward rate curves can be derived as explained earlier in the chapter.

It remains to describe how the number of subintervals & and the knot points 7; are to be chosen.

McCulloch suggested to let k be the nearest integer to v M and to define the knot points by
7= Ty, +6,(Th 1~ Th)).

where h; = [j - M/k] (here the square brackets mean the integer part) and 6; = j- M/k — h;. In
particular, 7, = Th;. Alternatively, the knot points can be placed at for example 1 year, 5 years,
and 10 years, so that the intervals broadly correspond to the short-term, intermediate-term, and
long-term segments of the market, cf. the preferred habitats hypothesis.

Figure 1.1 shows the discount function on the Danish government bond markets on February
14, 2000 estimated using cubic splines and data from 14 bonds with maturities up to 25 years.
Figure 1.2 shows the associated zero-coupon yield curve and the term structure of forward rates.

Discount functions estimated using cubic splines will usually have a credible form for maturities
less than the longest maturity in the data set. Although there is nothing in the approach that
ensures that the resulting discount function is positive and decreasing, as it should be according
to (1.1), this will almost always be the case. As the maturity approaches infinity, the cubic spline
discount function will approach either plus or minus infinity depending on the sign of the coefficient
of the third order term. Of course, both properties are unacceptable, and the method cannot be
expected to provide reasonable values beyond the longest maturity T}, since none of the bonds
are affected by that very long end of the term structure.

Two other properties of the cubic splines approach are more disturbing. First, the derived
zero-coupon rates will often increase or decrease significantly for maturities approaching T, cf.
Shea (1984, 1985). Second, the derived forward rate curve will typically be quite rugged especially
near the knot points, and the curve tends to be very sensitive to the bond prices and the precise
location of the knot points. Therefore, forward rate curves estimated using cubic splines should

only be applied with great caution.

5See, for example, Johnston (1984).
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Figure 1.1: The discount function, 7 — P(7), estimated using cubic splines and prices of Danish

interest rates
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Figure 1.2: The zero-coupon yield curve, 7 — %(7), and the term structure of forward rates,
T + f(7), estimated using cubic splines and prices of Danish government bonds February 14,
2000.
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Figure 1.3: The three curves which the Nelson-Siegel parameterization combines.

1.6.2 The Nelson-Siegel parameterization

Nelson and Siegel (1987) proposed a simple parameterization of the term structure of interest
rates, which has become quite popular. The approach is based on the following parameterization

of the forward rates:
(1.30) Fr) = B+ Bre™ 4 By Te

where 3y, (81, (2, and 0 are constants to be estimated. The same constants are assumed to apply
for all maturities, so no splines are involved. The simple functional form ensures a smooth and yet
quite flexible curve. Figure 1.3 shows the graphs of the three functions that constitutes (1.30). The
flat curve (corresponding to the constant term (y) will by itself determine the long-term forward
rates, the term 3;e~7/% is mostly affecting the short-term forward rates, while the term 527/96_7/9
is important for medium-term forward rates. The value of the parameter 6 determines how large
a maturity interval the non-constant terms will affect. The value of the parameters Gg, 81, and (32
determine the relative weighting of the three curves.

According to (1.17) on page 10, the term structure of zero-coupon rates is given by

— 1- 6—7'/9 —7/0
y(1) = Po + (B1 + B2) ——7— — Bee )
7/0
which we will rewrite as
1— —7/0
(1.31) g(r) = a+b—S y e 0.
T/6

Figure 1.4 depicts the possible forms of the zero-coupon yield curve for different values of a, b,
and c¢. By varying the parameter 6, the curves can be stretched or compressed in the horizontal

dimension.
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Figure 1.4: Possible forms of the zero-coupon yield curve using the Nelson-Siegel parameterization.

If we could directly observe zero-coupon rates g(7;) for different maturities T3, ¢ = 1,..., M,

we could, given 0, estimate the parameters a, b, and ¢ using simple linear regression on the model

_ 1—e /0
g(r) = a—i—bT +ce 0 4 gy,
where ¢; ~ N(0,0%), i = 1,..., M, are independent error terms. Doing this for various choices

of 0, we could pick the # and the corresponding regression estimates of a, b and ¢ that result in
the highest R?, i.e. that best explain the data. This is exactly the procedure used by Nelson and
Siegel on data on short-term zero-coupon bonds in the U.S. market.

When the data set involves coupon bonds, the estimation procedure is slightly more compli-

cated. The discount function associated with the forward rate structure in (1.31) is given by
P(1) = exp {—aT — bl (1 - €7T/0> — 67677/0} .

Substituting this into (1.29), we get

N
(1.32) B, = Z Yin exp {—atn — bo (1 — e_t"w) — ctne_t"/g} + €.
n=1

Since this is a non-linear expression in the unknown parameters, the estimation must be based on
generalized least squares, i.e. non-linear regression techniques. See e.g. Gallant (1987).
1.6.3 Additional remarks on yield curve estimation

Above we looked at two of the many estimation procedures based on a given parameterized

form of either the discount function, the zero-coupon yield curve, or the forward rate curve. A clear
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disadvantage of both methods is that the estimated discount function is not necessarily consistent
with those (probably few) discount factors that can be derived from market prices assuming only
no-arbitrage. The procedures do no punish deviations from no-arbitrage values.

A more essential disadvantage of all such estimation procedures is that they only consider
the term structure of interest rates at one particular point in time. Estimations at two different
dates are completely independent and do not take into account the possible dynamics of the term
structure over time. As we shall see in Chapters 7 and 8, there are many dynamic term structure
models which also provide a parameterized form for the term structure at any given date. Applying
such models, the estimation can (and should) be based on bond price observations at different
dates. Typically, the possible forms of the term structure in such models resemble those of the
Nelson-Siegel approach. We will return to this discussion in Chapter 7.

Finally, we will emphasize that the estimated term structure of interest rates should be used
with caution. An obvious use of the estimated yield curve is to value fixed-income securities.
In particular, the coupon bonds in the data set used in the estimation can be priced using the
estimated discount function. For some of the bonds the price according to the estimated curve will
be lower (higher) than the market price. Therefore, one might think such bonds are overvalued
(undervalued) by the market. (In an estimation like (1.29) this can be seen directly from the
residual £;.) It would seem a good strategy to sell the overvalued and buy the undervalued bonds.
However, such a strategy is not a riskless arbitrage, but a risky strategy, since the applied discount
function is not derived from the no-arbitrage principle only, but depends on the assumed parametric
form and the other bonds in the data set. With another parameterized form or a different set of
bonds the estimated discount function and, hence, the assessment of over- and undervaluation can
be different.

1.7 Exercises

EXERCISE 1.1 Find a list of current price quotes on government bonds at an exchange in your country.
Derive as many discount factors and zero-coupon yields as possible using only the no-arbitrage pricing
principle.

EXERCISE 1.2 Consider two annuity bonds with identical time-to-maturity and payment dates. Let n
be the number of remaining payments on each bond, and let R1 and Rz be the coupon rates of the two

bonds. In addition, let By and B> denote the prices (quoted price plus accrued interests) of the bonds.

Show that in the absence of arbitrage, the following relation must hold:

Bl _Ril-(1+Ry)™"
By Ryl—(14+Ry)™

In some markets callable mortgage-backed annuity bonds with different coupon rates, but the same matu-

rity and payment dates, are traded. Should you expect the relation above to hold for such bonds? Explain!

EXERCISE 1.3 Show that if the discount function does not satisfy the condition
B > B}, T<S5,
then negative forward rates will exist. Are non-negative forward rates likely to exist? Explain!

EXERCISE 1.4 Consider two bullet bonds, both with annual payments and exactly four years to ma-
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turity. The first bond has a coupon rate of 6% and is traded at a price of 101.00. The other bond has a
coupon rate of 4% and is traded at a price of 93.20. What is the four-year discount factor? What is the

four-year zero-coupon interest rate?



Chapter 2

Fixed income securities

2.1 Introduction

This chapter provides a description of the most important financial securities whose cash flows
and values only depend on the term structure of interest rates. In Chapter 1 we already considered
bonds and the relation between bond prices and the term structure of interest rates. In this chapter
we will describe and discuss floating-rate bonds, forwards, futures and options written on bonds,
interest rate futures, caps, floors, interest rate swaps and swaptions.

We will also derive numerous relations between the prices of these securities that will hold in
the absence of arbitrage and hence independently of the preferences of investors and the future

dynamics of the term structure. For example we will show
e a put-call parity for options on bonds, both zero-coupon bonds and coupon bonds,

e that prices of caps and floors follow from prices of portfolios on certain European options on

zero-coupon bonds

e that prices of European swaptions follow from prices of certain European options on coupon
bonds.

Consequently, we can price many frequently traded securities as long as we price bonds and Eu-
ropean options on bonds. In later chapters we can therefore focus on the pricing of these “basic”

securities.

2.2 Floating rate bonds

Floating rate bonds have coupon rates that are reset periodically over the life of the bond.
We will consider the most common floating rate bond, which is a bullet bond, where the coupon
rate effective for the payment at the end of one period is set at the beginning of the period at the
current market interest rate for that period.

Suppose that the payment dates of the bond are Ty < --- < Tj,, where T; — T;_1 = § for all 4.
In practice, § will typically equal 0.25, 0.5, or 1 year, corresponding to quarterly, semi-annual, or
annual payments. The annualized coupon rate valid for the period [T;_1,T;] is the d-period market
rate at date T;_; computed with a compounding frequency of §. We will denote this interest rate

by l%’il, although the rate is not necessarily a LIBOR rate, but can also be a Treasury rate. If the

22
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face value of the bond is H, the payment at time T; (i =1,2,...,n — 1) equals H(Sl%il, while the
final payment at time T,, equals H(1+ 51%_1). If we define Ty = T — 0, the dates T, 11, ..., Th_1
are often referred to as the reset dates of the bond.

Let us look at the valuation of a floating rate bond. We will argue that immediately after each
reset date, the value of the bond will equal its face value. To see this, first note that immediately
after the last reset date T),,_1, the bond is equivalent to a zero-coupon bond with a coupon rate
equal to the market interest rate for the last coupon period. By definition of that market interest
rate, the time 7,1 value of the bond will be exactly equal to the face value H. In mathematical
terms, the market discount factor to apply for the discounting of time T}, payments back to time
To—1is (1+ 6[%71)’1, so the time T, _; value of a payment of H(1 + 6[%’;1) at time T, is
precisely H. Immediately after the next-to-last reset date T),,_o, we know that we will receive a
payment of H 5[;::; at time T),_; and that the time 7;,_1 value of the following payment (received
at T,) equals H. We therefore have to discount the sum H(Sl;::; +H=H(1+ 6l:£::;) from
T,—1 back to T;,_3. The discounted value is exactly H. Continuing this procedure, we get that
immediately after a reset of the coupon rate, the floating rate bond is valued at par.

We can also derive the value of the floating rate bond between two payment dates. Suppose

we are interested in the value at some time ¢ between Ty and T},. Introduce the notation
i(t) =min{i € {1,2,...,n} : T; > t},

so that Tj;) is the nearest following payment date after time ¢. We know that the following payment
Tty

Ti(ty—1
equal H. The value of the bond at time ¢ will then be

at time Tj(;) equals Hdl and that the value at time Tj(;) of all the remaining payments will

Ticty Tty

(2.1) Bl =Ha+ dlgy )B," To <t<T,.

This expression also holds at payment dates ¢t = T;, where it results in H, which is the value
excluding the payment at that date.
While few floating rate bonds are traded, the results above are also very useful for the analysis

of interest rate swaps studied in Section 2.9.

2.3 Forwards on bonds

A forward contract is an agreement between two parties on a trade of a given asset or security
at a given future point in time and at a price that is already fixed when the agreement is made.
We will refer to this price as the delivery price. Usually, the delivery price is set so that the net
present value of the future transaction (computed at the agreement date) is equal to zero. This
value of the delivery price is called the forward price. Note that the forward price will depend
on the time of delivery and the underlying asset to be transacted. In the following we will take
a closer look at forwards on zero-coupon bonds and coupon bonds. For a general introduction to
forwards, see Hull (2003).

Consider an agreement on a delivery at time 7T of a zero-coupon bond maturing at time S
(where S > T') for a price of K. We assume that the face value of zero-coupon bonds is 1 (dollar).
The following theorem gives formulas for the time ¢ value VtT’S of a long position in such a forward
contract and for the forward price of the zero-coupon bond. Here and throughout the text, Bl

denotes the time ¢ price of a zero-coupon bond that pays 1 (dollar) at time T
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Theorem 2.1 The unique no-arbitrage value at time t of a forward with delivery at time T of a

zero-coupon bond maturing at time S at the delivery price K 1is given by
(2.2) V¥ = B — KBT.
The unique no-arbitrage forward price on the zero-coupon bond is

BS
T,s _ t
(2.3) FI = BT

Proof: Consider two portfolios, namely

(A) a long position in the forward contract and K zero-coupon bonds maturing at time 7T,
(B) a zero-coupon bond maturing at time S (i.e. the underlying bond).

At time T the forward yields a payoff of B2 — K, so that the total time 7' value of portfolio A is
Bg —-K+K= B‘;, which is identical to the value of portfolio B. Since none of the portfolios yield
payments before time 7', the no-arbitrage principle implies that they must have the same current
price, i.e.

VIS 4 KBT = B,
from which (2.2) follows. Since the forward price F,*® is that value of K that makes V,"° = 0,
equation (2.3) follows directly from (2.2). O

At the delivery time T the gain or loss from the forward position will be known. The gain from
a long position in a forward written on a zero-coupon with face value H and maturity at S is equal
to H(B3 — F%). If we write the spot bond price B2 in terms of the spot LIBOR rate (5 and the
forward bond price F{*® in terms of the forward LIBOR rate L7, it follows from (1.8) and (1.9)
that the gain is equal to

1 1
H(HBS - F'°)=H -
( T t) <1+(S—T)l§i 1—|—(S—T)L:;F’S>

(S —T)(L{® —15)H
(1+ (S —T)i) (1 + (5 - T)LtT’S> '

(2.4)

An investor with a long position in the forward will realize a gain if the spot bond price at delivery
turns out to be above the forward price, i.e. if the spot interest rate at delivery turns out to be
below the forward interest rate when the forward position was taken. We can think of a short
position in a forward on a zero-coupon bond as a way to lock in the borrowing rate for the period
between the delivery date of the forward and the maturity date of the bond.
Next, let us consider a forward on a coupon bond. As before, let T' be the delivery date and
K be the delivery price. The underlying coupon bond is assumed to yield payments at the points
in time 71 < Ty < -+ < T, where T' < T,,. The time T; payment is denoted by Y;, i =1,2,...,n.
The time t value of the bond is therefore given by
By =Y VB[,
T;>t
where the sum is over all future payment dates; cf. (1.2) on page 6. Let VtT’kup denote the time ¢

value of this forward contract. We then have the following result:
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Theorem 2.2 The unique no-arbitrage value of a forward on a coupon bond is given by

(2.5) Vot = N VBl —~KBl'=B,— Y Y;Bl' - KB/,
T,>T t<T;<T

and the unique no-arbitrage forward price of a coupon bond is

T; T;
(26) FtT,cpn _ ZT1>T EBt _ Bt - Zt<Ti<T }/ZBt _ Z Y;FtT,Tl

BT BT
t t T,>T

Proof: Consider the portfolios

(A) a forward contract, K zero-coupon bonds maturing at T" and, for each T; with ¢t < T; < T,

Y, zero-coupon bonds maturing at Tj,
(B) the underlying coupon bond.

Between time ¢ and the delivery date T, the two portfolios have exactly the same payments. At
time T the value of portfolio A equals By — K + K = By, which is identical to the value of
portfolio B. Absence of arbitrage implies that

VPt KB+ Y Y;Bl' =B,
t<T; <T

from which (2.5) follows. The forward price follows immediately. O

2.4 Interest rate forwards — forward rate agreements

As discussed in Section 1.4 forward interest rates are rates for a future period relative to the time
where the rate is set. Many participants in the financial markets may on occasion be interested in
“locking in” an interest rate for a future period, either in order to hedge risk involved with varying
interest rates or to speculate in specific changes in interest rates. In the money markets the agents
can lock in an interest rate by entering a so-called forward rate agreement (FRA). Suppose the
relevant future period is the time interval between T" and S, where S > T'. In principle, a forward
rate agreement with a face value H and a contract rate of K involves two payments: a payment
of —H at time T and a payment of H[1 + (S — T)K] at time S. (Of course, the payments to the
other part of the agreement are H at time T and —H[1 + (S — T)K] at time S.) In practice, the
contract is typically settled at time T, so that the two payments are replaced by a single payment
of BRH[1 + (S —T)K] — H at time T.

Usually the contract rate K is set so that the present value of the future payment(s) is zero at
the time the contract is made. Suppose the contract is made at time ¢ < T. Then the time ¢ value
of the two future payments of the contract is equal to —H B} + H[1+ (S — T)K]By. This is zero

1 <BtT > T,
K=——(Z2-1)=L]7,
S—T\ B} K

if and only if

cf. (1.9), i.e. when the contract rate equals the forward rate prevailing at time ¢ for the period

between T and S. For this contract rate, we can think of the forward rate agreement having a
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single payment at time 7', which is given by

(27)  BSH[I+(S-T)K|-H=H (M . ) NG V(i)

1415 14+ (S -=T)%

The numerator is exactly the interest lost by lending out H from time 7" to time .S at the forward
rate given by the FRA rather than the realized spot rate. Of course, this amount may be negative,
so that a gain is realized. The division by 1+ (S — T)lg corresponds to discounting the gain/loss
from time S back to time T. The time T value stated in (2.7) is closely related, but not identical,

to the gain/loss on a forward on a zero-coupon bond, cf. (2.4).

2.5 Futures on bonds

As a forward contract, a futures contract is also an agreement of a future transaction of a given
asset or security. The distinct characteristic of a future is that changes in its value are settled
continuously throughout the life of the contract (usually once every trading day). This so-called
marking-to-market ensures that the value of the contract (i.e. the value of the future payments)
returns to zero immediately after each settlement. This procedure makes it practically possible
to trade futures at organized exchanges, since there is no need to keep track of when the futures
position was originally taken. Futures on government bonds are traded at many leading exchanges.

The marking-to-market at a given date involves the payment of the change in the so-called
futures price of the contract relative to the previous settlement date. At maturity of the contract
the futures gives a payoff equal to the difference between the price of the underlying asset at
that date and the futures price at the previous settlement date. After the last settlement before
maturity, the futures is therefore indistinguishable from the corresponding forward contract, so the
values of the futures and the forward at that settlement date must be identical. At the next-to-
last settlement date before maturity, the futures price is set to that value that ensures that the
net present value of the upcoming settlement at the last settlement date before maturity (which
depends on this futures price) and the final payoff is equal to zero. Similarly at earlier settlement
dates.

Due to the marking-to-market settlement procedure, it is far more difficult to price futures
than forwards. In particular, the no-arbitrage principle is not sufficient to derive a unique futures
price. As shown by Cox, Ingersoll, and Ross (1981b), the futures price and the forward price will
be identical at all points in time if there is no uncertainty about future interest rates, since in that
case the timing of the payoffs does not matter.! Such an assumption is of course unacceptable in
the case of futures on assets that depend on the term structure of interest rates, such as futures
on bonds. We will return to the valuation of futures and the relation between forward prices and

futures prices in Chapter 5.

2.6 Interest rate futures — Eurodollar futures

Interest rate futures is a class of fixed income instruments that trade with a very high volume
at several international exchanges, e.g. CME (Chicago Mercantile Exchange), LIFFE (London

International Financial Futures & Options Exchange), and MATIF (Marché & Terme International

LA proof of this result can also be found in Appendix 3A in Hull (2003).
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de France). The CME interest rate futures involve the three-month Eurodollar deposit rate and are
called Eurodollar futures. The interest rate involved in the futures contracts traded at LIFFE
and MATTIF is the three-month LIBOR rate on the Euro currency. We shall simply refer to all
these contracts as Eurodollar futures and refer to the underlying interest rate as the three-month
LIBOR rate, whose value at time t we denote by 1:79-25,

The price quotation of Eurodollar futures is a bit complicated, since the amounts paid in the
marking-to-market settlements are not exactly the changes in the quoted futures price. We must
therefore distinguish between the quoted futures price, SNtT , and the actual futures price, &I, with
the settlements being equal to changes in the actual futures price. At the maturity date of the
contract, T', the quoted Eurodollar futures price is defined in terms of the prevailing three-month
LIBOR rate according to the relation

(2.8) EF =100 (1 —15102%)

which using (1.8) on page 8 can be rewritten as

- 1 1
T _ _
Er =100 (1 —4 (B%H)% - 1)) = 500 — 400 B%J’O'QS’

Traders and analysts typically transform the Eurodollar futures price to an interest rate, the so-
called LIBOR futures rate, which is defined by

(c/’T ~
T t T T
pr=1-105 © &L =100 (1-¢f).

It follows from (2.8) that the LIBOR futures rate converges to the three-month LIBOR spot rate,
as the maturity of the futures contract approaches.

The actual Eurodollar futures price is given by
EF =100 — 0.25(100 — EF') = 100 — 25¢7

per 100 dollars of nominal value. It is the change in the actual futures price which is exchanged
in the marking-to-market settlements. At the CME the nominal value of the Eurodollar futures is
1 million dollars. A quoted futures price of gtT = 94.47 corresponds to a LIBOR futures rate of
5.53% and an actual futures price of

1000000

-[100 — 25 - 0.0553] = 986 175.
100 [ }

If the quoted futures price increases to 94.48 the next day, corresponding to a drop in the LIBOR

futures rate of one basis point (0.01 percentage points), the actual futures price becomes

1000000

- [100 — 25 - 0.0552] = 986 200.
oo 1100 — 25 0.0552] = 986 200

An investor with a long position will therefore receive 986200 — 986175 = 25 dollars at the
settlement at the end of that day.

If we simply sum up the individual settlements without discounting them to the terminal date,
the total gain on a long position in a Eurodollar futures contract from ¢ to expiration at T is given
by

EF — & = (100 — 25¢7) — (100 — 25¢] ) = —25 (p% — o7 )
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per 100 dollars of nominal value, i.e. the total gain on a contract with nominal value H is equal
to —0.25 ((p% — <ptT) H. The gain will be positive if the three-month spot rate at expiration turns
out to be below the futures rate when the position was taken. Conversely for a short position.
The gain/loss on a Eurodollar futures contract is closely related to the gain/loss on a forward rate
agreement, as can be seen from substituting S = T +0.25 into (2.7). Recall that the rates ¢% and

l§+0'25 are identical. However, it should be emphasized that in general the futures rate ¢] and

T,T7+0.25
Lt’ +

the forward rate will be different due to the marking-to-market of the futures contract.

2.7 Options on bonds

Options on government bonds are traded at several exchanges and also on the OTC-markets
(OTC: Over-the-counter). In addition, many bonds are issued with “embedded” options. For
example, many mortgage-backed bonds and corporate bonds are callable, in the sense that the
issuer has the right to buy back the bond at a pre-specified price.

We will first consider options on zero-coupon bonds although, apparently, no such options are
traded at any exchange. However, we shall see later that other, frequently traded, fixed income
securities can be considered as portfolios of European options on zero-coupon bonds. This is true
for caps and floors, which we turn to in Section 2.8. We will also show later that, under certain
assumptions on the dynamics of interest rates, any European option on a coupon bond is equivalent
to a portfolio of certain European options on zero-coupon bonds; see Chapter 7. For these reasons,
it is important to be able to price European options on zero-coupon bonds.

It is well-known that the no-arbitrage principle in itself does not yield a unique price for stock
options, but only upper and lower boundaries for the price, cf. Merton (1973) or Hull (2003). This
is also the case for options on bonds. The bounds that can be obtained for bond options are not

just a simple reformulation of the bounds available for stock options due to

e the close relation between the appropriate discount factor and the price of the underlying

asset,

e the existence of an upper bound on the price of the underlying bond: under the reasonable
assumption that all forward rates are non-negative, the price of a bond will be less than or

equal to the sum of its remaining payments.

Although the obtainable bounds for bond options are tighter than those for stock options, they
still leave quite a large interval in which the price can lie. For proofs and examples see Munk
(2002) and Exercise 2.1. Just as for stock options, the absence of arbitrage is sufficient to derive a
precise relation between prices on European call and put options with the same underlying asset,
exercise price, and maturity date. This relation, the so-called put-call parity, is stated below both
for options on zero-coupon bonds and options on coupon bonds.

For American options on bonds, it is also possible to find no-arbitrage price bounds, and, as a
counterpart to the put-call parity, relatively tight bounds on the difference between the prices of

an American call and an American put. Again the reader is referred to Munk (2002).



2.7 Options on bonds

29

2.7.1 Options on zero-coupon bonds

Let us first fix some notation. The time of maturity of the option is denoted by T. The
underlying zero-coupon bond gives a payment of 1 (dollar) at time S, where S > T. The exercise
price of the option is denoted by K.

A FEuropean call option on this zero-coupon bond gives the owner the right, but not the
obligation, to buy the zero-coupon bond at time T for a price of K. We let C’tK "T-5 denote the

time t price of the call option. At maturity the value of the call equals its payoff:
CT{(’T’S = max (B% - K,0).

A European put option on the zero-coupon bond gives the owner the right, but not the obligation,
to sell the zero-coupon bond at time T for a price of K. We let 7rtK "T:S denote the time ¢ price of

the put option. The value at maturity is equal to
ﬂ?’T’S = max (K - BY, O) .

If the owner of the option makes use of his right to buy/sell the underlying asset, the option is
said to be exercised. Note that only options with an exercise price between 0 and 1 are interesting,
since the price of the underlying zero-coupon bond at expiry of the option will be in this interval,
assuming non-negative interest rates.

The put-call parity gives a precise relation between the prices of European call and put options
with the same underlying asset, exercise price and maturity date. For options on zero-coupon

bonds the relation is as follows:

Theorem 2.3 In absence of arbitrage, the prices of FEuropean call and put options on zero-coupon

bonds satisfy the relation

(2.9) ckTS L kBT = 7575 4 BS.

Proof: A portfolio consisting of a call option and K zero-coupon bonds maturing at the same

time as the option yields a payoff at time 7" of
max (Bf — K,0) + K = max (B, K)

and will have a current time ¢ price given by the left-hand side of (2.9). Another portfolio consisting

of a put option and one unit of the underlying zero-coupon bond has a time T' value of
max (K - prg, 0) + B‘Tg = max (K, Br:,q«)

and a time ¢ price corresponding to the right-hand side of (2.9). None of the portfolios provide
payments before time T'. Therefore, there will be an obvious arbitrage opportunity unless (2.9) is
satisfied. 0O

A consequence of the put-call parity is that we can focus on the pricing of European call options.
The prices of European put options will then follow immediately.
American options can be exercised at the time of maturity 7" or any point in time before time 7.

It is well-known that it is never strictly advantageous to exercise an American call option on a
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non-dividend paying stock before time T'; cf. Merton (1973) and Hull (2003). By analogy, this is
also true for American call options on zero-coupon bonds. At first glance, it may appear optimal
to exercise an American call on a zero-coupon bond immediately in case the price of the underlying
bond is equal to 1, because this will imply a payoff of 1 — K, which is the maximum possible payoff
under the assumption of non-negative interest rates. However, the price of the underlying bond
will only equal 1, if interest rates are zero and stay at zero for sure. Therefore, exercising the
option at time T" will also provide a payoff of 1 — K, and since interest rates are zero, the present
value of the payoff is also equal to 1 — K. Hence, there is no strict advantage to early exercise.
As for stock options, premature exercise of an American put option on a zero-coupon bond will be
advantageous for sufficiently low prices of the underlying zero-coupon bond, i.e. sufficiently high

interest rates.

2.7.2 Options on coupon bonds

Consider a coupon bond with payments Y; at time T; (i = 1,2,...,n), where T} < Th < -+- <
T,. Let B; denote the time ¢ price of this bond, i.e.

By = Z Y; Bl
T; >t

Let CXTP and 7f57°P™ denote the time ¢ prices of a European call and a European put, re-
spectively, expiring at time 7', having an exercise price of K and the coupon bond above as the
underlying asset. Of course, we must have that T' < T,,. The time T value of the options is given

by their payoffs:

CHTP = max (Br — K,0) = max ( > YiBj - K, 0) ,
T;>T

7 TP — max (K — Br,0) = max (K -y 1@-3?,0) .
T,>T

Such options are only interesting, if the exercise price is positive and less than ZTi>T Y;, which is

the upper bound for By with non-negative forward rates. Note that

(1) only the payments of the bonds after maturity of the option are relevant for the payoff and

the value of the option;?

(2) we have assumed that the payoff of the option is determined by the difference between the
exercise price and the true bond price rather than the quoted bond price. The true bond
price is the sum of the quoted bond price and accrued interest.? Some aspects of options on
the quoted bond price are discussed by Munk (2002).

The put-call parity for European options on coupon bonds is as follows:

2In particular, we assume that in the case where the expiry date of the option coincides with a payment date of
the underlying bond, it is the bond price excluding that payment which determines the payoff of the option.
3The quoted price is sometimes referred to as the clean price. Similarly, the true price is sometimes called the

dirty price.



2.8 Caps, floors, and collars

Theorem 2.4 Absence of arbitrage implies that

(2.10) Citt L KB = x0T+ B — Y VB[
t<T;<T
The proof of this result is left for the reader in Exercise 2.2.

When and under what circumstances should one consider exercising an American call on a
coupon bond? This is equivalent to the question of exercising an American call on a dividend-
paying stock, which is discussed e.g. in Hull (2003, Chap. 12). The following conclusions can
therefore be stated. The only points in time when it can be optimal to exercise an American
call on a bond is just before the payment dates of the bond. Let T; be the last payment date
before expiration of the option. Then it cannot be optimal to exercise the call just before Tj if the
payment Y] is less than K (1 —B%Z ). If the opposite relation holds, it may be optimal to exercise just
before T;. Similarly, at any earlier payment date T; € [t, T;], exercise is ruled out if the payment
at that date Y; is less than K (1 — Bg:;“). Broadly speaking, early exercise of the call will only be
relevant if the short-term interest rate is relatively low and the bond payment is relatively high.*
Regarding early exercise of put options, it can never be optimal to exercise an American put on a
bond just before a payment on the bond. At all other points in time early exercise may be optimal

for sufficiently low bond prices, i.e. high interest rates.

2.8 Caps, floors, and collars
2.8.1 Caps

An (interest rate) cap is designed to protect an investor who has borrowed funds on a floating
interest rate basis against the risk of paying very high interest rates. Suppose the loan has a face
value of H and payment dates Ty < Ty < --- < T, where Tjy1 — T; = § for all i.° The interest
rate to be paid at time T; is determined by the J-period money market interest rate prevailing at
time T; — §, i.e. the payment at time T; is equal to Hélgj_é. Note that the interest rate is set at
the beginning of the period, but paid at the end. Define Ty = T7 — §. The dates Ty, T, ..., Th—1
where the rate for the coming period is determined are called the reset dates of the loan.

A cap with a face value of H, payment dates T; (i = 1,...,n) as above, and a so-called cap
rate K yields a time T; payoff of H¢ max(l%_é —K,0), fori=1,2,...,n. If a borrower buys such
a cap, the total payment at time T; cannot exceed HJK. The period length ¢ is often referred to
as the frequency or the tenor of the cap.® In practice, the frequency is typically either 3, 6, or
12 months. Note that the time distance between payment dates coincides with the “maturity” of
the floating interest rate. Also note that while a cap is tailored for interest rate hedging, it can
also be used for interest rate speculation.

A cap can be seen as a portfolio of n caplets, namely one for each payment date of the cap.

4Some countries have markets with trade in mortgage-backed bonds where the issuer has an American call option
on the bond. These bonds are annuity bonds where the payments are considerably higher than for a standard “bullet”
bond with the same face value. Optimality of early exercise of such a call is therefore more likely than exercise of a
call on a standard bond.

5In practice, there will not be exactly the same number of days between successive reset dates, and the calculations
below must be slightly adjusted by using the relevant day count convention.

6The word tenor is sometimes used for the set of payment dates T1,...,Th.
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The i’th caplet yields a payoff at time T; of
(2.11) Ci. = Homax (z;";_é - K, o)

and no other payments. A caplet is a call option on the zero-coupon yield prevailing at time T; — 6
for a period of length &, but where the payment takes place at time T; although it is already fixed
at time T; — 4.

In the following we will find the value of the i’th caplet before time T;. Since the payoff becomes
known at time T; — §, we can obtain its value in the interval between T; — § and T; by a simple

discounting of the payoff, i.e.
Ci = BTHamax(g s K,o), T,—6<t<T.

In particular,
Cr,—s = Bfi_sHomax (If;_; = K,0) .
Applying (1.8) on page 8, we can rewrite this value as

Cir_s = B 6Hmax(1+5lT s [1+5K],0)

=By 5Hmax< Tl — [+ K], )
T
= H(1+440K) max( T' 5,0).

We can now see that the value at time T; — § is identical to the payoff of a European put option
expiring at time T; — 0 that has an exercise price of 1/(1 4+ §K) and is written on a zero-coupon
bond maturing at time T;. Accordingly, the value of the i’th caplet at an earlier point in time
t < T; — § must equal the value of that put option. With the notation used earlier we can write

this as
(2.12) Ci=H(1 +5K)7Tt(1+6K)—17T,5*5,Ti.

To find the value of the entire cap contract we simply have to add up the values of all the
caplets corresponding to the remaining payment dates of the cap. Before the first reset date, Ty,

none of the cap payments are known, so the value of the cap is given by

(2.13) Co=3 Ci=H(1+5K)Y al KTy oy
] =1

At all dates after the first reset date, the next payment of the cap will already be known. If we
again use the notation Tj;) for the nearest following payment date after time ¢, the value of the
cap at any time ¢ in [Ty, T},] (exclusive of any payment received exactly at time t) can be written

as
e Tt
C; = HB, " § max (lTiEt;ﬂ; — K,O)

(2.14) u .
+ (K Y Al PO TET  < < T,

i=i(t)+1
IfT,_1 <t <T,, wehave i(t) = n, and there will be no terms in the sum, which is then considered
to be equal to zero. In later chapters we will discuss models for pricing bond options. From the

results above, cap prices will follow from prices of European puts on zero-coupon bonds.
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Note that the interest rates and the discount factors appearing in the expressions above are
taken from the money market, not from the government bond market. Also note that since caps
and most other contracts related to money market rates trade OTC, one should take the default
risk of the two parties into account when valuing the cap. Here, default simply means that the party
cannot pay the amounts promised in the contract. Official money market rates and the associated
discount function apply to loan and deposit arrangements between large financial institutions, and
thus they reflect the default risk of these corporations. If the parties in an OTC transaction have a
default risk significantly different from that, the discount rates in the formulas should be adjusted
accordingly. However, it is quite complicated to do that in a theoretically correct manner, so we

will not discuss this issue any further at this point.

2.8.2 Floors

An (interest rate) floor is designed to protect an investor who has lent funds on a floating
rate basis against receiving very low interest rates. The contract is constructed just as a cap except

that the payoff at time T; (i = 1,...,n) is given by
(2.15) 7. = Homax (K Sy o) :

where K is called the floor rate. Buying an appropriate floor, an investor who has provided another
investor with a floating rate loan will in total at least receive the floor rate. Of course, an investor
can also speculate in low future interest rates by buying a floor.

The (hypothetical) contracts that only yield one of the payments in (2.15) are called floorlets.
Obviously, we can think of a floorlet as a European put on the floating interest rate with delayed
payment of the payoff. Analogously to the analysis for caps, we can also think of a floorlet as a
European call on a zero-coupon bond, and hence a floor is equivalent to a portfolio of European
calls on zero-coupon bonds. More precisely, the value of the i’th floorlet at time T; — ¢ is

g i 1
(216) Ti75:H(1+5K)maX <B/11:1_6—H_6I(,0> .

The total value of the floor contract at any time ¢ < Tj is therefore given by

(2.17) Fo=H(Q+65K)Y M0y oy
=1

and later the value is

F = HBI § max (K — i 0)

(2.18) n s
+(L+SK)H Y oM <t < T,

i=i(t)+1
2.8.3 Collars

A collar is a contract designed to ensure that the interest rate payments on a floating rate
borrowing arrangement stays between two pre-specified levels. A collar can be seen as a portfolio
of a long position in a cap with a cap rate K. and a short position in a floor with a floor rate of

K; < K. (and the same payment dates and underlying floating rate). The payoff of a collar at
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time T;, ¢ = 1,2,...,n, is thus

b, = H6 [max (15 — K, 0) — max (K; 1] _;,0)]

—H§ [Kf ~ l%j,é} , U5 < Ky,

0, if Ky <l s < Ke,

HE |~ K], K<,

The value of a collar with cap rate K. and floor rate Ky is of course given by
Li(Ke, Ky) = Ci(Ke) — Fe(Ky),

where the expressions for the values of caps and floors derived earlier can be substituted in.

An investor who has borrowed funds on a floating rate basis will by buying a collar ensure that
the paid interest rate always lies in the interval between Ky and K.. Clearly, a collar gives cheaper
protection against high interest rates than a cap (with the same cap rate K.), but on the other
hand the full benefits of very low interest rates are sacrificed. In practice, K and K, are often set

such that the value of the collar is zero at the inception of the contract.

2.8.4 Exotic caps and floors

Above we considered standard, plain vanilla caps, floors, and collars. In addition to these
instruments, several contracts trade on the international OTC markets with cash flows that are
similar to plain vanilla contracts, but deviate in one or more aspects. The deviations complicate
the pricing methods considerably. Let us briefly look at a few of these exotic securities. The
examples are taken from Musiela and Rutkowski (1997, Ch. 16).

e A bounded cap is like an ordinary cap except that the cap owner will only receive the
scheduled payoff if the sum of the payments received so far due to the contract does not
exceed a certain pre-specified level. Consequently, the ordinary cap payments in (2.11) are to
be multiplied with an indicator function. The payoff at the end of a given period will depend
not only on the interest rate in the beginning of the period, but also on previous interest

rates. As many other exotic instruments, a bounded cap is therefore a path-dependent asset.

e A dual strike cap is similar to a cap with a cap rate of K; in periods when the underlying

t+46
It

floating rate stays below a pre-specified level f, and similar to a cap with a cap rate of

K>, where Ky > K, in periods when the floating rate is above L.

e A cumulative cap ensures that the accumulated interest rate payments do not exceed a

given level.

e A knock-out cap will at any time T; give the standard payoff in (2.11) unless the floating
rate l§+5 during the period [T; — §, T;] has exceeded a certain level. In that case the payoff is

Zero.

Options on caps and floors are also traded. Since caps and floors themselves are (portfolios
of) options, the options on caps and floors are so-called compound options. An option on a cap is
called a caption and provides the holder with the right at a future point in time, Ty, to enter into

a cap starting at time T (with payment dates T7,...,T,) against paying a given exercise price.
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2.9 Swaps and swaptions
2.9.1 Swaps

Many different types of swaps are traded on the OTC markets, e.g. currency swaps, credit
swaps, asset swaps, but in line with the theme of this chapter we will focus on interest rate swaps.
An (interest rate) swap is an exchange of two cash flow streams that are determined by certain
interest rates. In the simplest and most common interest rate swap, a plain vanilla swap, two
parties exchange a stream of fixed interest rate payments and a stream of floating interest rate
payments. The payments are in the same currency and are computed from the same (hypothetical)
face value or notional principal. The floating rate is usually a money market rate, e.g. a LIBOR
rate, possibly augmented or reduced by a fixed margin. The fixed interest rate is usually set so
that the swap has zero net present value when the parties agree on the contract. While the two
parties can agree upon any maturity, most interest rate swaps have a maturity between 2 and 10
years.

The first swap was contracted in 1981, and nowadays the international swap markets are enor-
mous, both in terms of transactions and outstanding contracts. The organization ISDA (Interna-
tional Swaps and Derivatives Association) publishes key figures showing the size and development
of the markets for swaps and interest rate options traded OTC. After 1997 the published figures
are for all products together and are not informative for the markets of the different securities.
At the end of 1997, the total notional principal (face value) of all reported, active interest rate
swaps amounted to 22.3 trillion U.S. dollars (i.e. 22.300.000 million), and the swap market was
indisputably the largest OTC derivative market.” The total OTC derivative market more than
doubled in size from 1997 to 2000, and there is no reason to believe that the growth rate of the
swap market itself is significantly different.

Let us briefly look at the uses of interest rate swaps. An investor can transform a floating rate
loan into a fixed rate loan by entering into an appropriate swap, where the investor receives floating
rate payments (netting out the payments on the original loan) and pays fixed rate payments. This
is called a liability transformation. Conversely, an investor who has lent money at a floating
rate, i.e. owns a floating rate bond, can transform this to a fixed rate bond by entering into a
swap, where he pays floating rate payments and receives fixed rate payments. This is an asset
transformation. Hence, interest rate swaps can be used for hedging interest rate risk on both
(certain) assets and liabilities. On the other hand, interest rate swaps can also be used for taking
advantage of specific expectations of future interest rates, i.e. for speculation.

Swaps are often said to allow the two parties to exploit their comparative advantages in
different markets. Concerning interest rate swaps, this argument presumes that one party has a
comparative advantage (relative to the other party) in the market for fixed rate loans, while the
other party has a comparative advantage (relative to the first party) in the market for floating rate
loans. However, these markets are integrated, and the existence of comparative advantages conflicts
with modern financial theory and the efficiency of the money markets. Apparent comparative
advantages can be due to differences in default risk premia. For details we refer the reader to the
discussion in Hull (2003, Ch. 6).

"For interest rate swaps denoted in the Danish currency the corresponding number is 133 billion U.S. dollars (i.e.

133.000 million), an increase of 16% relative to the year before.
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Next, we will discuss the valuation of swaps. As for caps and floors, we assume that both
parties in the swap have a default risk corresponding to the “average default risk” of major financial
institutions reflected by the money market interest rates. For a description of the impact on the
payments and the valuation of swaps between parties with different default risk, see Duffie and
Huang (1996) and Huge and Lando (1999). Furthermore, we assume that the fixed rate payments
and the floating rate payments occur at exactly the same dates throughout the life of the swap.
This is true for most, but not all, traded swaps. For some swaps, the fixed rate payments only
occur once a year, whereas the floating rate payments are quarterly or semi-annual. The analysis
below can easily be adapted to such swaps.

In a plain vanilla interest rate swap, one party pays a stream of fixed rate payments and receives
a stream of floating rate payments. This party is said to have a pay fixed, receive floating swap or
a fixed-for-floating swap or simply a payer swap. The counterpart receives a stream of fixed rate
payments and pays a stream of floating rate payments. This party is said to have a pay floating,
receive fixed swap or a floating-for-fixed swap or simply a receiver swap. Note that the names
payer swap and receiver swap refer to the fixed rate payments.

We consider a swap with payment dates T1,...,T;,, where T;,1 — T; = §. The floating interest
rate determining the payment at time 7} is the money market (LIBOR) rate 1%7 s+ In the following
we assume that there is no fixed extra margin on this floating rate. If there were such an extra
charge, the value of the part of the flexible payments that is due to the extra margin could be
computed in the same manner as the value of the fixed rate payments of the swap, see below. We
refer to Ty = T — § as the starting date of the swap. As for caps and floors, we call Ty, T4, ..., T 1
the reset dates, and § the frequency or the tenor. Typical swaps have § equal to 0.25, 0.5, or 1
corresponding to quarterly, semi-annual, or annual payments and interest rates.

We will find the value of an interest rate swap by separately computing the value of the fixed
rate payments (V%) and the value of the floating rate payments (V). The fixed rate is denoted
by K. This is a nominal, annual interest rate, so that the fixed rate payments equal H K§, where
H is the notional principal or face value (which is not swapped). The value of the remaining fixed

payments is simply

n n
(2.19) Vix= 3" HKSB" = HKé Y _ B/
i=i(t) i=i(t)

The floating rate payments are exactly the same as the coupon payments on a floating rate
bond, which was discussed in Section 2.2, i.e. at time T; (i = 1,2,...,n) the payment is Hél%fé.
Note that this payment is already known at time T; — 0. According to (2.1), the value of such a
floating bond at any time t € [Ty, T;,) is given by H(1 + 5[%((2_5)331'@). Since this is the value of
both the coupon payments and the final repayment of face value, the value of the coupon payments

only must be
Ti4)

V= ol 0B+ H B[ - BI'|, Ty <t<T,.

At and before time T}, the first term is not present, so the value of the floating rate payments is

simply

(2.20) VA= H [BtTO - BtT"} . t< T
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We will also develop an alternative expression for the value of the floating rate payments of the
swap. The time T; — § value of the coupon payment at time T; is
HSE BT, — H— 1=
Tim 0o 1+ 6075
where we have applied (1.8) on page 8. Consider a strategy of buying a zero-coupon bond with
face value H maturing at T; — 0 and selling a zero-coupon bond with the same face value H but
maturing at T;. The time T; — § value of this position is
. . H I
HBZ) - HBJ_s=H - = Hi—L10
: ‘ L+oly L+oly 5

which is identical to the value of the floating rate payment of the swap. Therefore, the value of
this floating rate payment at any time ¢ < T; — § must be

B/i™? 1
T;
t

(2.21) H <BtTi’5 - BtTi) - H&Bfi%

= HoBI L 0T,

where we have applied (1.9) on page 8. Thus, the value at time ¢ < T; — d of getting H(Sl%ﬂ; at
time T; is equal to H5BtT" LtTﬁ‘s’T", i.e. the unknown future spot rate l%_é in the payoff is replaced
by the current forward rate for LZWF(S’TI' and then discounted by the current riskfree discount factor
B;‘F The value at time ¢t > Ty of all the remaining floating coupon payments can therefore be
written as n
VA= HOB "I s+ H Y BRLTTOTL 4>,
i=1(t)+1

At or before time Ty, the first term is not present, so we get

(2.22) VA= HY BILITT, 1< T

i=1

The value of a payer swap is
Pt _ ‘/tﬂ _ ‘/tﬁx’

while the value of a receiver swap is
Rt — ‘/tﬁx _ ‘/tﬂ-

In particular, the value of a payer swap at or before its starting date Ty can be written as
(2.23) P, = HJ En: B (LtTi*‘S’Ti - K) . t<To,
i=1
using (2.19) and (2.22), or as
(2.24) PtH<[B;FO thTn} zn:K(SB;‘F’), t < To,
i=1

using (2.19) and (2.20). If welet Y; = Kdfori =1,...,n—1 and Y,, = 1+ K0, we can rewrite (2.24)

as

(2.25) P, =H (BtTO - Z}gBP) , t<T.
i=1
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Also note the following relation between a cap, a floor, and a payer swap having the same payment

dates and where the cap rate, the floor rate, and the fixed rate in the swap are all identical:
(2.26) Ce=F+ P,

This follows from the fact that the payments from a portfolio of a floor and a payer swap exactly
match the payments of a cap.

The (equilibrium) swap rate ZN%O prevailing at time Ty for a swap with frequency ¢ and
payments dates T; = Ty + ¢, ¢ = 1,2,...,n, is defined as the unique value of the fixed rate that
makes the present value of a swap starting at Tj equal to zero, i.e. Py, = Rq, = 0. Applying (2.23),

we can write the swap rate as
n T;—8,T; T
Zi:l LT() BT()

T
> By

which can also be written as a weighted average of the relevant forward rates:

s
lTO -

)

n
(2.27) [%0 _ Z wiL%—a,Ti,
i=1

where w; = B%O /3 B%; Alternatively, we can let ¢t = T in (2.24) yielding

n
Pr,=H <1 ~ B — K&ZB%;) :
i=1
so that the swap rate can be expressed as

1— By

2.28 P, = — —To_
. tenLBy

Substituting (2.28) into the expression just above it, the time T value of an agreement to pay a
fixed rate K and receive the prevailing market rate at each of the dates T1,...,T),, can be written

in terms of the current swap rate as

Pr, = H (Z%O(s <zn: B%’é) ~ K§ (zn: B%’g))
=1 =1
- (i B%) s (I, — K) .
i=1

A forward swap (or deferred swap) is an agreement to enter into a swap with a future starting

(2.29)

date Ty and a fixed rate which is already set. Of course, the contract also fixes the frequency, the
maturity, and the notional principal of the swap. The value at time t < Ty of a forward payer
swap with fixed rate K is given by the equivalent expressions (2.23)—(2.25). The forward swap
rate f/f’TD is defined as the value of the fixed rate that makes the forward swap have zero value at
time t. The forward swap rate can be written as

BR_ Bl yn BT

(2:30) L =Ll = T
6 i1 Bl Dt Bl

Note that both the swap rate and the forward swap rate depend on the frequency and the

maturity of the underlying swap. To indicate this dependence, let Zf (n) denote the time ¢ swap
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rate for a swap with payment dates T; =t +id, i = 1,2,...,n. If we depict the swap rate as a
function of the maturity, i.e. the function n — Zf (n) (only defined for n =1,2,...), we get a term
structure of swap rates for the given frequency. Many financial institutions participating in the
swap market will offer swaps of varying maturities under conditions reflected by their posted term
structure of swap rates. In Exercise 2.3, the reader is asked to show how the discount factors B;O

can be derived from a term structure of swap rates.

2.9.2 Swaptions

A European swaption gives its holder the right, but not the obligation, at the expiry date
Ty to enter into a specific interest rate swap that starts at Ty and has a given fixed rate K. No
exercise price is to be paid if the right is utilized. The rate K is sometimes referred to as the
exercise rate of the swaption. We distinguish between a payer swaption, which gives the right to
enter into a payer swap, and a receiver swaption, which gives the right to enter into a receiver
swap.

Let us first focus on a European receiver swaption. At time Ty, the value of a receiver swap

with payment dates T; =Ty + i, i = 1,2,...,n, and a fixed rate K is given by

Ry, = H <Z Y;Byi — 1) :
i=1

where YV; = Ké fori =1,...,n—1 and Y,, = 1 4+ KJ; cf. (2.25). Hence, the time Ty payoff of a

receiver swaption is

n
(2.31) Ry, = max (Rq, — 0,0) = H max (Z VB — 1,0) ,

i=1
which is equivalent to the payoff of H European call options on a bullet bond with face value 1,
n payment dates, a period of § between successive payments, and an annualized coupon rate K.
The exercise price of these options equals the face value 1. The price of a European receiver
swaption must therefore be equal to the price of these call options. In many of the pricing models
we develop in later chapters, we can compute such prices quite easily.

Similarly, a European payer swaption yields a payoff of

n
(2.32) Pr, = max (Pg, — 0,0) = max (—Rq,,0) = H max <1 - Y _YiBJ, 0> .

i=1
This is identical to the payoff from H European put options expiring at T and having an exercise
price of 1 with a bond paying Y; at time T;, ¢ = 1,2,...,n, as its underlying asset.

Alternatively, we can apply (2.29) to express the payoff of a European payer swaption as

(2.33) Pr, = <Z B;%) H max (Z‘}O _ K, o) :
=1
and similarly

Ry, = (Zn: B%;) Hb max (K - Z%O,o)

i=1

for a European receiver swaption.
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Also note that the following payer-receiver parity holds for European swaptions having the

same underlying swap and the same exercise rate:
(234) Pt - Rt = Pt, t < To,

cf. Exercise 2.4. In words, a payer swaption minus a receiver swaption is indistinguishable form a
forward payer swap.

While a large majority of traded swaptions are European, so-called Bermuda swaptions
are also traded. A Bermuda swaption can be exercised at a number of pre-specified dates and,
therefore, resembles an American option. When the Bermuda swaption is exercised, the holder
receives a position in a swap with certain payment dates. Most Bermuda swaptions are constructed
such that the underlying swap has some fixed, potential payment dates 11, ..., T,. If the Bermuda
swaption is exercised at, say, time ¢/, only the remaining swap payments will be effective, i.e. the
payments at date Tjy,...,T,. Later exercise results in a shorter swap. The possible exercise
dates will usually coincide with the potential swap payment dates. Exercise of a Bermuda payer
(receiver) swaption at date T} results in a payoff at that date equal to the payoff of a European payer
(receiver) swaption expiring at that date with a swap with payment dates Tj41,...,T;,. Bermuda
swaptions are often issued together with a given swap. Such a “package” is called a cancellable
swap or a puttable swap. Typically, the Bermuda swaption cannot be exercised over a certain
period in the beginning of the swap. When practitioners talk of, say, a “10 year non call 2 year
Bermuda swaption”, they mean an option on a 10 year swap, where the option at the earliest can
be exercised 2 years into the swap and then on all subsequent payment dates of the swap. A less
traded variant is a constant maturity Bermuda swaption, where the option holder upon exercise

receives a swap with the same time to maturity no matter when the option is exercised.

2.9.3 Exotic swap instruments

The following examples of exotic swap market products are adapted from Musiela and Rutkowski
(1997) and Hull (2003):

e Float-for-floating swap: Two floating interest rates are swapped, e.g. the three-month

LIBOR rate and the yield on a given government bond.

e Amortizing swap: The notional principal is reduced from period to period following a
pre-specified scheme, e.g. so that the notional principle at any time reflects the outstanding

debt on a loan with periodic instalments (as for an annuity or a serial bond).
e Step-up swap: The notional principal increases over time in a pre-determined way.

e Accrual swap: The scheduled payments of one party are only to be paid as long as the
floating rate lies in some interval Z. Assume for concreteness that it is the fixed rate payments
that have this feature. At the swap payment date T; the effective fixed rate payment is then
H§K Ny /Ny, where N is the number of days in the period between T;_; and T;, where the
floating rate l§+6 was in the interval Z, and N5 is the total number of days in the period. The
interval Z may even differ from period to period either in a deterministic way or depending

on the evolution of the floating interest rate so far.
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e Constant maturity swap: At the payment dates a fixed rate is exchanged for the (equi-
librium) swap rate on a swap of a given, constant maturity, i.e. the floating rate is itself a

swap rate.

e Extendable swap: One party has the right to extend the life of the swap under certain

conditions.

e Forward swaption: A forward swaption gives the right to enter into a forward swap, i.e.

the swaption expires at time t* before the starting date of the swap Ty. The payoff is

Hézmax (i%* fK,O) Bli = (ZB?) Hé max (ig}f - K,O) .
i—1

e Swap rate spread option: The payoff is determined by the difference between (equilibrium)
swap rates for two different maturities. Recall that Z%O (m) denotes the swap rate for a swap
with payment dates T1,...,T,,, where T; = Ty + id. An (m,n)-period European swap rate

spread call option with an exercise rate K yields a payoff at time T{ of
max (l~‘ST0 (m) — ZN%O (n) — K, O) .
The corresponding put has a payoff of
max (K - [[‘75«0 (m) — IN%) (n)} ,O) .

e Yield curve swap: In a one-period yield curve swap one party receives at a given date T' a
swap rate Zﬁ}(m) and pays a rate K + Z%(n), both computed on the basis of a given notional
principal H. A multi-period yield curve swap has, say, L payment dates T4,...,Tr. At

time T} one party receives an interest rate of l~5Tl (m) and pays an interest rate of K + ZN% (n).

In addition, several instruments combine elements of interest rate swaps and currency swaps. For

example, in a differential swap a domestic floating rate is swapped for a foreign floating rate.

2.10 Exercises
EXERCISE 2.1 Show that the no-arbitrage price of a European call on a zero-coupon bond will satisfy
max (o,Bf - KBtT) <ClTS < BS(1- K)

provided that all interest rates are non-negative. Here, T is the maturity date of the option, K is the exercise
price, and S is the maturity date of the underlying zero-coupon bond. Compare with the corresponding
bounds for a European call on a stock, cf. Hull (2003, Ch. 8). Derive similar bounds for a European call

on a coupon bond.
EXERCISE 2.2 Give a proof of the put-call parity for options on coupon bonds in Theorem 2.4.

EXERCISE 2.3 Let lN‘STO(k) be the equilibrium swap rate for a swap with payment dates 71,75, ..., Tk,

where T; = Tp + id as usual. Suppose that l~§s~0(1), R l~§s~0 (n) are known. Find a recursive procedure for
deriving the associated discount factors B;; , B%, ce B;:.

EXERCISE 2.4 Show the parity (2.34). Show that a payer swaption and a receiver swaption (with

identical terms) will have identical prices, if the exercise rate of the contracts is equal to the forward swap
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76T,
rate Ly°.

EXERCISE 2.5 Consider a swap with starting date Tp and a fixed rate K. For t < Tp, show that

Vi jvix = L7 /K| where L™ is the forward swap rate.



Chapter 3

Stochastic processes and stochastic

calculus

In the previous chapter we saw that many interest rate dependent securities cannot be priced
uniquely just by appealing to no-arbitrage arguments. To derive prices and hedging strategies we
have to model the uncertainty about the term structure of interest rates at relevant future dates.
In order to analyze the relation between interest rates and other macroeconomic variables such
as aggregate consumption or production, we also have to take the uncertainty about the future
values of these variables into account. For example, the uncertainty about future consumption will
affect individuals’ supply and demand for bonds and, hence, affect the interest rates set today. In
modern finance, stochastic processes are used to model the evolution of uncertain variables over
time. Therefore, a basic knowledge of stochastic processes and how to do computations involving
stochastic processes is needed in order to understand, evaluate, and develop models of the term
structure of interest rates. This chapter is devoted to a relatively brief introduction to stochastic
processes and the mathematical tools needed to do calculations with stochastic processes, the
so-called stochastic calculus. We will omit many technical details that are not important for a
reasonable level of understanding and focus on processes and results that will become important
in later chapters. For more details and proofs, the reader is referred to the textbooks of @ksendal
(1998) and Karatzas and Shreve (1988).

3.1 Probability spaces

The basic object for studies of uncertain events is a probability space, which is a triple
(Q,F,P). Here, Q is the state space, which is the set of possible states or outcomes of the
uncertain object. For example, if one studies the outcome of a throw of a dice, the state space is
0 =1{1,2,3,4,5,6}. An event is a set of possible outcomes, i.e. a subset of the state space. In
the example with the dice, some events are {1,2,3}, {4,5}, {1, 3,5}, {6}, and {1,2,3,4,5,6}. The
second component of a probability space, F, is the set of events to which a probability can be
assigned, i.e. the set of “probabilizable” events. Hence, F is a set of subsets of the state space! It

is required that
(i) the entire state space can be assigned a probability, i.e. Q € F;

(ii) if some event F' C ) can be assigned a probability, so can its complement F¢ = Q\ F, i.e.

43
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FeF=F°¢eF;and

(iii) given a sequence of probabilizable events, the union is also probabilizable, i.e. Fy, Fy,--- €
F=UZ2F,eF.

Often F is referred to as a sigma-field. The final component of a probability space is a prob-
ability measure P, which formally is a function from the sigma-field F into the interval [0, 1].
To each event F' € F, the probability measure assigns a number P(F) in the interval [0, 1]. This
number is called the P-probability (or simply the probability) of F'. A probability measure must

satisfy the following conditions:
(i) P(Q) =1 and P()) = 0, where () denotes the empty set;

(ii) the probability of the state being in the union of disjoint sets is equal to the sum of the
probabilities for each of the sets, i.e. given Fy, F,--- € F with F; N F; = ) for all i # j, we
have ]P)(Ufile) = Zfil ]P)(FZ)

Many different probability measures can be defined on the same sigma-field, F, of events. In the
example of the dice, a probability measure P corresponding to the idea that the dice is “fair” is
defined by P({1}) = P({2}) = --- = P({6}) = 1/6. Another probability measure, Q, can be defined
by Q({1}) = 1/12, Q({2}) = --- = Q({5}) = 1/6, and Q({6}) = 3/12, which may be appropriate
if the dice is believed to be “unfair”.

Two probability measures P and Q defined on the same state space and sigma-field (Q, F) are
called equivalent if the two measures assign probability zero to exactly the same events, i.e. if
P(A) =0 < Q(A) = 0. The two probability measures in the dice example are equivalent. In the
stochastic models of financial markets switching between equivalent probability measures turns out

to be important.

3.2 Stochastic processes

The state of many systems or objects changes over time in a manner that cannot be predicted
with certainty. This is also true for many economic objects such as stock prices, interest rates,
and exchange rates. Such an object can be described by a stochastic process, which is a family of
random variables with one random variable for each time we observe the state of the object. We
will denote a generic stochastic process by the symbol z, which is then given as a collection (z¢)ieT
of random variables defined on a common probability space (2, F,P). We will only consider real-
valued stochastic process, i.e. all the random variables take values in (a subset of) RX for some
integer K > 1. The set 7 consists of all the points in time at which we care about the state of
the object, which is represented by the value of the process. Associated with a stochastic process

is information about exactly how the state can change over time.

3.2.1 Different types of stochastic processes

A stochastic process for the state of an object at every point in time in a given interval is called
a continuous-time stochastic process. This corresponds to the case where the set 7 takes the
form of an interval [0,7] or [0,00). In contrast a stochastic process for the state of an object at

countably many separated points in time is called a discrete-time stochastic process. This is
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for example the case when 7 = {0,1,2,...,T} or {0,1,2,...}. If the state can take on all values
in a given interval (e.g. all real numbers), the process is called a continuous-variable stochastic
process. On the other hand, if the state can take on countably many separated values, the process
is called a discrete-variable stochastic process.

The investors in the financial markets can trade at more or less any point in time. Due to
practical considerations and transaction costs, no investor will trade continuously. However, with
many investors there will be some trades at almost any point in time, so that prices and interest
rates etc. will also change almost continuously. Therefore, it seems to be a better approximation
of real life to describe such economic variables by continuous-time stochastic processes than by
discrete-time stochastic processes. Continuous-time stochastic processes are in many aspects also
easier to handle than discrete-time stochastic processes. In practice, these economic variables
can only take on countably many values, e.g. stock prices are multiples of the smallest possible
unit (0.01 currency units in many countries), and interest rates are only stated with a given
number of decimals. But since the possible values are very close together, it seems reasonable to
use continuous-variable processes in the modeling of these objects. In addition, the mathematics
involved in the analysis of continuous-variable processes is simpler and more elegant than the
mathematics for discrete-variable processes. In sum, we will use continuous-time, continuous-
variable stochastic processes throughout to describe the evolution in prices and rates. Therefore

the remaining section of this chapter will be devoted to that type of stochastic processes.

3.2.2 Basic concepts

Let us consider a continuous-time, continuous-variable stochastic process & = (2¢)tcr > Where
the random variable x; represents the state or value of the object at time ¢. Here we assume that
we are interested in the state at every point in time in Ry = [0, 00), where time is measured relative
to some given starting time, “time 0.” In this case an outcome is an entire set of values {z|t > 0},
which we will call a (sample) path. A path of a stochastic process is a possible realization of the
evolution of the process over time. The state space ) is the set of all paths. Events are subsets
of Q, i.e. sets of paths. The following are examples of some events: {z; < 10 | for all ¢ < 1},
{z5 > 0}, and {z1 < ay,73/9 > az}. Attached to all possible events is a probability given by a
probability measure P.

We assume, furthermore, that all the random variables x; take on values in the same set S,
which we call the value space of the process. More precisely this means that & is the smallest
set with the property that P({z; € §}) = 1. If S C R, we call the process a one-dimensional,
real-valued process. If S is a subset of RX (but not a subset of RX~1), the process is called a K-
dimensional, real-valued process, which can also be thought of as a collection of K one-dimensional,
real-valued processes. Note that as long as we restrict ourselves to equivalent probability measures,
the value space will not be affected by changes in the probability measure.

As time goes by, we can observe the evolution in the object which the stochastic process
describes. At any given time t', the previous values (2¢).e0,/), Where z; € S, will be known (at
least in the models we consider). These values constitute the history of the process up to time ¢'.

The future values are still stochastic.
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3.2.3 Markov processes and martingales

As time passes we will typically revise our expectations of the future values of the process or,
more precisely, revise the probability distribution we attribute to the value of the process at any
future point in time. Suppose we stand at time ¢ and consider the value of a process x at a future
time ¢’ > t. The distribution of the value of z, is characterized by probabilities P(zy € A) for
subsets A of the value space S. If for all ¢, € Ry with ¢ < ¢’ and all A C S, we have that

P (Z't/ S A ‘ (mS)S€[07t]) = P(xt/ c A | .’Et)7

then z is called a Markov process. Broadly speaking, this condition says that, given the presence,
the future is independent of the past. The history contains no information about the future value
that cannot be extracted from the current value.

Markov processes are often used in financial models to describe the evolution in prices of
financial assets, since the Markov property is consistent with the so-called weak form of market
efficiency, which says that extraordinary returns cannot be achieved by use of the precise historical
evolution in the price of an asset.! If extraordinary returns could be obtained in this manner, all
investors would try to profit from it, so that prices would change immediately to a level where
the extraordinary return is non-existent. Therefore, it is reasonable to model prices by Markov
processes. In addition, models based on Markov processes are often more tractable than models
with non-Markov processes.

A stochastic process is said to be a martingale if, at all points in time, the expected change in
the value of the process over any given future period is equal to zero. In other words, the expected
future value of the process is equal to the current value of the process. Because expectations
depend on the probability measure, the concept of a martingale should be seen in connection with
the applied probability measure. More rigorously, a stochastic process © = (x;);>0 is a P-martingale
if for all ¢ > 0 we have that

Ef [x] =z, forall s>t

Here, Ef denotes the expected value computed under the P-probabilities given the information
available at time ¢, that is, given the history of the process up to and including time t. Sometimes

the probability measure will be clear from the context and can be notationally suppressed.

3.2.4 Continuous or discontinuous paths

We will only consider stochastic processes having paths that are continuous functions of time,
so that one can depict the evolution of the process by a continuous curve. The most fundamental
process with this property is the so-called standard Brownian motion or Wiener process, which
we will describe in detail in the next section. From the standard Brownian motion many other
interesting continuous-path processes can be constructed as we will see in later sections.

Stochastic processes which have paths with discontinuities (jumps) also exist. The jumps of
such processes are often modeled by Poisson processes or related processes. It is well-known that

large, sudden movements in financial variables occur from time to time, for example in connection

IThis does not conflict with the fact that the historical evolution is often used to identify some characteristic

properties of the process, e.g. for estimation of means and variances.
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with stock market crashes. There may be many explanations of such large movements, for example
a large unexpected change in the productivity in a particular industry or the economy in general,
perhaps due to a technological break-through. Another source of sudden, large movements is
changes in the political or economic environment such as interventions by the government or central
bank. Stock market crashes are sometimes explained by the bursting of a bubble (which does not
necessarily conflict with the usual assumption of rational investors). Whether such sudden, large
movements can be explained by a sequence of small continuous movements in the same direction
or jumps have to be included in the models is an empirical question, which is still open.

There are numerous financial models of stock markets that allow for jumps in stock prices, e.g.
Merton (1976) discusses the pricing of stock options in such a framework. On the other hand, there
are only very few models allowing for jumps in interest rates.2 This can be justified empirically by
the observation that sudden, large movements are not nearly as frequent in the bond markets as
in the stock markets. There are also theoretical arguments supporting these findings. In a general
equilibrium model of the economy, Wu (1999) shows among other things that jumps in the overall
productivity of the economy will cause jumps in stock prices, but not in bond prices or interest
rates. Of course, models for corporate bonds must be able to handle the possible default of the
issuing company, which in some cases comes as a surprise to the financial market. Therefore, such
models will typically involve jump processes; see e.g. Lando (1998). In the main part of the text

we will focus on default-free contracts and use continuous-path processes.

3.3 Brownian motions

All the stochastic processes we shall apply in the financial models in the following chapters
build upon a particular class of processes, the so-called Brownian motions. A (one-dimensional)
stochastic process z = (z¢)¢>0 is called a standard Brownian motion, if it satisfies the following

conditions:
(1) zZo = 0,
(ii) for all ¢,¢' > 0 with ¢t <¢': zp — 2z, ~ N(0,¢ — t) [normally distributed increments],

(iii) for all 0 < tg < t; < --- < ty, the random variables z;, — 2¢,, ..., 2, — 2, _, are mutually

independent [independent increments],
(iv) z has continuous paths.

Here N(a,b) denotes the normal distribution with mean a and variance b. A standard Brown-
ian motion is defined relative to a probability measure P, under which the increments have the

properties above. For example, for all ¢t < t’ and all h € R we have that

P <th — Zt < h) o N(h) /h ieﬂﬂ/z da
VU —t N T V2m ’

where N(-) denotes the cumulative distribution function for an N (0, 1)-distributed random stochas-

tic variable. To be precise, we should use the term P-standard Brownian motion, but the probability

2For an example see Babbs and Webber (1994).
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measure is often clear from the context. Note that a standard Brownian motion is a Markov pro-
cess, since the increment from today to any future point in time is independent of the history of
the process. A standard Brownian motion is also a martingale, since the expected change in the
value of the process is zero.

The name Brownian motion is in honor of the Scottish botanist Robert Brown, who in 1828
observed the apparently random movements of pollen submerged in water. The often used name
Wiener process is due to Norbert Wiener, who in the 1920s was the first to show the existence
of a stochastic process with these properties and who initiated a mathematically rigorous analysis
of the process. As early as in the year 1900, the standard Brownian motion was used in a model
for stock price movements by the French researcher Louis Bachelier, who derived the first option
pricing formula.

The defining characteristics of a standard Brownian motion look very nice, but they have some
drastic consequences. It can be shown that the paths of a standard Brownian motion are nowhere
differentiable, which broadly speaking means that the paths bend at all points in time and are
therefore strictly speaking impossible to illustrate. However, one can get an idea of the paths by
simulating the values of the process at different times. If €4,...,¢, are independent draws from a
standard N(0,1) distribution, we can simulate the value of the standard Brownian motion at time

0=tyg <ti <ty <---<t, as follows:

2, = 2, , T ENti —ti—1, 1=1,...,n.

With more time points and hence shorter intervals we get a more realistic impression of the paths
of the process. Figure 3.1 shows a simulated path for a standard Brownian motion over the interval
[0,1] based on a partition of the interval into 200 subintervals of equal length.®> Note that since
a normally distributed random variable can take on infinitely many values, a standard Brownian
motion has infinitely many paths that each has a zero probability of occurring. The figure shows
just one possible path.

Another property of a standard Brownian motion is that the expected length of the path over
any future time interval (no matter how short) is infinite. In addition, the expected number
of times a standard Brownian motion takes on any given value in any given time interval is also
infinite. Intuitively, these properties are due to the fact that the size of the increment of a standard
Brownian motion over an interval of length At is proportional to v/At. When At is close to zero,
VAt is significantly larger than At, so the changes are large relative to the length of the time
interval over which the changes are measured.

The expected change in an object described by a standard Brownian motion equals zero and
the variance of the change over a given time interval equals the length of the interval. This can

easily be generalized. As before let z = (z¢);>0 be a one-dimensional standard Brownian motion

3Most spreadsheets and programming tools have a built-in procedure that generates uniformly distributed num-
bers over the interval [0, 1]. Such uniformly distributed random numbers can be transformed into standard normally
distributed numbers in several ways. One example: Given uniformly distributed numbers U; and Uz, the numbers
e1 and eg defined by
g1 = \/TnUlsin(ZﬂUg), €9 = \/Tnlhcos(%rUg)

will be independent standard normally distributed random numbers. This is the so-called Box-Muller transformation.
See e.g. Press, Teukolsky, Vetterling, and Flannery (1992, Sec. 7.2).
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Figure 3.1: A simulated path of a standard Brownian motion based on 200 subintervals.

and define a new stochastic process = (z);>0 by
(3.1) Ty =20+ put+0oz,, t2>0,

where xg, p, and o are constants. The constant x( is the initial value for the process z. It
follows from the properties of the standard Brownian motion that, seen from time 0, the value z
is normally distributed with mean ut and variance ot, i.e. x; ~ N(ut,o°t).
The change in the value of the process between two arbitrary points in time ¢ and ¢', where
t <t is given by
xpy —xp = pt —t) + o(ze — 2).

The change over an infinitesimally short interval [¢,¢ + At] with At — 0 is often written as
(3.2) dry = pdt + o dz,

where dz; can loosely be interpreted as a N(0,dt)-distributed random variable. To give this a

precise mathematical meaning, it must be interpreted as a limit of the expression
Tipar — Ty = AL+ 0(Ze4a0 — 2t)

for At — 0. The process «x is called a generalized Brownian motion or generalized Wiener
process. The parameter p reflects the expected change in the process per unit of time and is
called the drift rate or simply the drift of the process. The parameter ¢ reflects the uncertainty
about the future values of the process. More precisely, o2 reflects the variance of the change in the
process per unit of time and is often called the variance rate of the process. ¢ is a measure for
the standard deviation of the change per unit of time and is referred to as the volatility of the
process.

A generalized Brownian motion inherits many of the characteristic properties of a standard

Brownian motion. For example, also a generalized Brownian motion is a Markov process, and the



3.3 Brownian motions

50

— sigma =05 — sigma=1.0

Figure 3.2: Simulation of a generalized Brownian motion with 4 = 0.2 and 0 = 0.5 or 0 = 1.0. The

straight line shows the trend corresponding to ¢ = 0. The simulations are based on 200 subintervals.

paths of a generalized Brownian motion are also continuous and nowhere differentiable. However,
a generalized Brownian motion is not a martingale unless y = 0. The paths can be simulated by

choosing time points 0 =ty < t; < --- < t,, and iteratively compute

i:xtifl+U(ti_ti—1)+5i0\/ti_ti—la 1=1,...,n,

where €1,...,¢, are independent draws from a standard normal distribution. Figures 3.2 and 3.3

Tt

show simulated paths for different values of the parameters p and o. The straight lines represent
the deterministic trend of the process, which corresponds to imposing the condition ¢ = 0 and
hence ignoring the uncertainty. Both figures are drawn using the same sequence of random numbers
€, so that they are directly comparable. The parameter u determines the trend, and the parameter
o determines the size of the fluctuations around the trend.

If the parameters p and o are allowed to be time-varying in a deterministic way, the process
x is said to be a time-inhomogeneous generalized Brownian motion. In differential terms such a

process can be written as defined by
(3.3) dxy = p(t) dt + o(t) dz.

Over a very short interval [t, ¢+ At] the expected change is approximately p(¢)At, and the variance
of the change is approximately o(t)?At. More precisely, the increment over any interval [t,t'] is

given by

(3.4) Ty — Ty = /ttl p(u) du + /tt/ o(u) dzy.
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—— sigma=0.5 — sigma =1.0

Figure 3.3: Simulation of a generalized Brownian motion with 4 = 0.6 and ¢ = 0.5 or 0 = 1.0. The

straight line shows the trend corresponding to ¢ = 0. The simulations are based on 200 subintervals.

The last integral is a so-called stochastic integral, which we will define and describe in a later
section. There we will also state a theorem, which implies that, seen from time ¢, the integral

ftt o(u)dz, is a normally distributed random variable with mean zero and variance ftt o(u)? du.

3.4 Diffusion processes

For both standard Brownian motions and generalized Brownian motions, the future value is
normally distributed and can therefore take on any real value, i.e. the value space is equal to R.
Many economic variables can only have values in a certain subset of R. For example, prices of
financial assets with limited liability are non-negative. The evolution in such variables cannot be
well represented by the stochastic processes studied so far. In many situations we will instead use
so-called diffusion processes.

A (one-dimensional) diffusion process is a stochastic process © = (z)¢>o for which the change

over an infinitesimally short time interval [¢,¢ + dt] can be written as
(3.5) dxy = p(ze, t) dt + o(xe, t) dze,

where z is a standard Brownian motion, but where the drift u and the volatility o are now functions

4

of time and the current value of the process.* This expression generalizes (3.2), where u and o

were assumed to be constants, and (3.3), where p and o were functions of time only. An equation

4For the process x to be mathematically meaningful, the functions p(x,t) and o(x,t) must satisfy certain condi-
tions. See e.g. @ksendal (1998, Ch. 7) and Duffie (2001, App. E).
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like (3.5), where the stochastic process enters both sides of the equality, is called a stochastic
differential equation. Hence, a diffusion process is a solution to a stochastic differential equation.

If both functions p and ¢ are independent of time, the diffusion is said to be time-homo-
geneous, otherwise it is said to be time-inhomogeneous. For a time-homogeneous diffusion
process, the distribution of the future value will only depend on the current value of the process
and how far into the future we are looking — not on the particular point in time we are standing
at. For example, the distribution of x;,s given x; = x will only depend on x and §, but not on ¢.
This is not the case for a time-inhomogeneous diffusion, where the distribution will also depend
on t.

In the expression (3.5) one may think of dz; as being N (0, dt)-distributed, so that the mean

and variance of the change over an infinitesimally short interval [¢, ¢ + dt] are given by
Ei[dxy] = p(zy, t) dt, Var,[dz,] = o (x4, t)* dt,

where E; and Var; denote the mean and variance, respectively, conditionally on the available
information at time ¢ (the history up to and including time t). To be more precise, the change in

a diffusion process over any interval [¢,t'] is
t’ t’
(3.6) Ty — Ty = / (X, w) du —l—/ 0 (zy, u) dzy,
t t

where f tt o(xy,u) dz, is a stochastic integral, which we will discuss in Section 3.6. However, we

will continue to use the simple and intuitive differential notation (3.5). The drift rate p(x,t) and

2

the variance rate o(x,t)* are really the limits

. E, [$t+At - xt]
= 1 _—
Ao At ’
V: _
o(xy, t)2 = Al‘iin0 At [l‘tgtAt 7]

;U'(xta t)

A diffusion process is a Markov process as can be seen from (3.5), since both the drift and the
volatility only depend on the current value of the process and not on previous values. A diffusion
process is not a martingale, unless the drift u(xy,t) is zero for all x; and ¢. A diffusion process
will have continuous, but nowhere differentiable paths. The value space for a diffusion process and
the distribution of future values will depend on the functions p and ¢. In Section 3.8 we will give
some important examples of diffusion processes, which we shall use in later chapters to model the

evolution of some economic variables.

3.5 Ito processes

It is possible to define even more general processes than those in the class of diffusion processes.
A (one-dimensional) stochastic process x; is said to be an Ité process, if the local increments are

on the form
(3.7 dry = py dt + oy dzy,

where the drift g and the volatility o themselves are stochastic processes. A diffusion process is the

special case where the values of the drift y; and the volatility o; are given by ¢ and x;. For a general
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1t6 process, the drift and volatility may also depend on past values of the x process. It follows
that It6 processes are generally not Markov processes. They are generally not martingales either,
unless p; is identically equal to zero (and o, satisfies some technical conditions). The processes p
and o must satisfy certain regularity conditions for the x process to be well-defined. We will refer
the reader to QOksendal (1998, Ch. 4). The expression (3.7) gives an intuitive understanding of the

evolution of an Ito process, but it is more precise to state the evolution in the integral form

t’ t’
(3.8) Ty — Ty = / e du + / Oy dzy,
t t

where the last term again is a stochastic integral. Ito processes that are not diffusion processes are

used in some models of the term structure of interest rates, see e.g. Chapters 10 and 11.

3.6 Stochastic integrals
3.6.1 Definition and properties of stochastic integrals

In (3.6) and (3.8) and similar expressions a term of the form ftt/ oy dz, appears. An integral
of this type is called a stochastic integral or an Ito integral. We will only consider stochastic
integrals where the “integrator” z is a Brownian motion, although stochastic integrals involving
more general processes can also be defined. For given ¢ < ¢/, the stochastic integral |, tt/ oy dz, is a
random variable. Assuming that o, is known at time u, the value of the integral becomes known
at time t'. The process o is called the integrand. The stochastic integral can be defined for very
general integrands. The simplest integrands are those that are piecewise constant. Assume that
there are points in time t =ty < t; < --- < t,, = t/, so that o, is constant on each subinterval
[ti, ti+1). The stochastic integral is then defined by

t n—1
(39) / oudzy = Z Ot, (Zti+1 - Zti) :
t i=0

If the integrand process o is not piecewise constant, a sequence of piecewise constant processes
oM @) . exists, which converges to o. For each of the processes o™, the integral ftt/ O'&m) dzy,
is defined as above. The integral ftt/ 0y dz, is then defined as a limit of the integrals of the
approximating processes:

t t
(3.10) / oudz, = lim o™ dz,.
t

m—00 t

We will not discuss exactly how this limit is to be understood and which integrand processes we can
allow. Again the interested reader is referred to Qksendal (1998). The distribution of the integral
/, tt/ 0y dz, will, of course, depend on the integrand process and can generally not be completely
characterized, but the following theorem gives the mean and the variance of the integral:

Theorem 3.1 The stochastic integral ftt oy dz, has the following properties:

t/
E; / oudzy | =0,
t
t, t/
/ Ou dzu] z/ Eq[o?] du.
t t

Vart
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If the integrand is a deterministic function of time, o(u), the integral will be normally dis-
tributed, so that the following result holds:

Theorem 3.2 If z is a Brownian motion, and o(u) is a deterministic function of time, the random

variable f: o(u) dzy, is normally distributed with mean zero and variance f: o(u)? du.

Proof: We present a sketch of the proof. Dividing the interval [¢,¢'] into subintervals defined by

the time points t =ty < t; < --- < t,, = t/, we can approximate the integral with the sum

t/
/ o(u) dzy =~ o(t;) (Ztiﬂ - Zt) .
. ;

The increment of the Brownian motion over any subinterval is normally distributed with mean
zero and a variance equal to the length of the subinterval. Furthermore, the different terms in
the sum are mutually independent. It is well-known that a sum of normally distributed random
variables is itself normally distributed, and that the mean of the sum is equal to the sum of the
means, which in the present case yields zero. Due to the independence of the terms in the sum,

the variance of the sum is also equal to the sum of the variances, i.e.
n—1 n—1
Var (Z o(ti) (2tiy — Zn)) = Z o(ti)(tip1 — i),
i=0 i=0

which is an approximation of the integral f: o(u)? du. The result now follows from an appropriate

limit where the subintervals shrink to zero length. a

Note that the process y = (yi)1>0 defined by y, = fot 0y dzy i a martingale, since

t/
Etlyr] = E¢ / oy dzy
0

t t
=E; / Oy A2y + / Oy A2y
/0 t
- t t/
= Et / Oy dZu:| + Et / Oy dZu
0 t

t
= / oy dzy,
0

= Yt

| ES—

so that the expected future value is equal to the current value.

3.6.2 Leibnitz’ rule for stochastic integrals

Leibnitz’ differentiation rule for ordinary integrals is as follows: If f(t,s) is a deterministic
function, and we define Y (t) = ftT f(t,s)ds, then

T
Y’(t):—f(t,t)+/t %(t,s) ds.
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If we use the notation Y’ (t) = 4* and % = Z—J;, we can rewrite this result as

T
dY = —f(t,t) dt + (/ %(t,s) ds> dt,

and formally cancelling the di-terms, we get

T
dY = —f(t,t) dt—l—/ df (t, s) ds.

We will now consider a similar result in the case where f(¢,s) and, hence, Y (t) are stochastic

processes. We will make use of this result in Chapter 10 (and only in that chapter).

Theorem 3.3 For any s € [to, T], let f* = (f{)ie[ty,s) be the Ité process defined by the dynamics
dff = of dt + 5] dz,

where o and (3 are sufficiently well-behaved stochastic processes. Then the dynamics of the stochas-
tic process Yy = ftT fi ds is given by

T T
</ fot ds) — fi| dt+ (/ B; ds) dz.
t t

Since the result is usually not included in standard textbooks on stochastic calculus, a sketch

dy; =

of the proof is included. The proof applies the generalized Fubini-rule for stochastic processes,
which was stated and demonstrated in the appendix of Heath, Jarrow, and Morton (1992). The
Fubini-rule says that the order of integration in double integrals can be reversed, if the integrand

is a sufficiently well-behaved function — we will assume that this is indeed the case.

Proof: Given any arbitrary 1 € [to,T]. Since

t1 t1
I =f +/ oy dt—|—/ By dzs,
to

to

T T t1 T t1
Y, = ftSO ds +/ {/ o dt} ds +/ {/ G; dzt:| ds
t1 t1 to ty to
T 2 T ty T
:/ fi ds / / af ds dt—l—/ / B ds| dz
t1 to t1 to ty
ty [ T 1 tn [ T i
:YtO—i—/ / af ds dt+/ / Y ds| dz
to L t i to L t .
t1 t1 t1 t1 t1
- fodsf/ {/ o; ds dtf/ [/ 6fds} dzy
to to t i to t
t1 [ T ] t [ T i
=Y —|—/ / ajds| dt+ / / B ds| dz
to |/t | to |/t ]
th t1 s ti [ s
_ ffg ds — / {/ o dt] ds — / / jors dzt] ds
to to to to LJto
t1 T t T 1 t1
:YtOJr/ / o ds dt+/ / B ds dZt*/ I35 ds
to t to t ] to

t1 T t1 T
:Yto—|—/ [(/ afds)—ftt dt+/ [/ ﬂfds] dz,
to t to t

we get
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where the Fubini-rule was employed in the second and fourth equality. The result now follows from

the final expression. O

3.7 Ito’s Lemma

In our dynamic models of the term structure of interest rates, we will take as given a stochas-
tic process for the dynamics of some basic quantity such as the short-term interest rate. Many
other quantities of interest will be functions of that basic variable. To determine the dynamics of
these other variables, we shall apply It6’s Lemma, which is basically the chain rule for stochastic
processes. We will state the result for a function of a general It6 process, although we will most

frequently apply the result for the special case of a function of a diffusion process.

Theorem 3.4 Let © = (x)>0 be a real-valued Ité process with dynamics
d{L’t = Ut dt + oy dZt,

where p and o are real-valued processes, and z is a one-dimensional standard Brownian motion. Let
g(x,t) be a real-valued function which is two times continuously differentiable in x and continuously

differentiable in t. Then the process y = (yi)i>0 defined by

Yyt = g(w1,1)
is an Ito-process with dynamics
0 0 162 0
(3.11) dy, = <a?(:ct,t) + %(xt,t)ut + 2(%5(%003) dt + %(xt,t)at dz.

The proof is based on a Taylor expansion of g(xy,t) combined with appropriate limits, but a
formal proof is beyond the scope of this book. Once again, we refer to Oksendal (1998, Ch. 4)
and similar textbooks. The result can also be written in the following way, which may be easier

to remember:
2

dg dg 1 9% 2
(3.12) dy; = E(xt’t) dt + B_x(xt’t) dry + Qﬁ(l‘t,ﬂ(dﬂﬁt) .
Here, in the computation of (dz;)?, one must apply the rules (dt)? = dt - dz; = 0 and (dz;)? = dt,
so that

(dl't)2 = (,LLt dt + o dZt)2 = N?(dt)2 -+ 2‘Ll,t0't dt - dZt + O'tz(dzt)2 = O't2 dt.

The intuition behind these rules is as follows: When dt is close to zero, (dt)? is far less than
dt and can therefore be ignored. Since dz; ~ N(0,dt), we get E[dt - dz¢] = dt - E[dz;] = 0 and
Var[dt - dz;] = (dt)? Var[dz;] = (dt)3, which is also very small compared to dt and is therefore
ignorable. Finally, we have E[(dz;)?] = Var[dz] — (E[dz])? = dt, and it can be shown that®
Var|(dz;)?] = 2(dt)?. For dt close to zero, the variance is therefore much less than the mean, so
(dz;)? can be approximated by its mean dt.

In Section 3.8, we give examples of the application of It6’s Lemma. We will use It6’s Lemma
extensively throughout the rest of the book. It is therefore important to be familiar with the way

it works. It is a good idea to train yourself by doing the exercises at the end of this chapter.

5This is based on the computation Var[(z¢at —2t)?] = E[(z¢4+ a1 —2¢)*]— (E[(2t4at — Zt)2])2 =3(At)2—(A1)? =
2(At)? and a passage to the limit.
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— sigma = 0.2 — sigma = 0.5

Figure 3.4: Simulation of a geometric Brownian motion with initial value g = 100, relative drift rate
© = 0.1, and a relative volatility of ¢ = 0.2 and o0 = 0.5, respectively. The smooth curve shows the
trend corresponding to o = 0. The simulations are based on 200 subintervals of equal length, and the

same sequence of random numbers has been used for the two o-values.

3.8 Important diffusion processes

In this section we will discuss particular examples of diffusion processes that are frequently

applied in modern financial models, as those we consider in the following chapters.

3.8.1 Geometric Brownian motions

A stochastic process & = (z¢)¢>0 is said to be a geometric Brownian motion if it is a solution

to the stochastic differential equation
(3.13) dry = pxe dt + oxy dzy,

where p and o are constants. The initial value for the process is assumed to be positive, g > 0.
A geometric Brownian motion is the particular diffusion process that is obtained from (3.5) by

inserting p(x¢,t) = pxy and o(x¢,t) = oxy. Paths can be simulated by computing
Ty, =X,y pag, (G —tio1) + 0wy, g5/t —ti1.

Figure 3.4 shows a single simulated path for ¢ = 0.2 and a path for ¢ = 0.5. For both paths we
have used p = 0.1 and zg = 100, and the same sequence of random numbers.

The expression (3.13) can be rewritten as

d
o = pdt + odz,
Tt
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which is the relative (percentage) change in the value of the process over the next infinitesimally
short time interval [¢,t + dt]. If x; is the price of a traded asset, then dx;/x; is the rate of return
on the asset over the next instant. The constant p is the expected rate of return per period, while
o is the standard deviation of the rate of return per period. In this context it is often p which is
called the drift (rather than px;) and o which is called the volatility (rather than ox;). Strictly
speaking, one must distinguish between the relative drift and volatility (¢ and o, respectively) and
the absolute drift and volatility (uz; and ox;, respectively). An asset with a constant expected rate
of return and a constant relative volatility has a price that follows a geometric Brownian motion.
For example, such an assumption is used for the stock price in the famous Black-Scholes-Merton
model for stock option pricing, cf. Section 5.7, and a geometric Brownian motion is also used
to describe the evolution in the short-term interest rate in some models of the term structure of
interest rate, cf. Section 7.6.

Next, we will find an explicit expression for x;, i.e. we will find a solution to the stochastic
differential equation (3.13). We can then also determine the distribution of the future value of
the process. We apply It6’s Lemma with the function g(z,t) = Inz and define the process y; =

g(x¢,t) = Inzy. Since

dg 1 0%g 1
G_x(xt7t)_x_t’ @(xt,t)——z—%,

0
a—i(l't,t) = O,

we get from Theorem 3.4 that
1 11 1 1
dy; = (O + —pxy — 202$%> dt + —oxs dzy = (M — 02> dt +odz;.
Tt 2 3 Tt 2

Hence, the process y; = Inx; is a generalized Brownian motion. In particular, we have

1
Yo — Yt = </”L N 202> (t' —t) +o(ze — 20),

which implies that

1
Inzy =Ilnz, + (u - 202> ' —t)+o(ze — 21).

Taking exponentials on both sides, we get

(3.14) Ty = Ty exp { (u - %oﬁ) (t'—t)+ oz — zt)} .

This is true for all # > ¢ > 0. In particular,

1
Tt xoexp{(,u 202> t+0zt}.

Since exponentials are always positive, we see that x; can only have positive values, so that the
value space of a geometric Brownian motion is § = (0, c0).

Suppose now that we stand at time ¢ and have observed the current value x; of a geometric
Brownian motion. Which probability distribution is then appropriate for the uncertain future
value, say at time t'? Since zy — 2z ~ N(0,t' —t), we see from (3.14) that the future value z
(given z;) will be lognormally distributed. The probability density function for x4 (given ;) is

given by
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and the mean and variance are

Et[SEt/] — xteli(t’_t)7

Vari[zy] = x?em(t’_t) [e"?(t'—t) _ 1} 7

cf. Appendix A.
The geometric Brownian motion in (3.13) is time-homogeneous, since neither the drift nor the
volatility are time-dependent. We will also make use of the time-inhomogeneous variant, which is

characterized by the dynamics
(3.15) dxy = p(t)xy dt + o(t)xs dze,

where p and ¢ are deterministic functions of time. Following the same procedure as for the time-

homogeneous geometric Brownian motion, one can show that the inhomogeneous variant satisfies

(3.16) Ty = Xy €XP {/tt/ (u(u) - %O’(U)Q) du + /tt/ o(u) dzu} .

According to Theorem 3.2, f: o(u)dz, is normally distributed with mean zero and variance
/, tt o(u)? du. Therefore, the future value of the time-inhomogeneous geometric Brownian motion

is also lognormally distributed. In addition, we have

Et[l't/] = xteftt p(u) du

)

Vary[zy] = z7e” J n(w) du (eftt o(w)? du. _ 1) .

3.8.2 Ornstein-Uhlenbeck processes

Another stochastic process we shall apply in models of the term structure of interest rate
is the so-called Ornstein-Uhlenbeck process. A stochastic process & = (x¢)i>0 is said to be an

Ornstein-Uhlenbeck process, if its dynamics is of the form
(3.17) dxy = [p — kxy] dt + B dz,
where ¢, (3, and k are constants with x > 0. Alternatively, this can be written as
(3.18) dry = K [0 — x4] dt + Bdz,

where § = ¢/k. An Ornstein-Uhlenbeck process exhibits mean reversion in the sense that the drift
is positive when z; < 6 and negative when x; > 6. The process is therefore always pulled towards
a long-term level of §. However, the random shock to the process through the term [dz; may
cause the process to move further away from 6. The parameter x controls the size of the expected
adjustment towards the long-term level and is often referred to as the mean reversion parameter
or the speed of adjustment.

To determine the distribution of the future value of an Ornstein-Uhlenbeck process we proceed
as for the geometric Brownian motion. We will define a new process y; as some function of z;

such that y = (y+)i>0 is a generalized Brownian motion. It turns out that this is satisfied for
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y: = g(x4,t), where g(x,t) = e"x. From [t6’s Lemma we get

2

_|% 99 _ 197 2 99
dy; = 5t (2, ) + 9 (z4,1) (0 — KTy) + 5 92 (¢, 1) 37| dt + 9 (x4, t)Bdzs

= [ﬁe’”xt + et (¢ — mct)] dt + e 3 dz
= et dt + Bet dz.

This implies that
t t
Yy = Y + / we™ du + / Be % dz,.
t t

/ .
®t" we arrive at the

After substitution of the definition of y; and ¥y, and a multiplication by e~
expression

’

t t
Ty = e_K(tl_t)xt _|_/ @e—ﬂ(t’—u) du+/ ﬁe—ﬂ(t’—u) dz
(3.19) : ‘

t/
= 6,,{@/4)% +6 (1 — e*”(tlft)) + / ﬂef’i(t/*“) dzy,.
t

This holds for all ¢ > ¢ > 0. In particular, we get that the solution to the stochastic differential

equation (3.17) can be written as
¢
(3.20) xp=e "ry+0 (1 — e_’“) + / ﬂe_”(t_“) dz,.
0

According to Theorem 3.2, the integral f:/ Be=r(t'=w) 4z, is normally distributed with mean
zero and variance ftt B2e=2m(t'—w) gy = % (1 — 6’2"‘“/4)). We can thus conclude that zy (given

x¢) is normally distributed, with mean and variance given by

(3.21) E¢[zy] = e "Wy 49 (1 — efn(tlft)) ,

_ 52 —2rk(t —t)
(3.22) Var[zy] = o (1 —e ) .

The value space of an Ornstein-Uhlenbeck process is R. For ¢’ — oo, the mean approaches 6,
and the variance approaches (32/(2x). For k — oo, the mean approaches #, and the variance
approaches 0. For x — 0, the mean approaches the current value x;, and the variance approaches
B2(t' —t). The distance between the level of the process and the long-term level is expected to be
halved over a period of ¢’ — t = (In2)/k, since E¢[zy] — 6 = (x; — 0) implies that e=**'~t) = 1
and, hence, t' —t = (In2) /x.

The effect of the different parameters can also be evaluated by looking at the paths of the

process, which can be simulated by

Ty, = Ty, + H[(g — xtifl](ti — tifl) + Bei/ti —ti_1.

Figure 3.5 shows a single path for different combinations of xg, x, 6, and . In each sub-figure one
of the parameters is varied and the others fixed. The base values of the parameters are xg = 0.08,
# =008, £ =1n2 = 0.69, and 3 = 0.03. All paths are computed using the same sequence
of random numbers €1,...,&, and are therefore directly comparable. None of the paths shown

involve negative values of the process, but other paths will, see e.g. Figure 3.6. As a matter of
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Figure 3.5: Simulated paths for an Ornstein-Uhlenbeck process. The basic parameter values are
o0 =60=0.08, k =In2 = 0.69, and 3 = 0.03.

fact, it can be shown that an Ornstein-Uhlenbeck process with probability one will sooner or later
become negative.
We will also apply the time-inhomogeneous Ornstein-Uhlenbeck process, where the constants

@ and ( are replaced by deterministic functions:
(3.23) dxy = [p(t) — kxe] dt + B(t) dzy = K [0(t) — x¢] dt + B(t) dz:.

Following the same line of analysis as above, it can be shown that the future value x4 given x; is

normally distributed with mean and variance given by

t/
(324) Et [.’L‘t/] = e_ﬂ(t,_t)xt + / w(u)e_n(t/_u) du,
t

t/
(3.25) Var[oy] = / Blu)2e25E =) gy,
t

One can also allow x to depend on time, but we will not make use of that extension.
One of the earliest (but still frequently applied) dynamic models of the term structure of interest

rates is based on the assumption that the short-term interest rate follows an Ornstein-Uhlenbeck
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process, cf. Section 7.4. In an extension of that model, the short-term interest rate is assumed to

follow a time-inhomogeneous Ornstein-Uhlenbeck process, cf. Section 9.4.

3.8.3 Square root processes

Another stochastic process frequently applied in term structure models is the so-called square
root process. A one-dimensional stochastic process * = (x¢);>0 is said to be a square root

process, if its dynamics is of the form

(3.26) day = [ — kxy] dt + By/xedze = K [0 — x4¢] dt + B\/xt dz,

where ¢ = k0. Here, ¢, 0, 3, and k are positive constants. We assume that the initial value of the
process xg is positive, so that the square root function can be applied. The only difference to the
dynamics of an Ornstein-Uhlenbeck process is the term /z; in the volatility. The variance rate
is now 32, which is proportional to the level of the process. A square root process also exhibits
mean reversion.

A square root process can only take on non-negative values. To see this, note that if the value
should become zero, then the drift is positive and the volatility zero, and therefore the value of the
process will with certainty become positive immediately after (zero is a so-called reflecting barrier).
It can be shown that if 2 > 32, the positive drift at low values of the process is so big relative
to the volatility that the process cannot even reach zero, but stays strictly positive.® Hence, the
value space for a square root process is either S = [0,00) or § = (0, 0).

Paths for the square root process can be simulated by successively calculating

;=T K[Q - xti—l}(ti - ti—l) + 6\/ Tt;_1€i/ ti —ti-1.

Tt

Variations in the different parameters will have similar effects as for the Ornstein-Uhlenbeck pro-
cess, which is illustrated in Figure 3.5. Instead, let us compare the paths for a square root process
and an Ornstein-Uhlenbeck process using the same drift parameters x and 8, but where the (-
parameter for the Ornstein-Uhlenbeck process is set equal to the -parameter for the square root
process multiplied by the square root of 8, which ensures that the processes will have the same
variance rate at the long-term level. Figure 3.6 compares two pairs of paths of the processes. In
part (a), the initial value is set equal to the long-term level, and the two paths continue to be
very close to each other. In part (b), the initial value is lower than the long-term level, so that
the variance rates of the two processes differ from the beginning. For the given sequence of ran-
dom numbers, the Ornstein-Uhlenbeck process becomes negative, while the square root process of
course stays positive. In this case there is a clear difference between the paths of the two processes.

Since a square root process cannot become negative, the future values of the process cannot be
normally distributed. In order to find the actual distribution, let us try the same trick as for the

Ornstein-Uhlenbeck process, that is we look at y; = e*tz;. By Itd’s Lemma,

dy; = ke xpdt + e (o — Kay) dt + e’“tﬂ\/x_t dzy
= et dt + B\ /x4 dz,

6To show this, the results of Karlin and Taylor (1981, p. 226ff) can be applied.
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-0.02

— Ou —— sq root
(a) Initial value zo = 0.08, same random numbers (b) Initial value zg = 0.06, different random num-

as in Figure 3.5 bers

Figure 3.6: A comparison of simulated paths for an Ornstein-Uhlenbeck process and a square root
process. For both processes, the parameters § = 0.08 and x = In2 &~ 0.69 are used, while [ is set to
0.03 for the Ornstein-Uhlenbeck process and to 0.03/+/0.08 ~ 0.1061 for the square root process.

so that
Y = Yt + / @eﬁu du + / ﬁem‘ V Ly dzu
Computing the ordinary integral and substituting the definition of y, we get

t/
(3.27) Ty = Jctef"(tlft) + % (1 — efn(tlft)) + ﬂ/ efn(t/fu)\/xu dzy.
t

Since z enters the stochastic integral we cannot immediately determine the distribution of z4 given
x; from this equation. We can, however, use it to obtain the mean and variance of x;/. Due to the

fact that the stochastic integral has mean zero, cf. Theorem 3.1, we easily get
(3.28) Eizy] = e g, 40 (1 - e_“(t,_t)) = % + (z — @) e D),

To compute the variance we apply the second equation of Theorem 3.1:

Var;[zy] = Var

tl
ﬂ/ —k(t' —u) /_xu qu;|
—2n(t —u) E, [xu] du

/ —25(t —u) H + (-rt _ <P> e—f@(u—f,)) du

2 t’
/ 672n(t —u) du + = ( f) 672nt +nt/ e du
K K P
(1 o—2r(t —t)) n 5_2 (xt _ f) (e—n(t’—t) _ e—2r;(t/_t))
2 K K
(e k(' —t) _ —2H(t,—t)) + ﬁ_Qe (1 _ e—n(t’—t))2
2K

\““
AS)

NE

Qm

(3.29)
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Note that the mean is identical to the mean for an Ornstein-Uhlenbeck process, whereas the
variance is more complicated for the square root process. For ¢’ — oo, the mean approaches 6,
and the variance approaches 63%/(2k). For k — oo, the mean approaches 6, and the variance
approaches 0. For k — 0, the mean approaches the current value x;, and the variance approaches
B (t' —t).

It can be shown that, given the value z;, the value ;s with ¢’ > ¢ is non-centrally x2-distributed.

More precisely, the probability density function for x4 is

fazt/ |+ ($> = in,b (2037)7

where
2K
c= ,
ﬁ2 (1 _ e—n(t’—t))
b= cxte*“(t/*t),
dp
a = F,

and where f,2 . (-) denotes the probability density function for a non-centrally x2-distributed ran-
dom variable with a degrees of freedom and non-centrality parameter b.

A frequently applied dynamic model of the term structure of interest rates is based on the
assumption that the short-term interest rate follows a square root process, cf. Section 7.5. Since
interest rates are positive and empirically seem to have a variance rate which is positively correlated
to the interest rate level, the square root process gives a more realistic description of interest rates
than the Ornstein-Uhlenbeck process. On the other hand, models based on square root processes

are more complicated to analyze than models based on Ornstein-Uhlenbeck processes.

3.9 Multi-dimensional processes

So far we have only considered one-dimensional processes, i.e. processes with a value space
which is R or a subset of R. Some models in the following chapters will involve multi-dimensional
processes, which have values in (a subset of) RX for some integer K > 1. A multi-dimensional
process can also be considered as a vector of one-dimensional processes. In this section we will
briefly introduce some multi-dimensional processes and a multi-dimensional version of It6’s Lemma.
A note on the notation: vectors are printed in boldface. Matrices are indicated by a double line

under the symbol. We treat all vectors as column vectors. The symbol T denotes transposition,
a
so that e.g. (a,b)" represents the (column) vector (b) If @ is a (column) vector, then a™ is the

corresponding row vector.

A K-dimensional (standard) Brownian motion z = (z1,...,2x)" is a stochastic process
where the individual components z; are mutually independent one-dimensional (standard) Brow-
nian motions. If we let 0 = (0,...,0)T denote the zero vector in R¥ and let I denote the identity
matrix of dimension K x K (the matrix with ones in the diagonal and zeros in all other entries),

then we can write the defining properties of a K-dimensional Brownian motion z as follows:
(1) Zy — 0,

(i) for all t,¢' > 0 with t < t: zp — 2z, ~ N(0, (¢’ — t)I) [normally distributed increments,
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(iii) for all 0 < tg < t; < -+ < ty, the random variables z;, — 2z, ..., 2, — 2¢,_, are mutually

n

independent [independent increments],
(iv) z has continuous paths in RX.

Here, N(a,b) denotes a K-dimensional normal distribution with mean vector a and variance-
covariance matrix b. As for standard Brownian motions, we can also define multi-dimensional
generalized Brownian motions, which simply are vectors of independent one-dimensional general-
ized Brownian motions.

T

A K-dimensional diffusion process x = (z1,...,2x)" is a process with increments of the form

(3.30) dx; = p(x¢,t) dt 4 g (x¢,t) dzq,

where p is a function from R¥ x R, into R¥, and o is a function from RE x R, into the space
of K x K-matrices. As before, z is a K-dimensional standard Brownian motion. The evolution of

the multi-dimensional diffusion can also be written componentwise as

dziy = pi(Xe, t) dt + o3 (x, 1) dzy

(3.31) K
= p;(x¢,t) dt + Zam(xt,t) dzpe, 1=1,..., K,
k=1

where a;(x;,t)7 is the i’th row of the matrix g(x¢,t), and o (x¢,t) is the (4,k)’'th entry (i.e.
the entry in row 4, column k). Since dzy,...,dzx: are mutually independent and all N(0,dt)

distributed, the expected change in the i’th component process over an infinitesimal period is
Et[dl‘it] :,Lti(Xt,t)dt, i=1,...,K,

so that p; can be interpreted as the drift of the i’th component. Furthermore, the covariance

between changes in the ¢’th and the j'th component processes over an infinitesimal period becomes

K K
Covy(dast,dxj) = Covy (Z ok (X, ) dzgt, Z 0j1(x¢,1) dzlt>

k=1 =1

oik(X¢, 1) 01 (x4, 1) Cove(dzpe, dzy)

M=

M= 11
m

Uik(xt7 t)O'jk(Xt, t) dt

o

I
Q

i(x¢e,t)Toj(xe,t)dt, i, j=1,..., K,

where we have applied the usual rules for covariances and the independence of the components
of z. In particular, the variance of the change in the i’th component process of an infinitesimal

period is given by
K
Var[dzi] = Covi(dair, dry) = > ow(xe,t)? dt = |oi(xe, 1) |2 dt, i=1,..., K.
k=1

The volatility of the i’th component is given by ||o;(x¢,¢)||. It is clear from these computations
that the elements of the matrix g (x¢,t) determine all variances and covariances over infinitesimal

periods. Note that the individual component processes are generally not mutually independent
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since the drift and volatility of one component will generally depend on the values of the other

components. Also note that means, variances, and covariances over non-infinitesimal intervals such
s [t,t'] will generally depend on the entire path of the process over this interval.

Finally, we state a multi-dimensional version of It6’s Lemma, where a one-dimensional process

is defined as a function of time and a multi-dimensional process.
Theorem 3.5 Let x = (x;)i>0 be an It6 process in RE with dynamics
dXt = My dt +gt dZt7

which componentwise is equivalent to

K
Ay = pip dt + oy dzy = uitdt—i—ZUiktdzkt, 1=1,.... K,
k=1
where z1,...,2K are independent standard Brownian motions, and p; and o, are well-behaved
stochastic processes.
Let g(x,t) be a real-valued function for which all the derivatives %, ng, and 85_2891_ exist and
% T J
are continuous. Then the process y = (yi)i>0 defined by
Yr = g(x¢, 1)
is also an Ité process with dynamics
dy; = Xt> )+ Z oz, (x¢, ) pie + 5 lel or 8 Xt7t)’Ym dt
(3.32) =
K dg
"’Z Xt, Joie dzig + - +;8_mi(xt’t)aim dzkt,
where we have introduced the notation
Yij = 0i1051 + -+ + 0K 05K,
which is exactly the covariance between the processes x; and x;.
The result can also be written as
(9
(3.33) dy, = =2 (x4, 1) dt + Z o, (%0, ) dvig + 5 ZZ 3o, - (x4, 1) (dae ) (dji )

=1 j=1
where in the computation of (dz;;)(dzj;) one must use the rules (dt)?> = dt - dzy = 0 for all 4,
dzit - dzjy = 0 for i # j, and (dzit)? = dt for all i.
Furthermore, the result can be expressed using vector and matrix notation:
(3.34)

dyg dyg T 1 8%g dg T
dyy = (m(xt,t)Jr <8x(xt’t)) oy + tr< {8 S (xe,t)| g/ ) ) dt+ %(Xt,t) a¢dzy,

where

9 % 9
(X t) fg (Xt7 t) 76:::128912 (Xt, t) e 78112611( (Xt, t)
ts 0%g o o
ag (X t) B I5) 829 (X t) B —311)28931 (Xt7 t) 8_Zg (Xt7 t) e —81’2691}( (Xt, t)
% tsy . 5 6.7}2 1y . . . )
2 (x4, 1)
oz ts

a2 a2 a2
(')J:ngl (Xt7t) Ongzg (Xt7t) te ﬁ(xt’t)
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and tr denotes the trace of a quadratic matrix, i.e. the sum of the diagonal elements. For example,

tr(A) = Zf; Ay

3.10 Change of probability measure

When we represent the evolution of a given economic variable by a stochastic process and discuss
the distributional properties of this process, we have implicitly fixed a probability measure P. For
example, when we use the square-root process x = (z;) in (3.26) for the dynamics of a particular
interest rate, we have taken as given a probability measure P under which the stochastic process
z = (z) is a standard Brownian motion. Since the process x is presumably meant to represent
the uncertain dynamics of the interest rate in the world we live in, we refer to the measure P as
the real-world probability measure. Of course, it is the real-world dynamics and distributional
properties of economic variables that we are ultimately interested in. Nevertheless, it turns out
that in order to compute and understand prices and rates it is often convenient to look at the
dynamics and distributional properties of these variables assuming that the world was different
from the world we live in, e.g. if investors were risk-neutral instead of risk-averse. A different world
is represented mathematically by a different probability measure. Hence, we need to be able to
analyze stochastic variables and processes under different probability measures. In this section we
will briefly discuss how we can change the probability measure.

If the state space 2 has only finitely many elements, we can write it as Q = {w1,...,w,}. As
before, the set of events, i.e. subsets of ), that can be assigned a probability is denoted by F.
Let us assume that the single-element sets {w;}, ¢ = 1,...,n, belong to F. In this case we can
represent a probability measure P by a vector (p1,...,p,) of probabilities assigned to each of the
individual elements:

pi =P{w;}), i=1,...,n.
Of course, we must have that p; € [0,1] and that ), p; = 1. The probability assigned to any
other event can be computed from these basic probabilities. For example, the probability of the

event {wa,wy} is given by

P ({wz;wa}) = P({w2} U{wa}) =P ({wa}) + P ({ws}) = p2 + pa.

Another probability measure Q on F is similarly given by a vector (qi,...,q,) with ¢; € [0,1] and
Z?Zl q¢; = 1. We are only interested in equivalent probability measures. In this setting, the two
measures P and Q will be equivalent whenever p; > 0 < ¢; > 0 for all i = 1,...,n. With a finite
state space there is no point in including states that occur with zero probability so we can assume
that all p;, and therefore all ¢;, are strictly positive.

We can represent the change of probability measure from P to Q by the vector £ = (&1, ...,&,),
where

_ 4%

fi 5 i:l,...7n.
Di

We can think of £ as a random variable that will take on the value &; if the state w; is realized.
Sometimes £ is called the Radon-Nikodym derivative of Q with respect to P and is denoted by
dQ/dP. Note that & > 0 for all i and that the P-expectation of £ is

EP {%] —EP[¢] = Zpifi = sz% - qu' 1
i=1 i=1 i P
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Consider a random variable x that takes on the value z; if state 7 is realized. The expected value

of x under the measure Q is given by

EQz] = Zqz‘mi = ZP;%% = Zpifﬂi = E" [¢a].
i=1 i=1 i=1

Now let us consider the case where the state space €2 is infinite. Also in this case the change from
a probability measure P to an equivalent probability measure Q is represented by a strictly positive
random variable ¢ = dQ/dP with EF [¢] = 1. Again the expected value under the measure Q of a
random variable z is given by E@[z] = E'[¢z].

In our economic models we will model the dynamics of uncertain objects over some time span
[0,T]. For example, we might be interested in determining bond prices with maturities up to
T years. Then we are interested in the stochastic process on this time interval, i.e. x = (x¢):efo,1]-
The state space ) is the set of possible paths of the relevant processes over the period [0,77] so
that all the relevant uncertainty has been resolved at time 7" and the values of all relevant random
variables will be known at time 7. The Radon-Nikodym derivative £ = dQ/dP is also a random
variable and is therefore known at time 7" and usually not before time 7. To indicate this the
Radon-Nikodym derivative is often denoted by &r = %.

We can define a stochastic process & = (&;)sefo, 7] by setting & = E; [dQ/dP]. This definition
is consistent with &r being identical to dQ/dP, since all uncertainty is resolved at time T so that
the time T expectation of any variable is just equal to the variable. Note that the process £ is a

P-martingale, since for any ¢t < t’ < T we have
dQ dQ
5 led =% |15 | 5] | = 5F | ] =

Here the first and the third equalities follow from the definition of £&. The second equality follows
from the law of iterated expectations, which broadly speaking says that the expectation today of
what we expect tomorrow for a given random variable realized later is equal to today’s expectation
of that random variable. This is a very intuitive result. For a more formal statement and proof,
see Oksendal (1998). The following result turns out to be very useful in our dynamic models of he

economy. Let x = (2¢).e[0,7) be any stochastic process. Then we have

(3.35) EQ [z,] = EY ﬁ‘; xt/} .

Suppose that the underlying uncertainty is represented by a standard Brownian motion z = (z¢)
(under the real-world probability measure ), as will be the case in all the models we will consider.
Let A = (At)¢epo,r) be any sufficiently well-behaved stochastic process.”. Here, z and X must have
the same dimension. For notational simplicity, we assume in the following that they are one-
dimensional, but the results generalize naturally to the multi-dimensional case. We can generate

an equivalent probability measure Q* in the following way. Define the process £* = (5;\)%[01] by

t 1 t
(3.36) ft)‘—exp{—/ Asdzs—f/ Agds}.
0 2 0

"Basically, A must be square-integrable in the sense that fOT )\? dt is finite with probability 1 and that \ satisfies
Novikov’s condition, i.e. the expectation EP [exp { % fOT )\f dt}] is finite.
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Then & = 1, ¢* is strictly positive, and it can be shown that ¢* is a P-martingale (see Exer-
cise 3.5)so that EP[f%] = ¢} = 1. Consequently, an equivalent probability measure Q* can be
defined by the Radon-Nikodym derivative

aQ* T 1T,
5 _fT_exp{—/O )\Sdzs—i/o Asds p.

From (3.35), we get that
t 1 t
Ty €XP —/ )\Sdzs—f/ )\gds
t 2 /i

for any stochastic process x = (2¢)e[0,7)- A central result is Girsanov’s Theorem:

A 5/\,
(3.37) EY [z,] =EF [éxt =EF

Theorem 3.1 (Girsanov) The process 2> = (2))ej0,1) defined by
t

(3.38) zt)‘:zt—i-/ Asds, 0<t<T,
0

is a standard Brownian motion under the probability measure Q*. In differential notation,
dz} = dz + N dt.
If © = (x) is an It6-process with dynamics
dry = pydt + o dzy,
then
dzy = ppdt + oy (dz) — A dt) = (e — o4 Ne) dt + 0y d2;

Hence, 1 — o) is the drift under the probability measure Q*, which is different from the drift
under the original measure P unless o or A are identically equal to zero. In contrast, the volatility
remains the same as under the original measure.

In many financial models, the relevant change of measure is such that the distribution under
Q" of the future value of the central processes is of the same class as under the original P measure,

but with different moments. For example, consider the Ornstein-Uhlenbeck process
dry = (p — kxy) dt + o dz

and perform the change of measure given by a constant Ay = A\. Then the dynamics of z under the
measure Q* is given by

day = (¢ — kay) dt + o dz),
where ¢ = ¢ — oA. Consequently, the future values of x are normally distributed both under P
and Q*. From (3.21) and (3.22), we see that the variance of x; (given x;) is the same under Q*
and P, but the expected values will differ (recall that 8 = ¢/k):

B} [oo] = e gy 4+ £ (1— e
ED o] = e 0y 4 £ (12 om0,
K

However, in general, a shift of probability measure may change not only some or all moments of

future values, but also the distributional class.
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3.11 Exercises

EXERCISE 3.1 Suppose x = (x¢) is a geometric Brownian motion, dz¢ = ux: dt + ox¢ dz;. What is the
dynamics of the process y = (y:) defined by y: = (z¢)"? What can you say about the distribution of future

values of the y process?

EXERCISE 3.2 Adapted from Bjork (1998). Define the process y = (y¢) by y: = 2¢, where z = (z) is a

standard Brownian motion. Find the dynamics of y. Show that

t t
yt:6/ zfds+4/ zfdzs.
0 0

Show that E[y;] = E[z{] = 3t?, where E[ ] denotes the expectation given the information at time 0.

EXERCISE 3.3 Adapted from Bjork (1998). Define the process y = (y¢) by y: = e***, where a is a

constant and z = (z) is a standard Brownian motion. Find the dynamics of y. Show that

t t
yt:1+1a2/y5d5+a/ Ys dZs.
2 0 0

Define m(t) = E[y:]. Show that m satisfies the ordinary differential equation

m () = %an(t), m(0) = 1.

Show that m(t) = ¢?’t/2 and conclude that

E [eazt] _ eazt/Z.

EXERCISE 3.4 Consider the two general stochastic processes 1 = (z1¢) and x2 = (z2:) defined by the

dynamics

dzis = pie dt + o1t dzie,
dias = pior dt + peoas dzis + £/ 1 — pioa: dzas,

where z; and z2 are independent one-dimensional standard Brownian motions. Interpret ¢, o, and p;.
Define the processes y = (y:) and w = (w) by y¢+ = z1:x2: and wy = z1¢/w2;. What is the dynamics of
y and w? Concretize your answer for the special case where x1 and x2 are geometric Brownian motions

with constant correlation, i.e. pit = pixit, oit = 0ixit, and py = p with u,, o;, and p being constants.

EXERCISE 3.5 Find the dynamics of the process £* defined in (3.36).



Chapter 4

Asset pricing and term structures:

discrete-time models

4.1 Introduction

Bonds and other fixed income securities have some special characteristics that make them dis-
tinctively different from other financial assets such as stocks and stock market derivatives. However,
in the end, all financial assets serve the same purpose: shifting consumption opportunities through
time and states. Hence, the pricing of fixed income securities follow the same general principles as
the pricing of all other financial assets. In this chapter and the next, we will discuss some important
general concepts and results in asset pricing theory and outline the consequences of these results
for the term structure of interest rate and the pricing of fixed income securities. The fundamental
concepts are arbitrage, state prices, risk-neutral probability measures, and market completeness.
We will also address the important links to individuals’ utility maximization problems and market
equilibrium.

The vast majority of modern term structure models are formulated in continuous time. This
is primarily due to the computational advantages offered by the well-developed tools of stochastic
calculus for continuous-time processes that often leads to relatively simple and explicit expressions
for the quantities we are interested in. However, in order to develop an understanding of the key
concepts and results, it is often preferable first to look at discrete-time models. Hence, in this
chapter we will discuss general asset pricing theory and the term structure of interest rates in
discrete-time models. The next chapter gives a similar analysis for the continuous-time setting.

The simplest discrete-time model with uncertainty is a one-period, finite-state model. In Sec-
tion 4.2 below we will give an introduction to asset pricing in such a framework. Section 4.3
extends the analysis to a multi-period, but still discrete-time, framework. The presentation given
in these sections focuses on the concepts and results of most importance for the term structure of
interest rates. Hence, some issues that are also important for understanding financial economics
are ignored. For example, we do not discuss how asset pricing results can be formulated in terms
of relations between expected returns and “betas”, as is well-known from the Capital Asset Pricing
Model. The ideas and results addressed were originally introduced in papers such as Arrow (1951,
1953, 1970), Debreu (1954), Negishi (1960), and Ross (1978). Some textbook presentations are
given by Huang and Litzenberger (1988), Cochrane (2001), and Duffie (2001). Section 4.4 outlines
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some discrete-time models of the term structure of interest rates. Finally, Section 4.5 offers some

concluding remarks.

4.2 A one-period model

Consider a one-period economy with uncertainty about the state of the economy at the end of
the period. We assume that the state space is Q@ = {1,2,...,S} so that there are S possible states
of which one will be realized at the end of the period. In this setting an event is simply a subset of
2 and F is the collection of all subsets of Q2. Let p; > 0 be the real-world probability that state j
is realized at the end of the period. Of course, we require that p; + ...ps = 1. The vector p =
(p1,...,ps) represents a probability measure P on (2, F). [Although vectors are sometimes written
as row vectors, think of them as column vectors.] Any S-dimensional vector x = (x1,...,2zg) can
be thought of as a one-dimensional, real-valued random variable . The expected value (under the
probability measure P) of a random variable x is E[z] = p-x = Zle p;jx;j, where - is the dot

product between two vectors.

4.2.1 Assets, portfolios, and arbitrage

We assume that N assets are traded. At the end of the period each asset pays a dividend that
may depend on the realized state. Denote the dividend of asset ¢ in state j by D;;. We can represent
all the dividends of the risky assets by the N x S matrix D = [D;;]. The transpose is denoted by
D7. Alternatively, we can think of the dividend of asset i as a random variable D; and gather the
uncertain dividends of all N assets in the N-dimensional random variable D = (D1, ..., Dy). The
current price of asset i is denoted P; and we can gather all the prices in the vector P = (P4, ..., Py).

The agents can trade the assets at the beginning of the period. At the end of the period they
receive the dividends from their positions taken at the beginning of the period. A portfolio is a
combination of positions in different assets. We represent a portfolio by an N-dimensional vector
6 = (61,...,0n) with 0; being the number of units held of asset ¢. The total dividend in state j

from a portfolio 0 is
DY = f: Di;6;.
i=1
The S-dimensional vector of portfolio dividends is D¢ = (DY, ..., Dg), which can be written as
D?=D7e.

We can also think of the portfolio dividend as a random variable D® = 6 - D. Let P? denote the
price of the portfolio 8. We assume that there are no restrictions on the portfolios that investors
may form and that there are no trading costs.

An arbitrage is a portfolio @ satisfying one of the following two conditions:
(i) P? <0 and D% >0,
(i) P? < 0 and D? > 0 with at least one strictly positive element, i.e. D¢ > 0 for some
je{1,...,S}.

An arbitrage offers something for nothing. This is clearly attractive to any greedy investor. There-

fore, a market with arbitrage cannot be a market in equilibrium. We want to characterize prices
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that do not admit arbitrage. An consequence of absence of arbitrage is that prices are linear, i.e.

the price of a portfolio is given by
N
PP=>"0,P,=6-P.
i=1

This result is sometimes referred to as the law of one price. To see that this relation is implied by
absence of arbitrage, suppose that P < @ - P. Then an arbitrage can be formed by purchasing
the portfolio 8 and, for each j = 1,...,5 selling 6, units of asset j at a unit price of P;. The
end-of-period net dividend from this position will be zero no matter which state is realized. The
total initial price of the position is P? —@-P, which is negative. Hence, in the absence of arbitrage,

we cannot have that P® < @-P. The inequality P® > 6-P can be ruled out by a similar argument.

4.2.2 Investors

We consider an economy with a single perishable consumption good. All assets pay out in
units of the consumption good, i.e. we look at a real economy. Consider an individual who has
some initial endowment of eg consumption goods and is endowed with some state-dependent end-
of-period income of e; consumption goods, j = 1,...,5. At the beginning of the period he invests

in some portfolio @ such that his end-of-period consumption in state j will be

N
Cj = ej + Dje = 6]' + ZDUQZ
i=1
After paying for the portfolio, the agent is left with a consumption at the beginning of the period
of

N
cO:eofPG:eonGiPi.
i=1

Let us write (cp,c) for the consumption plan, where ¢ denotes the state-dependent future con-
sumption. We assume that the preferences of the individual is represented by a utility function
U:Ry x Ri — R with Ul(eg,¢) = U(co,c1,---,cs) denoting the utility of the consumption plan
(co, €).

We assume that the investor is greedy, i.e. U is strictly increasing in all arguments. The utility

maximization problem can now be stated as

max Ul(cg,cq,...,C5)
01,...,0N
N
s.t. Cj:€j+D?:6j+ZDij0i7 jil,...,S7
=1

N
co =€y — E 0; P;,
i1

Co,C1,y---,¢5 > 0.

If an arbitrage portfolio 8 existed, the investor could increase either the current consumption or the
future consumption (in some state(s)) without violating the budget constraints by acquiring k6.
There will be no finite solution to the utility maximization problem. Hence, we assume absence of

arbitrage. Furthermore, assume that the non-negativity constraint on consumption is not binding
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and that U is concave such that we can focus on first-order conditions. The first order condition

for 6; is
S S
oU oU .
(41) —Pla—co—f—ZaTszo <~ Z lj7 221,...7N.
=1 "7 =1
Here the marginal utilities 8—U, j=0,1,...,8, are to be evaluated at the optimal consumption

plan of the agent.
Let us look at the special case of time-additive expected utility, where there is a von Neumann-

Morgenstern utility function u : Ry — R such that

s
Ulco,c1y...,c5) =u(co) + E [6’%(0)] =u(cy) +e? iju(cj),

j=1

where ¢ is a subjective time preference rate. The first-order condition (4.1) then implies that

S —4&,,/
(4.2) Pi:ZLU(CJ)D.,:E[eiu(C)Di]’ i1 N

u/(co)

Again it is important to note that the marginal utilities must be evaluated at the optimal consump-
tion plan. Let us look at the first-order condition with time-additive expected utility. Assume that
(co,c1,---,cs) denotes the optimal consumption plan for an agent. Then any deviation from this
plan will give the agent a lower utility. One deviation is obtained by investing in € > 0 additional
units of asset 7 at the beginning of the period. This leaves an initial consumption of ¢ — eP;. On

the other hand, the end-of-period consumption in state j becomes c; + €D;;. We know that

S

5
u(co —eP;) +e7° Zp u(cj +eDij) < ulcy) +e7° Zu ).
j=1 j=1

Subtracting the right-hand side from the left-hand side and dividing by ¢ yields

s
u(co — eP;) — u(co) Lo Zp_u(cj +eDij) —uley) _ 0
) :

3 = €
Letting € go to zero, we obtain
s
—Pi(co) +e° ijDiju’(cj) <0,
j=1

which implies that
N~ p 0
- D, -7
‘ Z;pj Y (co)
]_
On the other hand, if we consider selling £ > 0 units of asset i at the beginning of the period, the

same reasoning can be used to show that

-6 . u'(¢;)
<e ijDij u/( )
J=1

Hence, the relation must hold as an equality, just as in (4.2).
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4.2.3 State-price vectors and deflators

A state-price vector is an S-dimensional vector ¥ = (¢1,...,%s) which has only strictly
positive elements and has the property that the price of any asset or portfolio with dividends
Dy, ..., Dg in the S states is given by Zle Djtp;. In particular, for the IV basic assets we have
P = Dv. For any portfolio 8, we have

(4.3) P? =4 . D,

If we can construct a portfolio paying 1 in state j and nothing in all other states, the price of this
portfolio will be equal to 1;, hence the name state price. If we can construct a riskless dividend
of 1 the price must be equal to Zle 1; so if we let r denote the continuously compounded riskless

interest rate over the period, we have that
B 1 1
NS e Y1
2=

A state-price deflator is an S-dimensional vector ¢ = ((1,...,{s) which has only strictly

r

positive elements and has the property that for any portfolio @ the price can be written as

s
(4.4) PP =3 "p;(;DY.
j=1
We can also think of a state-price deflator ¢ as a random variable ¢ that, for each j = 1,...,.5,

takes on the value (; if state j is realized. Then we can write the above equation as

(4.5) P® =E[(D?].

In particular for each of the basic N assets, we have P; = E[(D;]. In vector notation, we have
(4.6) P =E[D(].

For a riskless portfolio with a dividend of 1, we have

Some authors use the name stochastic discount factor or pricing kernel instead of state-price
deflator.

Given a state-price vector ¥, we can construct a state-price deflator ¢ = (¢1,...,{s) by ¢; =
1 /pj, 1.e. the state price divided by the state probability. Conversely, we can define a state-price
vector from any state-price deflator, so there is a one-to-one correspondence between state-price
vectors and state-price deflators. With infinitely many states, as considered in the continuous-time
case, we cannot define state-price vectors, but we can still define state-price deflators in terms of
random variables.

Assuming no arbitrage, it follows from the first order condition of an arbitrary greedy and

risk-averse investor, Eq. (4.1), that a state-price vector is defined by

g%(COacla"'aCS) 8CU(CO7017"'7CS)
w_ 1

Q

S
3—2(00,01,...,05)7 ’ aTU(C(),Cl,...,Cs)
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Here U is the utility function of an investor and (cq,cy,-..,cs) is the optimal consumption plan
for that investor. For the special case of time-additive von Neumann-Morgenstern preferences we
get that a state-price vector is given by

b= (65}71“'(01) 66PSU'(CS))

w'(co) 7 u(co)

with the associated state-price deflator given by the random variable

¢ = _s u'(c)

o W(eo)]

which will take the value ¢; = e~%u/(c;)/u’(co) if state j is realized. We emphasize that such a
state-price deflator can be defined for any individual’s utility function v and optimal consumption
allocation (co,c). In general, the terms e ~%u/(c)/u’(co) may not be identical for different investors
so that multiple state-price vectors and deflators can be constructed in this way. More on this
issue later.

We have shown that when prices admit no arbitrage, at least one state-price vector and one
state-price deflator exist. The converse is also true as shown by the following argument. Suppose
that a state-price vector 1 exists. Let @ be a portfolio with non-negative dividends, i.e. D? >0
for all j =1,...,S. Since the elements of the state-price vector are strictly positive, the price of
the portfolio, P? = 4 - D, will also be non-negative. If, furthermore, one of the elements of D
is strictly positive, the price will also be strictly positive. Therefore arbitrage is ruled out. We

summarize our findings as follows result:

Theorem 4.1 Prices admit no arbitrage if and only if a state-price vector (or deflator) exists.

Example 4.1 Consider a one-period economy where two basic financial assets are traded without
portfolio constraints or transaction costs. There are three equally likely end-of-period states of the
economy and the prices and state-contingent dividends of the two assets are given in Table 4.1. By
forming portfolios we can generate all dividend vectors of the form (61 + 26,6, + 262,205), i.e. of

the form (a,a,b). A state price vector ¥ = (¢1,12,13) has ¥; > 0 and solves the equation system

110 zl (05
2 2 2)| 2] \us)’
V3
The first of the two equations in this system requires that 1, + ¥ = 0.5. Substituting that into
the second equation, we get ¢3 = 0.4. The state price for state 3 is therefore uniquely determined,

whereas there are infinitely many valid state prices for the first two states. We can write the set

of admissible state-price vectors as

{(1, 02, 03) | b1 = 0.5 — 1ha, 0 < tpy < 0.5, 9h3 = 0.4}

For each of the admissible state-price vectors we can determine a state-price deflator ¢ by
letting (; = 1, /p;, where in this example we have state probabilities of p; = 1/3. Consequently,
(3 = 1.2 is uniquely determined, and ¢; = 11/(1/3) = 3¢1 = 1.5 — 31p3 = 1.5 — (2. Hence, the set

of admissible state-price deflators are given by

{(€1,62,C3) [ ¢ =1.5— (o, 0< ¢y < 1.5, (3 = 1.2}
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state-contingent dividend | price
state 1 state 2 state 3
Asset 1 1 1 0 0.5
Asset 2 2 2 2 1.8

Table 4.1: The prices and state-contingent dividends of the assets considered in Example 4.1.

Only the dividend vectors that can be generated by forming portfolios of the two assets can
be uniquely priced with the available information. For example, the dividend vector (1,1,5) has
the unique no-arbitrage price of (1,1,5) - (w1, %92,1%3) = 1 + 12 + bibs, which equals 2.5 for any
state-price vector. On the other hand, the dividend vector (1,2, 5) is not attainable from the traded
assets and cannot be uniquely priced. Since (1,2,5) - (11, %2, 13) = [1h1 + 12 + 53] + 102 = 2.5+ 19
and 1, is between 0 and 0.5, any price between 2.5 and 3 is consistent with absence of arbitrage.
What is the intuition here? Well, the dividend (1,2,5) dominates the dividend (1,1, 5), which was
shown above to have the price 2.5. Consequently, the price of (1,2,5) must be strictly higher than
2.5. On the other hand the dividend (1,2,5) is dominated by the dividend (2,2,5), which has a
unique price of 2(w1 + 1) + 513 = 3. Hence, the price of (1,2,5) must strictly smaller than 3.
O

4.2.4 Risk-neutral probabilities

As discussed earlier a probability measure @ on the state space Q@ = {1,2,...,S} can be
represented by a vector of state probabilities (g1, ...,qs) with ¢; > 0 for all j = 1,...,5 and,
of course, Zle gj = 1. The expected value of a random variable z = (z1,...,2g) under the
probability measure Q is given E%[z] = Zle g;xzj. We will now introduce a specific probability
measure Q, which is different from the real-world probability measure P. For a general introduction
to the change of probability measure, see Section 3.10.

Suppose that a riskless portfolio can be constructed and that it provides a continuously com-
pounded rate of return over the period given by r. A probability measure Q is called a risk-neutral

probability measure if the following two conditions are satisfied:

(i) P and Q are equivalent, i.e. attach zero probability to the same states; since we have assumed

p; >0 forall j =1,...,5, this is the same as requiring that ¢; >0 for all j =1,...,5,

(ii) the price of any portfolio 0 is given by
s
PO =E°[e"D =" > ¢;DY,
j=1

i.e. the price of any asset or portfolio equals the expected discounted dividend using the

risk-free interest rate as the discount rate.

If all investors were risk-neutral, they would exactly value an uncertain dividend by the discounted

expected value. If Q is a risk-neutral probability measure, then the asset prices in the real-world
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are just as they would have been in an economy in which all agents are risk-neutral and the state
probabilities are given by the g;’s.
Given a state-price vector 19 and the associated state-price deflator (, we can construct a

risk-neutral probability measure by defining

V; r r
4G =S5 = ¢ Vi =epi(
Zk:1 1Plc
for each j = 1,...,5. Then all the g;’s are strictly positive and sum to one. Furthermore, (4.3)

implies that
s s
PG _ ’l,b . De _ Z,(/JJDJG — Ze_quD? — EQ [6—7-D9} ,
j=1 j=1
so Q is indeed a risk-neutral probability measure. The change of measure from the real-world

probability measure IP to the risk-neutral probability measure Q is given by the ratios ¢;/p; = €"(;.

The Radon-Nikodym derivative dQ/dP for the change of measure is hence given by the random

variable i0
= — = eT .
§= S =
Note that ¢; > p; if and only if {; > e™" = E[(], i.e. if the state price for state j is higher than
average.
Conversely, suppose a risk-neutral probability measure Q with associated probabilities q1, ..., ¢g

exists. Let £ = dQ/dP denote the Radon-Nikodym derivative, i.e. {; = ¢;/p;. Then we can

construct a state-price vector ¥ and a state-price deflator ¢ as

Yi=e"q,  G=e g, j=1,.8

We summarize these observations in the following theorem:

Theorem 4.2 Assume that a riskless asset exists. Then there is a one-to-one correspondence

between state-price vectors (or deflators) and risk-neutral probability measures.

Combining the two previous theorems, we reach at the next conclusion.

Theorem 4.3 Assume that a riskless asset exists. Prices admit no arbitrage if and only if a

risk-neutral probability measure exists.

Example 4.2 In Example 4.1 we derived the admissible state-price vectors and state-price deflators

in the market given in Table 4.1. Clearly, asset 2 is a riskless asset and we see that

e’ = i = E ~ 1.1111.
0.9 9

To any state-price deflator ( we can associate a risk-neutral probability measure Q defined by
the Radon-Nikodym derivative £ = dQ/dP = €7(, i.e. {; = €”(;. Recall that the real-world state
probabilities p; are all equal to 1/3. We get

10 1 4
= =e" = —.12.-— = - ~0.4444
g3 = &3p3 = €' (3p3 5 379

and

=35 ¢

Wl =
e

10
q=&p=€eCp = 3 : (1~5 - Cz) :
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Consequently, the set of risk-neutral probability measures consistent with the dividends and prices
of the two assets is given by

(01.026) [ =2~ 02 0 <ar < 2 as =
q1,42,93 111—9 q2, q1 9,(13—9 .

4.2.5 Redundant assets

Let M denote the set of dividend vectors that can be generated by forming portfolios of the N
basic assets, i.e.
M= {QT0|06RN}.

Note that M is a subset of RS.

Before we continue, we need to recall some concepts of linear algebra. Two vectors a and b are
called linearly independent if k1a + kob = 0 implies k1 = k3 = 0, i.e. a and b cannot be linearly
combined into a zero vector. The rows and columns of a matrix can be considered as vectors. It
can be shown that for any matrix, the maximum number of linearly independent rows and the
maximum number of linearly independent columns are the same. We define the rank of a matrix
as this number. The rank of a £ x [ matrix has to be less than or equal to the minimum of k& and
l. If the rank is equal to the minimum of k£ and [, the matrix is said to be of full rank.

An asset is said to be redundant if its dividend vector can be written as a linear combination
of the dividend vectors of other assets. Removing the rows corresponding to those assets from D
we obtain a matrix Q of dimension k x S, where k < S since we cannot have more than S linearly
independent S-dimensional vectors. Let the k-dimensional vector P denote the price vector of the
k remaining assets. Since only redundant assets have been removed we have

M:{QTé | éeRk},
i.e. we can attain the same dividend vectors by forming portfolios of only the non-redundant assets

as by forming portfolios of all the assets. Let us illustrate by a small example.

Example 4.3 Consider a one-period economy with two possible end-of-period states and three
traded assets. The dividends are given in Table 4.2. With three assets and two states at least one
asset is redundant. The dividend vector of asset 1 can be written as a non-trivial linear combination

of the dividend vectors of asset 2 and 3 since

o)) ()

Asset 1 is therefore redundant. Exactly the same set of dividend vectors can be generated by

forming portfolios of assets 2 and 3 as by forming portfolios of all three assets. On the other hand,

()5 )
)5 () =C)

asset 2 is redundant since

And asset 3 is redundant since
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state-contingent dividend
state 1 state 2
Asset 1 3 0
Asset 2 1 1
Asset 3 1 2

Table 4.2: The state-contingent dividends of the assets considered in Example 4.3.

Hence, either of the three assets can be removed without affecting the set of dividend vectors
that can be generated by forming portfolios. Note that once one of the assets has been removed,
neither of the two remaining assets will be redundant anymore. Whether an asset is redundant or

not depends on the set of other assets available for trade. O

If an asset is redundant, its dividend vector can be replicated by a certain portfolio of the other
traded assets. In the absence of arbitrage, the price of the redundant asset must be equal to the
price of that replicating portfolio. This is the basic idea behind all option pricing models. Let us

illustrate it in a simple one-period binomial model.

Example 4.4 Suppose there are two possible end-of-period states. Three assets are traded in an
arbitrage-free market. Asset 1 is a riskless asset with a price of 1 and an end-of-period dividend of
R =e". Asset 2 has a price of S and offers a dividend of w.S in state 1 and dS in state 2. To avoid
arbitrage we must have that d < R < u. Asset 3 is a call-option on asset 2 with an exercise price of
K. The dividend of asset 3 is therefore C,, = max(uS — K, 0) in state 1 and Cy = max(dS — K, 0)
in state 2. We can replicate the option by a portfolio of #; units of asset 1 and 5 units of asset 2,

where 0; and 0, are chosen so that

01R + GguS = Cu,
91R + 92dS = Cd.

Solving these two equations we get

L uCy — dC,, Cu—Cy
Ll Z g, =

=R P uas

The no-arbitrage price of the option is therefore given by

1 /R—-d u—R
= = — = -r — e - Q
C=01+025 7 (udCu—i— udcd) e " (qCy + (1 = q)Cyq) = e " E*[C1],

where ¢ = (R — d)/(u — d) defines the risk-neutral probability measure Q, and C; denotes the

random end-of-period dividend of the option. O

4.2.6 Complete markets

The financial market is said to be complete if M = R9, i.e. any state-contingent payoff can be

generated by forming portfolios of the traded assets. Otherwise, the market is called incomplete.
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The market is complete, if and only if for any x € R®, we can find 8 € RN such that
D76 =x.
Hence, we have the following result:

Theorem 4.4 The market is complete if and only if the rank of the N x S dividend matriz D is
equal to S.

Clearly, a necessary (but not sufficient) condition for a complete market is that N > S, i.e. that
there are at least as many assets as states. The “pruned” dividend matrix 2 will in this case be a
non-singular S x S matrix.

We can always define the S-dimensional vector

(47) v =D"(DD") P,

which will satisfy )
Dy* =DD’ (f)DT) P=P.
The redundant assets are uniquely priced by no-arbitrage so that we have P = D", It it clear

that ™ is in fact exactly equal to the dividend generated by a portfolio 0 = (@T)71 P, ie.
it is a state-price vector in the set of attainable dividend vectors, at least if it has only strictly
positive elements.

In the special case of a complete and arbitrage-free market the elements of @™ will be strictly
positive. Why? Form a portfolio that pays off 1 in state j and 0 in all other states. This is possible
since the market is complete. The price of this portfolio is 7. To avoid arbitrage, 7 must be
strictly positive. This argument works for all 7 = 1,...,S. Hence, 1" is a state-price vector. In
fact Exercise 4.2 shows that 1™ is the only state-price vector when the market is complete. In the
case of a complete market the matrix 2 is non-singular, as noted above. Using matrix algebra we

may then rewrite " as

(4.8) v =D P.
Next, define the S-dimensional vector ¢* by
N L~ A -1,
(4.9) ¢=D" (E [DDTD p.

To see the meaning of this, let us for simplicity assume that none of the basic assets are redundant
so that ¢* = D" (E [DD7])"' P. Recall that D is the N-dimensional random variable for which
the j’th component is given by the random dividend of asset j. Hence, DD is an N x N matrix
of random variables with the (7, j)’th entry given by D;D;, i.e. the product of the random dividend
of asset ¢ and the random dividend of asset j. The expectation of a matrix of random variables
is equal to the matrix of expectations of the individual random variables. So E[DDT] is also an
N x N matrix. For the general case we see fri){n the definition that ¢* is in fact the dividend vector
generated by the portfolio 0= (E [f)f)T]> P of the non-redundant assets. We can think of ¢

as a random variable * given by

(4.10) ¢ =DT (E [ﬁff])_l p.
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B[] =E [f)ry (e[op7]) " 15] ~e[pp7] (B[DD7]) P =P,

It follows that ¢* is in fact a state-price deflator if it takes strictly positive values. It can be shown
that no other state-price deflator can be written as the dividend of a portfolio of traded assets. In
a complete market, (* will be a state-price deflator and it will be unique.

Recall that there is a one-to-one relation between state-price vectors and state-price deflators.
In general ¢* is not the state-price deflator associated with ¢*. However, this will be so if the
market is complete.

In a complete market it is possible to generate a riskless dividend as a portfolio of the traded
assets. Therefore, we can talk of risk-neutral probability measures. Due to the one-to-one cor-
respondence between state-price vectors/deflators and risk-neutral probability measures, we can

conclude that a complete market will have a unique risk-neutral probability measure. This is the
T ;’
of the unique state-price vector ¢*. If the market is incomplete, there will be more than one

probability measure Q* given by the state probabilities ¢; = e where 7 is the j’th element

risk-neutral measure. This is the case in Example 4.2.

Theorem 4.5 Suppose that prices admit no arbitrage. Then the market is complete if and only if
there is a unique state-price vector (or deflator). Equivalently, the market is complete if and only

if there is a unique risk-neutral probability measure.

4.2.7 Equilibrium and representative agents in complete markets

Consider an economy with L agents characterized by a utility function U; and the endowment

(€}, e!). The aggregate initial and future endowments are

L L

_ 1 _ 1 -

eO:E €05 ej:E e, =1,...,5.
1=1 1=1

Take the traded assets as given. An equilibrium for the economy consists of a price vector P and

portfolios ', 1=1,...,L, satisfying the two conditions
(i) foreach I =1,...,L, ' is optimal for agent ! given P,
(ii) markets clear, i.e. Zle ! =0foralli=1,...,N.

To an equilibrium corresponds an equilibrium consumption allocation (¢, c!), 1 = 1,..., L. Clearly,
an equilibrium set of prices cannot admit arbitrage.

With complete markets the state-price deflator is unique. In particular, for any agents k and [
and any state j, we must have that

() ()
weh) (el

under the assumption of time-additive expected utility. Note that in every state the ratios of

G=e"

marginal utilities (scaled by the time preference factor) of all agents are identical. For any two
states j and j', we get
U (c;“) up(ch

!

J
uj (k) uy(ch)
A 1\Cjr

>~
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This equality shows that the aggregate risk in the economy is shared in an efficient way in a
complete market. Suppose that aggregate consumption is higher in state j than in state j', i.e.
C; > Cj. Then there must be some agent, say agent [, who consumes more in state j than in
state j/, ¢ > cé-,. Consequently, uj(c}) < u;(cé,) But then uj(c¥) < ujc(cf,) and thus ¢f > c;?,
for all agents k. It follows that in a complete market, the optimal consumption of any agent is an
increasing function of the aggregate consumption level, ¢! = f(C) for some increasing function f.
Individuals’ future consumption levels move together. Similarly for the current consumption level.

A consumption allocation (c},ct), ..., (ck,cl) is said to be feasible if ZlL:l b < & for all
7=0,1,...,5. A consumption allocation is called Pareto-optimal if the aggregate endowment
cannot be allocated to consumption in another way that leaves all agents at least as good off and
some agent strictly better off. In mathematical terms a consumption allocation (c,cl), ..., (c&,ct)
is Pareto-optimal if it is feasible and there is no other feasible consumption plan (&3, ¢!), ..., (¢, él)
such that U;(&), &) > Uj(ch, c!) for all I = 1,..., L with strict inequality for some . An important

result is the First Welfare Theorem:

Theorem 4.6 If the financial market is complete, then every equilibrium consumption allocation

is Pareto-optimal.

Both for theoretical and practical applications it is very cumbersome to deal with the individual
utility functions and optimal consumption plans of many different agents. It would be much
simpler if we could just consider a single agent. As we shall see next, the assumption of a single
“representative” agent can be justified in a complete market. Let n = (11,...,75) be a vector of

strictly positive numbers. Define the function U, : Ry x RY — R by

L
Uy (zo, ) :sup{ZmUl(yé,yl)|yJ1»—&—...ij ij7y§ >0 (j=0,1,...,8;l= 1,...,L)}.
1=1

We can think of U, as the utility function of a single agent with the n’s being weights on the
individual utility functions.

The economy is said to have a representative agent, if for each equilibrium in the L agent
economy there is a vector 7 such that the equilibrium interest rate and asset prices are the same

in the economy with the single agent with utility U,, defined by

L
Uy (o, ) :sup{ZmUl(ylo,yl)|yJ1»—|—...ij ij,yé >0 (j=0,1,...,8;l= 1,...,L)}
1=1

and endowment (&, €) is the same as in the L agent equilibrium. Note that in the representative
agent economy there can be no trade in the financial assets (who should be the other party in the
trade?) and the consumption of the representative agent must equal the total endowment. The

next theorem says that a representative agent exists if the financial market is complete.

Theorem 4.7 Suppose all individuals are greedy and risk-averse. If the market is complete, the

economy has a representative agent.

Assuming that all agents have time-additive expected utilities, then the representative agent
will also have time-additive expected utility, i.e.

S

Un (20, ) = ty,0(x0) + E [uy,1(2)] = uyo(zo0) + ijun,l(ﬂij),
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where

L

uno(xo)—sup{zmul )y ,~~~7yL>0withy1+~~-+yL<x},
=1

Un,1( —sup{Ze mu(y |y,...,yL>Owithy1+~-~+yL§x}.
Often a functional form for u, ¢ and w,; is assumed directly with the property that w,(c) =
e Ouyo(c) = e %u(c), where § can be interpreted as the average time preference rate in the

economy. Then the unique state-price deflator follows by evaluating the derivative of u,, at the

aggregate endowment,

whae) i)
uy, o(€o) u'(€o)
In Chapter 6 we shall apply this technique to relate the term structure of interest rate to aggregate

endowment/consumption.

4.3 A multi-period, discrete-time model

In a multi-period, discrete-time model we consider prices, dividends, portfolios etc. at countably
many points in time. We denote this set of time points by 7 = {0,1,2,...,T}, where we assume
that T is some finite integer representing the last day of the world.! We assume a finite state
space §2, where a state in this case should be seen as a “path” or possible evolution of the economy
through all time points in 7.

We can illustrate such a setting by a multinomial tree. For concreteness look at Figure 4.1
which shows a two-period tree. Here the dots represent the different possible states of the economy
at the different points in time. The lines represent those transitions of the state from one point
in time to the next that can occur with a strictly positive probability. As always there is no
uncertainty about the state of the economy at time 0, so there is only one possible state, sg. At
time 1 there are three possible states of the world, s11, S12, s13. Given the information available at
time 0, there are five possible states of the world at time 2, namely so1, S22, S23, S24, So5. However,
at time 1 the agents of the economy have received additional information that may allow them
to rule out some of the states. If the agents observe that the economy is in state si; at time 1,
then only the states so; and sg2 can be realized with strictly positive probability at time 2. If the
economy is in state sio at time 1, then ss1, s23, and s94 are possible at time 2. Finally, if the
economy is in state s13 at time 1, then the economy will surely end up in state so5 at time 2.

There are six possible evolutions of the economy over the two periods, i.e. the set €2 has six
elements, which we can write as three-dimensional vectors with the first element representing the
state of the economy at time 0, the second element the state at time 1, and the third element the
state at time 2. (Of course, since we assume that there is only one possible state at time 0, we

could leave out the first element in these vectors.) In the current example, we have

Q = {(s0, 511, 521); (50, 511, 522), (S0, 512, 521), (S0, 512, 523), (S0, S12, S24), (S0, S13, S25) } -

L All the results will also hold in the infinite horizon case corresponding to T = oo, but only under some additional

technical conditions that are not particularly enlightening and therefore omitted from this short presentation.
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S21

@ 522

523

524

Figure 4.1: An example of a two-period economy.

A probability measure is in this case completely specified by the transition probabilities between
states at adjacent dates. Near each line in the figure we have written the transition probability,
i.e. the probability that the state of the economy shifts as indicated by that line. For example,
p(s11, s22) = 0.2 denotes the probability that the economy shifts from state s11 at time 1 to state
So9 at time 2. The lines indicate exactly those transitions that can happen with strictly positive
probability. The probability of any outcome, i.e. any element in €2, and of any event, i.e. any set of
elements in 2, can be computed from these transition probabilities. For example, the probability

of the outcome (sg, s12, S24) is equal to

P ({(s0, 512, 524)}) = p(s0, 512)P(512,524) = 0.4-0.5 = 0.2.

We will return to this example below.
It is intuitively clear from Figure 4.1 that a multi-period model can be seen as a sequence of
one-period economies. Hence, most of the basic results from the one-period setting carries over to

the multi-period setting.

4.3.1 Assets, trading strategies, and arbitrage

Prices of financial assets change over time in a non-deterministic way, so we will model prices by
stochastic processes. The price process of asset ¢ is denoted by P; = (Pit)tc7. Financial assets are
characterized by the payments or dividends they entitle their owners to. We model the dividends
of an asset by a stochastic process D; = (D;t)ter. Dyt represents the dividend payment of asset i
at time t. We use the convention that P;; is the ex-dividend price at time ¢, i.e. the price of all
dividends strictly later than ¢t. The cum-dividend time ¢ price is then P;; + D;;. Given that there
are no dividends after time 7', we must have P,y = 0. Since we want to derive prices of future
dividends we can safely assume that there are no dividends at time 0. We assume that there are

N assets available for trading. We collect the prices and dividend processes for the N assets in
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N-dimensional processes P = (P)ie7 and D = (Dy)ier with Py = (Piy, ..., Py¢) and similarly
for Dy.

A portfolio is a position in the N assets, which we can represent mathematically by an N-vector
with element ¢ denoting the number of units of asset i. A trading strategy is a portfolio for
each point in time, i.e. an N-dimensional stochastic process 8 = (0;)icr where 6; = (014,...,0N¢)
denotes the portfolio held at time ¢ or rather immediately after trading at time t. An investor
following a trading strategy @ will have a portfolio given by 8;_; immediately before time ¢, receive
dividends 0;_1 - Dy at time ¢, and then rebalance the portfolio to 8; immediately after time ¢. The

net gain at time ¢ is therefore equal to
(411) Dtezet,lDt—(et—ﬂt,l)Pt=0t71(Pt—i—Dt)—@tPt, t=1,2,

The initial price of the trading strategy is P = 6y-Py. We can let D§ = —P? so that the dividend
process is defined at all t € 7.

An arbitrage is a trading strategy 6 that generates a dividend process that is non-negative
and with a strictly positive probability of having a positive value at (at least) one point in time. An
arbitrage can have a zero initial dividend, i.e. a zero price, and always non-negative future payoffs
with a possibility of a strictly positive payoff or a strictly positive initial dividend (negative initial
price) and zero future payoffs or both a positive initial dividend (negative price) and non-negative,
but possibly positive future payoffs. In any case an arbitrage gives something for nothing. Prices
that allow arbitrages to be constructed cannot represent an equilibrium.

If prices do not admit arbitrage, then we have linear pricing, i.e. the law of one price is valid.
The price of a package of assets is equal to the sum of the prices of the individual assets in the

package.

4.3.2 Investors

Investors use the financial market to shift consumption across time and states. Let us focus
on investors with time-additive expected utility. Suppose an agent has an initial endowment of eq
consumption units and a future time- and state-dependent endowment or income with e; denoting
the random endowment received at time ¢t. Standing at time 0 the problem of an individual investor
can therefore be written as

max u(co) + Z e " Elu(ct)]

t=1
s.t. cg =eg—0q - Py,
ctzet+Dt9, t=1,...,T,
co,C1,...,cr > 0.

Here ¢; denotes the random, i.e. state-dependent, consumption at time ¢. Applying (4.11), we can

also write the time ¢ consumption as

Cy :et+0t71 . (Pt +Dt) —0t 'Pt.
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It can be shown that the first-order condition with respect to 8 implies that the time 0 prices are

given by the vector

sE [/ (c1)(P1 4+ Dy)] {M(pl +D)

Po=e" =E
0 ’U/(C(]) U/(C())

Similarly, the utility maximization problem that the agent faces at time ¢ implies that

(4.12) P, - E, {%

This is the multi-period equivalent of (4.2). For an individual asset, say asset j, this reads as

(Pt+1+Dt+1):|7 t:O,17,T—1

e %%/ (e
(4.13) P = E; [M(Pj,wrl + Dj,t+1):| .

u/(ct)

Note again that ¢; and ¢4 in these expressions are the optimal consumption rates of the agent. We
can justify (4.13) by considering a perturbation of the optimal strategy of the agent. By investing
in € > 0 extra units of asset j at time ¢ and reselling the same number of units of the asset at
time t 4+ 1, the agent can shift consumption from ¢ to ¢t + 1. At all other dates the consumption
rate will be unchanged. Since ¢; and ¢y are optimal, the perturbed strategy will generate a lower
utility so that

u(er —ePy) + e By [u(copr +e[Pyigr + Djiga])] < uler) + e By [uci)],

which implies that

u (e —ePy) — u(er)
€

+ 6_6 Et

{u (ct+1 +e[Pjev1 + Djata]) — uler)

| <o
€

Letting € — 0, we get that
—Pjiu’(co) + e By [/ (cip1) (Pyeg1 + Djeg1)] <0,

and hence

I
o | W(err1)
Pjy > 7" By [u,(ct) (Pjt+1 +Dj,t+1)} :

The reverse inequality can be shown by the perturbation where consumption is shifted from ¢ + 1

to t by investing less in asset j at time t.

4.3.3 State-price vectors and deflators

We can define a state-price vector for each of the one-period models that make up a multi-
period model. In this way we can define what we could call a state-price vector process for the
multi-period model. For the example in Figure 4.1, we can define a state-price vector 1, for the
one-period submodel that has s11 as the state of the economy at the beginning of the period and so;
and Soo as the possible end-of-period states. Note that 1), is a two-dimensional vector. Similarly,
we can define a three-dimensional state-price vector 1,5 for the one-period submodel with s12 as
the initial state and a one-dimensional state-price vector 1,5 for the one-period submodel with
s13 as the initial state. Finally, we can define 1, as the state-price vector for the first of the two
subperiods. In this way we have constructed a state-price vector stochastic process ¥ = (9,)i=0,1

or in general ¥ = (v,)i=0,1,..,7—1. Seen from time O the state-price vector for the first period
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is known, but the state-price vectors for the future periods are random, i.e. dependent on which
state is realized. We will not present a formal definition of a state-price vector process and, in
fact, we will not discuss use this concept in the following. This is mainly because the related
concept of a state-price deflator is more tractable in multi-period models and in the infinite state,
continuous-time model we are heading to, it is not even possible to define a state-price vector
process.

A state-price deflator is a strictly positive stochastic process ¢ = ((;)ter with {, = 1 and
the property that for any trading strategy 6, the “state-price deflated gain process” G&¢ = (Gf’c)
defined by G%¢ = Pf¢, + S!_, D¢, is a martingale. In particular, for ¢ < ¢/, G&¢ = E[Gf,’c], ie.

t t/
PPG+Y DIC =E; |PiGy +Y DI,

s=1 s=1

which implies that

Ct

(4.14) P =E, P"
s=t+1

Note that for any state-price deflator these relations hold for all assets and portfolios, i.e. all price
and dividend pairs.

A particularly simple version of (4.14) occurs for t' =t + 1:

(4.15) P =E, {CZI (P2 + Dm)} :

Another special case is obtained for t = T, using P& = 0:

ZD" 1

s=t+1

(4.16) P? =,

Comparing this to (4.5), we can see that our multi-period definition of a state-price deflator gen-
eralizes our one-period definition.
If we can construct a zero-coupon bond that pays off only at one point in time, say t’, and the

payoff is D9 = 1, the price at time t < #' is given by

v |
(4.17) B! =E, [CJ .

In multi-period settings a state-price deflator is sometimes referred to as a state-price density, a
stochastic discount factor, a martingale pricing process, a pricing kernel, or related names. These
names are sometimes also used for the ratios (/.

Similarly to Theorem 4.1 we have the following result:

Theorem 4.8 Prices admit no arbitrage if and only if a state-price deflator exists.

Let us outline the proof. If there is no arbitrage, we can construct a state-price deflator from the
first-order condition of any agent’s utility maximization problem. Comparing (4.15) with (4.12),

we see that we can define a state-price deflator by

_ Gr e/ (cipn)
CO - ]-7 Ct - U/(Ct)
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where (¢;)¢=0.1,..r is the optimal consumption plan of the agent. Conversely, given a state-price

deflator (, the price of a trading strategy 0 equals
T
>t
t=1

Recall that ; is strictly positive for all ¢. If D? is non-negative, the price P? must be non-negative.

P —E

If there is a strictly positive probability of obtaining a strictly positive dividend at some point in
time, then the expectation on the right-hand side and therefore the price must be strictly positive.

Hence, no arbitrages can be constructed.

4.3.4 Risk-neutral probability measures

Now assume that for any state of the economy at any point in time it is possible to construct a
riskless one-period investment. We denote by r; the continuously compounded rate of return per
period on a riskless investment between time ¢ and ¢+ 1. In other words, a riskless investment of 1
at time ¢ grows to e at time ¢ + 1. Here r; may be stochastic, i.e. it may depend on the state of
the world at time ¢. Generally the value of 7; is not known until time ¢.

If we invest 1 at time O in the first-period riskless asset, we have e™ at time 1. If we invest
that in the second-period riskless asset, we will have e™e” = ™17 at time 2. If we continue
this roll-over strategy, we will have e™o+™1 T F7t-1 at time . We can think of this investment

opportunity as an asset with a dividend process D = (Dy)
Di=---=Dyp_1 =0, Dp=¢eotnt trr-1

and a price process A = (4;) given by
Ag=1, A =enotrtotria 41

T—1, Ar=0.

We refer to this asset as the bank account. (Alternatively, we could think of this investment
opportunity as an asset with periodic dividends D; = e"-* — 1 and a constant price 4; = 1,
t=0,1,...,T — 1.) Note that for a state-price deflator ¢ we have for any t <t < T that

€T0+T1+-~~T’t—1 — Et |:£€T0+T1+-~+Tt/1:| ,
t

and, consequently,
(4.18) 1=E, {?e’“t”tﬂ*'“”t'l} .
t

A probability measure Q is said to be a risk-neutral probability measure (for the given
market) if

(i) Q is equivalent to P, and

(i) for any asset 4, the discounted gain process G; = (G;;) defined by
t—1 ¢ s—1
Gy = Pye” 2Zs=0"s 4 Z Djse” Zv=0Tv
s=1

is a Q-martingale.
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In particular, if Q is a risk-neutral probability measure, then for t < ¢/, we have G;; = EY [Giv],

i.e.

t t’
Py~ Timo0ms 4 Z Dise™ Xm0 = EP | Py~ Xm0 " 4 Z Dise™Zu=om |
s=1 s=1
which implies that

t/
t—1 t/—1 s—1
Pye™2o=0" =B | Pyye™Xe=0 " 4 Y Dje” Zv=o"

s=t+1
or, equivalently,
t/—1 v -1
4.19 Py =EP |Pye 2= " ¢ Djge™ Xv=i
t
s=t+1
With ¢ =t + 1, this reduces to
(420) Pit = e_” Eg [H,tJrl + Di’tJrl] .

With ¢/ =T and P = 0, we get

(4.21) P, =E2

T
s—1
E Dise—Zu:t Tv |

s=t+1

If we can identify a risk-neutral probability measure and compute the right-hand side expectation
in our these equations, we have the price of the asset.

For a zero-coupon bond with a unit payment at time ¢/, we can write the price at time ¢t < t’ as
(4.22) B! =E% [e— S rs} .

Theorem 4.9 Assume that a riskless investment exists. A risk-neutral probability measure can
be constructed from any state-price deflator. Conversely, a state-price deflator can be constructed

from any risk-neutral probability measure.

Proof: Suppose ¢ is a state-price deflator. Define the random variable {7 = (peot it +rr-1,
Note that {7 is non-negative and, from (4.18) with ¢t = 0 and ¢’ = T, we get E[{7] = 1. Therefore
we can define an equivalent probability measure Q by the Radon-Nikodym derivative dQ/dP = &r.
Define & = E;[é7]. From (4.18) with ¢/ = T' we have that

t

and hence

Et[gT] =E, [<T6T0+"'+T’T—1] — Cte?”o+"'+7’t—1 E: |:<_Te7’t+---7"T—1:| — Cte?”o+'~~+?”t—1’

Gt
so that

(4.23) & = Gerot ot 1 =0,1,...,T.
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We now have that

t/
EY Ppe Zi=me 4 Z Djge=Zi=ere

s=t+1

_é- . ¢ .

=E; ~T Pit’e_zs=t Ts Z Dise_2v=f T
i & s=t+1
- y
1 _Ztlflfr 1 _ysly

=E; |~ Pye” == " Eplir] + — Y Dise” Zv=t" E,[¢r]
& o

ft/ ot -1 fs _s—1
=E, | >=P.e > e=t Ts 4 E 22D e Dot T
t 2 1t 18

3 L&
¢ ‘L
=B [22Puw+ Y >Di
RS tsgig

— 14ty

as was to be shown. Here the first equality is due to the shift of measure which implies that

EY[X] = E, {ZX]

for any random variable X, cf. Section 3.10; the second equality is due to the law of iterated
expectations; the third equality is due to the definition of & for any ¢; the fourth equality comes
from inserting (4.23); and the final equality holds since ( is a state-price deflator.

Conversely, suppose Q is a risk-neutral probability measure. Then some strictly positive random
variable & exists such that d@Q/dP = &p. The process ¢ = (¢;) defined by

G =Ey [é‘T]e—(To+---+m_1)

is then a state-price deflator. O

The following result now follows immediately from Theorems 4.8 and 4.9.

Theorem 4.10 Assume that a riskless investment exists. Prices admit no arbitrage if and only if

a risk-neutral probability measure erists.

4.3.5 Redundant assets

In the multi-period model an asset is said to be redundant if its dividend process can be
generated by a trading strategy in the other assets. Just as in the one-period setting, redundant

assets are uniquely priced by no-arbitrage. The simplest example is a two-period binomial model.

Example 4.5 Consider a two-period binomial arbitrage-free model in which the price processes
of two traded assets are shown in Figure 4.2. The first asset is riskless and yields a gross return of
R = ¢e" in each period. The second asset has an initial price of S and in each period the prices is
either multiplied by a factor u or a factor d. We can either assume that the values shown at the

end of the second period are dividends or prices that have been determined from a larger model
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with additional periods following the two shown here. In addition to these two assets, a third asset
is traded. This is a European call-option on the second asset with expiration at ¢ = 2 and an
exercise price of K. We can replicate and hence price this asset by repeatedly using the idea from
the one-period binomial model in Example 4.4.

The three possible dividends of the option are C\,, = max(u?2S—K,0), Cq = Cy, = max(udS—
K,0), and Cyq = max(d?S — K,0). If, at time 1, the price of asset 2 is uS then we can replicate
the subsequent dividend of the option by a portfolio of #1, units of asset and 0o, units of asset 2,
where

01uR* + 02,u*S = Chpyy 01, R* + 02,udS = Cq,

which implies that
2 'LLCud — dCuu Cuu - Cud
) 92u = .
u—d (u — d)uS

The unique no-arbitrage price of the option at time 1 in the “up-state” is equal to the cost of

(‘)M = R_

setting up this portfolio, i.e.

1
Cy =01,R+ 05,uS = =

R—d u—R
R(udcuu+ u—d

CVud) =e " (qcuu + (1 - q)Cud) 3
where ¢ = (R — d)/(u — d) as in the one-period binomial model. Similarly, it can be shown that

the unique no-arbitrage price of the option at time 1 in the “down-state” is
Ca=¢"(qCus+ (1 = q)Cuaa) -

Setting up a replicating portfolio over the first period is exactly as in the one-period example.

Consequently, the unique no-arbitrage price of the option at time 0 is
C=e7"(qCu+ (1= q)Ca) = € (¢’Cuu + 24(1 — q)Cua + (1 — 9)°Caa) = e~ E¥ [C3],

where Q is the risk-neutral probability measure defined through ¢ and C5 denotes the random

terminal dividend of the option. m|

4.3.6 Complete markets

In this multi-period setting the market is called complete if for any process © = (x;) there is
a trading strategy @ such that D? = z; for all . The idea is the same as in the single-period
model. In a complete market any dividend process can be generated by some trading strategy
in the given assets. In the one-period model Theorem 4.4 tells us that with S possible states
we need at least S sufficiently different assets for the market to be complete. To generalize this
result to the multi-period setting we must be careful. Consider once again the two-period model in
Figure 4.1. Here there are six possible outcomes, i.e. ) has six elements. Hence, one might think
that we need access to trade in at least six sufficiently different assets in order for the market to
be complete. This is not correct. We can do with fewer assets. This is based on two observations:
(i) the uncertainty is not revealed completely at once, but little by little, and (ii) we can trade
dynamically in the assets. In the example there are three possible transitions of the economy from
time 0 to time 1. From our one-period analysis we know that three sufficiently different assets

are enough to “span” this uncertainty. From time 1 to time 2 there are either two, three, or one
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(R?,u%9)
(R, uS)
(1,5) (R?, udS)
(R,dS)
(R?,d*S)
t :I 0 t :I 1 t :I 2

Figure 4.2: An two-period binomial model for derivative pricing.

possible transition of the economy, depending on which state the economy is in at time 1. At
most, we need three sufficiently different assets to span the uncertainty over this period. In total,
we can generate any dividend process if we just have access to three sufficiently different assets
in both periods. As in the one-period model, “sufficiently different” means that the matrix of the
dividends of the assets in a given period is of full rank.

Analogous to the one-period model it is possible to define a stochastic process (* = (¢;)i=01,...,T
with (o = 1 such that (i) a trading strategy exists that generates a dividend process equal to ¢*,
and (ii) the deflated gain process G%¢" is a martingale for any trading strategy 6. Consequently,
if ¢* is strictly positive, it will be a valid state-price deflator. If the market is complete, this will
be the case, and (* will be the unique state-price deflator. Furthermore, the probability measure

Q* associated with ¢* will be the unique risk-neutral probability measure.

Theorem 4.11 Suppose prices admit no arbitrage. Then markets are complete if and only if there

is a unique Tisk-neutral probability measure and, hence, a unique state-price deflator.

4.3.7 Equilibrium and representative agents in complete markets

The definitions of equilibrium, Pareto-optimality, and representative agents in the multi-period
model are straightforward generalizations of the one-period definitions. We have the same basic

results:

Theorem 4.12 If the financial market is complete, then every equilibrium consumption allocation

is Pareto-optimal.

Theorem 4.13 Suppose all individuals are greedy and risk-averse. If the market is complete, the

economy has a representative agent.

If the market is complete, the unique state-price deflator is given by the marginal utility of the

representative agent evaluated at the aggregate endowment.
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4.4 Discrete-time, finite-state models of the term structure

The vast majority of dynamic term structure models that have been suggested and analyzed in
the literature is formulated in continuous time. As we shall see in the analysis of the continuous-
time models in later chapters not all (but many) relevant quantities can be derived in the form
of a nice closed-form expression. For example, in none of these models is it possible to write up
a simple closed-form equation for the value of American-style derivatives. Often such values can
be computed by a simple, although cumbersome, procedure in a discrete-time model such as a
binomial tree. A frequently applied way to price such assets is to construct a binomial or trinomial
tree that in some sense provides a close approximation to the continuous-time model and then
price the assets in the tree using a backward recursive technique. Hence, it is indeed important to
know how to price assets in discrete-time, finite-state models. Some term structure models have
been formulated originally in discrete time, e.g. Ho and Lee (1986), Pedersen, Shiu, and Thorlacius
(1989), and Black, Derman, and Toy (1990) have developed binomial term structure models. These
models can also be seen as discrete-time approximations to continuous-time models.

Let us focus on a simple binomial term structure model. It follows from (4.22) that in order
to compute the prices of zero-coupon bond and hence any default-free bond, we just need to know
the dynamics of the one-period (or “short-term”) interest rate r under a risk-neutral probability
measure Q. Binomial term structure models therefore start by assuming a binomial model for the
evolution of the one-period interest rate. Figure 4.3 gives an example of a three-period binomial
tree for the interest rate. Near each line between two nodes the risk-neutral transition probability
is shown. Here we want to focus on how to use a tree for pricing so we take these risk-neutral

probabilities as given.

5%

Figure 4.3: An three-period binomial term structure model.

Let us start by pricing a one-period zero-coupon bond which gives a dividend of 1 at the end
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of the first-period no matter which state the economy is in. We denote the price of this bond by
B}. From (4.22) we have that

By =E%[e] = = "% x 0.9512.

Now let us look at a zero-coupon bond maturing at time 2. We can find the current price B2
by working backwards. First we find the two possible prices at time 1. If the short rate is 6% at
time 1, the price will be Bf , = e~ ~ 0.9418. If the short rate at time 1 is 4%, the price will
be Bid = ¢7004 2 0.9608. Using (4.20) we can compute the current 2-period bond price as

B = e E? [B}] = ¢ %% (0.6 - 0.9418 + 0.4 - 0.9608) ~ 0.9307,

which corresponds to a continuously compounded yield of —(In BZ)/2 ~ 5.098%.

In a similar recursive manner we can compute the price of a three-period zero-coupon bond.
We get a price of B = 0.8561 corresponding to a yield of 5.180%. So from the short rate tree we
can generate a whole yield curve at time 0. Similarly, we can generate a yield curve for each of the

future nodes of the tree. We can also use the tree to price other fixed-income securities.

4.5 Concluding remarks

This chapter has introduced general asset pricing concepts and relation in a discrete-time
setting and discussed the consequences for the modeling of the term structure of interest rates.
We have focused on discrete-time models with finitely many states, but the results generalize to
discrete-time models with infinitely many states. Some authors prefer to work with such models,
but they can again be seen as approximations of continuous-time models. For an overview of
discrete-time term structure models, see Backus, Foresi, and Telmer (1998). If you support the
view that continuous-time models are easier to interpret, understand, and apply for pricing and
hedging, this chapter is mainly giving some important intuition for the continuous-time models
that we start working with in the next chapter. However, as mentioned earlier, even if you prefer
continuous-time models, you may end up using an approximating discrete-time model to compute

some interesting quantities.

4.6 Exercises

EXERCISE 4.1 Consider a one-period, three-state economy with two assets traded. Asset 1 has a price
of 0.9 and pays a dividend of 1 no matter what state is realized. Asset 2 has a price of 2 and pays 1, 2,
and 4 in state 1, 2, and 3, respectively. The real-world probabilities of the states are 0.2, 0.6, and 0.2,
respectively. Assume absence of arbitrage.

(a) Find the state-price vector ¥* defined in (4.7). What portfolio generates a dividend of *? What

is the state-price deflator corresponding to ¥*?

(b) Find the state-price deflator ¢* defined in (4.9). What portfolio generates a dividend of {*7

(c) Find the risk-neutral probability measure associated with ¥*. What is the state-price vector corre-
sponding to ¢*7

(d) Find a portfolio with dividends 4, 3, and 1 in states 1, 2, and 3, respectively. What is the price of
the portfolio?
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EXERCISE 4.2 Suppose the market is complete and arbitrage-free. Show that 1™ defined in Section 4.2.6
is the only state-price vector. Hint: Suppose that 1™ and ™" are two state-price vectors. Since the market
s complete we must have that (why?) ¥* - ™ =™ - ™ and Y™ - ™ = ™™ - p*. Use these equalities
to show that ¥™ = ™.

EXERCISE 4.3 Suppose 11 and 72 are strictly positive numbers and that u1(c) = ua(c) = ¢ 77 /(1 —7)

for any non-negative real number c. Define the function u, : Ry — R by
un(x) = sup {mui(y1) + naua(y2) |y1 + y2 < z;91,52 > 0}

Show that u,(x) = kx'~7/(1 — ) for some constant k. What is the implication for the utility of represen-

tative agents?



Chapter 5

Asset pricing and term structures: an

introduction to continuous-time models

5.1 Introduction

In the previous chapter we introduced the concepts of no arbitrage, state-price deflators, and

risk-neutral probabilities in a discrete-time setting. Among the key findings were
e a one-to-one relationship between state-price deflators and risk-neutral probability measures,

e absence of arbitrage is equivalent to the existence of a state-price deflator and a risk-neutral

probability measure,

e in a complete arbitrage-free market, there is a unique state-price deflator and a unique
risk-neutral probability measure. The state-price deflator can be represented in terms of a

representative agent’s marginal utility evaluated at the aggregate consumption level.

In Section 5.2 we will generalize these concepts and relations to a continuous-time setting. Up to
some technical conditions, the same results hold as in the discrete-time setting.

In the discrete-time modeling of the previous chapter we showed how risk-neutral probability
measures can be used to capture the pricing mechanism of the market. We saw that an asset can
be priced by computing a certain risk-neutral expectation involving the future short-term interest
rates and the dividends of the asset. Section 5.3 shows that even other probability measures will
be helpful in the computation of the prices of derivative assets.

In Section 5.4 we discuss the implications of the general asset pricing theory for the pricing of
forwards and futures. We give a general characterization of both the forward price and the futures
price and discuss the difference between these prices.

In Section 5.5 we will briefly describe and discuss the special features of American-style deriva-
tives, i.e. derivatives that entitle the owner to exercise the contract at all points in time before the
final expiration date, or a least at several pre-specified points in time. Closed-form expressions for
the prices of American-style derivatives are only present in the very trivial cases where premature
exercise can be ruled out. Hence, in general, one must resort to numerical methods to compute
both prices and hedge rations for American-style derivatives.

The asset pricing relations in Section 5.2 were developed under quite general assumptions on

the interest rates and the expected returns and volatility terms of the traded assets. In Section 5.6
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we will specialize this framework by assuming that the values of interest rates, expected returns,
and volatilities are given as functions of some common state variable and that this state variable
follows a diffusion process. The state variable may be one- or multi-dimensional. We will refer
to such models as diffusion models. The main advantage of this added structure is that the
price of any given asset in a broad class of assets can now be written as some function of the state
variable and time, and that this function can be computed by solving a partial differential equation.
Sometimes it is easier to solve partial differential equations than to compute the necessary risk-
neutral expectations involving the future asset dividends and short-term interest rates. All the
classic and also many modern dynamic term structure models are diffusion models so this section
also serves as an introduction to many concrete term structure models.

The best known model for the pricing of derivative securities is the Black-Scholes-Merton model
developed by Black and Scholes (1973) and Merton (1973). The model was originally created for
the pricing of stock options, but a variant of the model (the so-called Black model introduced by
Black (1976)) has later been applied to the pricing of many other derivative securities, including
some of the interest rate dependent securities discussed in Chapter 2. In Section 5.7 we will briefly
go through the Black-Scholes-Merton model and Black’s variant and state Black’s formula for the
pricing of selected fixed income securities. However, we will also point out that the assumptions
underlying Black’s model are completely unacceptable when it comes to interest rate dependent
securities.

Section 5.8 gives an overview of the concrete continuous-time term structure models we will
describe in detail in Chapters 7-11. The distinction between absolute pricing models and relative
pricing models is discussed. We will also outline some criteria for the choice of which of the

numerous term structure models to use.

5.2 Asset pricing in continuous-time models

The central concepts of no arbitrage, state-price deflators, and risk-neutral probability measures
can easily be generalized to continuous-time models. In discrete-time models, absence of arbitrage,
existence of a state-price deflator, and existence of a risk-neutral probability measure were shown
to be equivalent. This is almost true in continuous-time, but there are some subtle details. It is
easy to show that the existence of either a state-price deflator or a risk-neutral probability mea-
sure will imply absence of arbitrage. The one-to-one correspondence between state-price deflators
and risk-neutral probability measures continues to hold, at least under technical conditions. How-
ever, absence of arbitrage does not imply the existence of a state-price deflator or a risk-neutral
probability measure. Loosely speaking, we need to rule out both arbitrage and “near arbitrage”
trading strategies to ensure that a risk-neutral measure exists. However, if the asset prices are
well-behaved in a certain sense, we can indeed construct a risk-neutral probability measure. So
the basic message is that for well-behaved markets, no arbitrage is still equivalent to the existence
of a risk-neutral probability measure and to the existence of a state-price deflator. Furthermore,
in an arbitrage-free complete market the risk-neutral probability measure is unique and so is the
state-price deflator.

The presentation below is structured very similarly to that of Duffie (2001, Ch. 6), but many

technical details are left out here. These details are not important for a basic understanding of
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continuous-time asset pricing models. Many of the definitions and results in the continuous-time
framework are originally due to Harrison and Kreps (1979) and Harrison and Pliska (1981, 1983).

We assume that the basic uncertainty in the economy is represented by the evolution of a d-
dimensional standard Brownian motion, z = (z;)¢c[o,7]. Think of dz; as d exogenous shocks to the
economy at time t. All the uncertainty that affects the investors stems from these exogenous shocks.
This includes financial uncertainty, i.e. uncertainty about the evolution of prices and interest
rates, future expected returns, volatilities, and correlations, but also non-financial uncertainty,
e.g. uncertainty about prices of consumption goods and uncertainty about future labor income of
the agents. The state space 2 is in this case the set of all paths of the Brownian motion z. Note

that since a Brownian motion has infinitely many possible paths, we have an infinite state space.

5.2.1 Assets, trading strategies, and arbitrage

For notational simplicity we shall first develop the main results for the case where the available
assets pay no dividends before time T, letting Py denote the time 7' dividend and, consequently,
cum-dividend price. Later we will discuss the necessary modifications in the presence of interme-
diate dividends.

We model a financial market with one instantaneously riskless and N risky assets. The instan-
taneously riskless asset is simply the continuous-time version of the bank account process. Let r;
denote the continuously compounded, instantaneously riskless interest rate at time ¢, i.e. the rate
of return over an infinitesimal interval [t, ¢ + dt] is r; dt. The bank account continuously rolls over
such instantaneously riskless investments. Let A denote the price process of the bank account,
then

dA; = Ayry dt,

or, equivalently,
Ay = Agelorude,

We need to assume that the process r = (r;) is such that foT |r¢| dt is finite with probability one.
Note that the bank account is only instantaneously riskless since future interest rates are generally
not known. We refer to r; as the short-term interest rate or simply the short rate. Some authors
use the phrase spot rate to distinguish this rate from forward rates. If the zero-coupon yield curve
at time ¢ is given by 7 — y! ™7 for 7 > 0, we can think of r; as the limiting value lim, ™", which
corresponds to the intercept of the yield curve and the vertical axis in a (7, y)-diagram. The short
rate is strictly speaking a zero maturity interest rate. The maturity of the shortest government
bond traded in the market may be several months, so that it is impossible to observe the short
rate directly from market prices. The short rate in the bond markets can be estimated by the
intercept of a yield curve estimate, which can be obtained by the methods discussed in Section 1.6
on page 14. In the money markets, rates are set for deposits and loans of very short maturities,
typically as short as one day. While this is surely a reasonable proxy for the zero-maturity interest
rate in the money markets, it is not necessarily a good proxy for the riskless (government bond)
short rate. The reason is that money market rates apply for unsecured loans between financial
institutions and hence they reflect the default risk of those investors. Money market rates are

therefore expected to be higher than similar bond market rates.
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The prices of the IV risky assets are modeled as general 1t6 processes, cf. Section 3.5. The price

process P; = (Py;) of the ’th risky asset is assumed to be of the form

d
APy = Py |pardt + Y 0ijedzj
j=1
Here p; = (pit) denotes the (relative) drift, and o;; = (0;;¢) reflects the sensitivity of the relative
price to the j’th exogenous shock. We can write the price dynamics of all the IV risky assets

compactly in vector notation as

dP, = diag(Py) [p, dt + g, dz] ,

where
Py Py 0 ... 0
P2t 0 Pzt e 0
Pt = . ) dlag(Pt) = . . . . ’

P 0 0 ... Pn
M1t O11t 012t --- O1dt
M2t o21t 022t ... O2dt

He = ’ gt =

KNt ON1t ON2t --- ONdt

We assume that the processes y; and o;; are “well-behaved”, e.g. generating prices with finite
variances. The economic interpretation of p;; is the expected rate of return per time period (year)
over the next instant. The matrix at determines the instantaneous variances and covariances
(and, hence, also the correlations) of the risky asset prices. In particular, g;o [ dt is the N x N
variance-covariance matrix of the rates of returns over the next instant [t,t + dt].

A trading strategy is a pair («, ), where @ = (ay) is a real-valued process representing the
units held of the instantaneously riskless asset and 6 is an N-dimensional process representing the
units held of the N risky assets. To be precise, 8 = (01,...,0xn)T, where 0; = (6;;) with 6;;
representing the units of asset 7 held at time ¢. The value of a trading strategy at time ¢ is given
by

Vel = A, + 6, - Py

The gains from the trading strategy over an infinitesimal interval [¢,t + dt] is
Ot dAt + Ot . dPt = O[tTtefot 7o ds dt + Ht . dPt

A trading strategy is called self-financing if the future value is equal to the sum of the initial
value and the accumulated trading gains so that no money has been added or withdrawn. In terms

of mathematics, a trading strategy («, ) is self-financing if
t " s
‘/t(x,e — VODL79 +/ (Oés’l"sejo Tu du dS + 03 . dPg)
0

or, in differential terms,

(51) d‘/ta,G = O[tTtefot T du dt + et . dPt
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An arbitrage is a self-financing trading strategy (o, ) satisfying one of the following two

conditions:
(i) Vi <0 and V2% > 0 with probability one,
(ii) Voa’e <0, Vy % > 0 with probability one, and %5 9 > 0 with strictly positive probability.

This definition also covers shorter term riskless gains. Suppose for example that we can construct
a trading strategy with a non-positive initial value (i.e. a non-positive price), always non-negative
values, and a strictly positive value at some time ¢ < T'. Then this strictly positive value can be
invested in the bank account in the period [t,T] generating a strictly positive terminal value.

In a continuous-time setting it is possible to construct some strategies that generate something
for nothing. These are the so-called doubling strategies. Think of a series of coin tossesn =1,2,....
The n’th coin toss takes place at time 1 —1/(n+1). In the n’th toss, you get a2~ ! if heads comes
up, and looses a2” ! otherwise. You stop betting the first time heads comes up. Suppose heads
comes up the first time in toss number (k 4 1). Then in the first & tosses you have lost a total of
a(l+2+ -+ 28 1) = o(2F — 1). Since you win a2* in toss number k + 1, your total profit will
be a2* — a(2F — 1) = a. Since the probability that heads comes up eventually is equal to one, you
will gain o with probability one. Similar strategies can be constructed in continuous-time models
of financial markets, but are clearly impossible to implement in real life. These strategies can be
ruled out by requiring that trading strategies have values that are bounded from below, i.e. that
some constant K exists such that Vto"e > — K for all ¢t. This is a reasonable restriction since no one
can borrow an infinite amount of money. If you have a limited borrowing potential, the doubling

strategy described above cannot be implemented.

5.2.2 Investors

In a continuous-time setting it is natural to assume that each agent consumes according to a non-
negative continuous-time process ¢ = (¢;) and that the life-time utility from a given consumption
process is of the time-additive form E[ fOT e %u(cy) dt]. In this case ¢; is the consumption rate at

time ¢, i.e. it is measured as the number of consumption goods consumed per time period. The
t+At
t

small At is approximately equal to c¢; - At. As in the discrete-time models the agents can shift

total number of units of the good consumed over an interval [t,¢ + At] is ¢s ds which for
consumption across time and states by applying appropriate trading strategies. We will not specify
in mathematical details the decision problem of an agent in continuous time. In the discrete-time
setting we derived the important equation (4.13) that relates current prices to marginal utilities
of consumption and future prices and dividends. Let us construct a similar heuristic argument in
the continuous-time setting.

Suppose ¢ = (¢;) is the optimal consumption process for some agent. Any deviation from this
strategy will generate a lower utility. One deviation occurs if the agent at time 0 increases his
investment in asset j by € units. The extra costs of €Pjo implies a reduced consumption now. Let
us suppose that the agent finances this extra investment by cutting down his consumption rate in
the time interval [0, At] for some small positive At by ePjo/At. The extra e units of asset j is
resold at time ¢ < T, yielding a revenue of e Pj;. This finances an increase in the consumption rate

over [t,t + At] by ePj;/At. Since we have assumed so far that the assets pay no dividends before
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time T', the consumption rates outside the intervals [0, At] and [t, t + At] will be unaffected. Given

the optimality of ¢ = (¢;), we must have that

At _ t+AL _
E l/ e %8 <u <cs — EZO) — u(cs)) ds +/ e 0" (u <cs + 52:) — u(cs)) ds] <0.
0 t

Dividing by € and letting € — 0, we obtain

P' At P t+At
io/ e %% (c;) ds + —Jt/ e %%/ (cs) ds| <0.
0 t

E At At

Letting At — 0, we arrive at
E [—Pjou'(co) + Pjtef‘”u’(ct)] <0,

or, equivalently,
Pjou/(co) > E [e“stPtu'(ct)] )

The reverse inequality can be shown similarly so that we have that Pjou/(co)) Ele % Pyu/(c;)] or

more generally

!
_ —s'—p U (cv)
(5.2) Pj; =B, |[e7 %Y ToN Pi|, t<t' <T.

With intermediate dividends this relation is slightly different.

5.2.3 State-price deflators

A state-price deflator is a strictly positive process ¢ = (¢;) with {, = 1 and the property
that the product of the state-price deflator and the price of an asset is a martingale, i.e. ((;P;)
is a martingale for any ¢« = 1,..., N and ((; exp{fg ry, du}) is a martingale. In particular, for all
t <t <T, we have

PG = E¢ [Py Gpr]
or

Py —E {@Pﬁl .
G

Due to the linearity of the value of a trading strategy, the same relation holds for any self-financing

trading strategy:

Vol =E, {Q'vﬁ"’} :
Gt

Let us write the dynamics of a state-price deflator as
dCt = Ct [mt dt + V¢ - dZt]

for some relative drift m and some “sensitivity” vector v. Define {; = (;A; = (; exp{ fg ry du}. By
1t6’s Lemma,

dgt* = Ct* [(mt + rt) dt + V¢ - dZt] .

Since ¢* = (¢/) is a martingale, we must have m; = —r, i.e. the relative drift of a state-price
deflator is equal to the negative of the short-term interest rate. We will later give a characterization
of the sensitivity vector v.

Also in continuous-time models, the existence of a state-price deflator implies that prices admit

no arbitrage, as stated in the following theorem.
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Theorem 5.1 If a state-price deflator exists, prices admit no arbitrage.

The proof is basically the same as in the discrete-time case.

Proof: The following argument ignores the lower bound on the value process for a trading strategy.
Consult Duffie (2001, p. 105) to see how to incorporate the lower bound. It is not terribly difficult,
but involves local martingales and super-martingales which we will not discuss here.

Suppose (a, 0) is a self-financing trading strategy with V' > 0. Then
Ve ? = E v’

must be non-negative. If, furthermore, there is a positive probability of V' 6 being strictly positive,

then VOD“"9 must be strictly positive. Consequently, arbitrage is ruled out. O

In the discrete-time models we showed that absence of arbitrage implies the existence of a state-
price deflator. We did that by observing that in the absence of arbitrage the optimal consumption
strategy of any agent is finite and well-defined and the marginal rate of intertemporal substitution
of the agent can then be used as a state-price deflator. In continuous-time models we can see
from (5.2) that ¢; = e~%%/(c;)/u’(co) is a good candidate for a state-price deflator whenever the
optimal consumption process c of the agent is well-behaved, as it presumably will be in the absence
of arbitrage. However, there are some technical subtleties one must consider when going from no
arbitrage to the existence of a state-price deflator. We will very briefly address this issue in a later

subsection.

5.2.4 Risk-neutral probability measures

For our market with no intermediate dividends, a probability measure Q is said to be a risk-

neutral probability measure if the following three conditions are satisfied:
(i) Q is equivalent to P,
(i) for any asset, the discounted price process Pj; = P;; exp{— fg rsds} is a Q-martingale,
(iii) the Radon-Nikodym derivative dQ/dP has finite variance.
In particular, if Q is a risk-neutral probability measure, then
Py = E(t@ [67 I dspit’}

for any ¢t < t’. Let us check whether the same relation holds for any self-financing trading strategy
(o, 0), ie.
vl =BR[]

where V% = V9 exp{— fot rsds} for all t. First, we note the following lemma:

Lemma 5.1 A trading strategy (o, 0) is self-financing if and only if

t
A / 0, - dp..
0
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Proof: What we aim to show is that d‘_/ta’o = 0, - dp; if and only if (5.1) holds. First note that

1t6’s Lemma implies that the dynamics of the discounted prices is given by
dPy = diag(Py) [(p, — 141) dt + o4 dzy] .
Rearranging we get
dP; = diag(P;) [,ut dt + g, dzt] — P, dt
— e Jorudu diag(P;) [ut dt + gy dzt} —re” Joru dup, qt
(5.3) =e Jorudugp, _ o= foredup, gt
Similarly, the dynamics of the discounted value of a trading strategy is
d‘—/ta,e — oS d“tha’e . rtV;a’ee_ Jy rdu gy
= e S duqye? —py (ay + e o dug, - Py dt
= e Jorudugye® _ o, dt — 6, - (rte_ Joru d"Pt) dt
Using (5.3), we can rewrite the last term and we obtain
AVl = e Jorudugya® _ o, dt — e Joredug, . P, + @, - dP;.

Consequently, dV;*® = @, - dPy if and only if the first three terms on the right-hand side yield zero,

which is exactly when the trading strategy is self-financing. O

The question is therefore whether or not

t’ B
/ 0, -dP,
t

holds. This seems reasonable, since expected price changes are zero under @, but certain technical
restrictions on @ need to be imposed, cf. Duffie (2001, p. 109).

Analogous to the discrete-time models, we have the following result:

(5.4) EY =0

Theorem 5.2 If a risk-neutral probability measure exists, prices admit no arbitrage.

Proof: Suppose (a, 0) is a self-financing trading strategy satisfying technical conditions ensuring
that (5.4) holds. Then
V® =E@ e~ o 7 ‘“VT""’} :

Note that if V' 9 g non-negative with probability one under the real-world probability measure P,
then it will also be non-negative with probability one under a risk-neutral probability measure Q
since Q and P are equivalent. We see from the equation above that if V' 9 is non-negative, so is
Voa’e. If, in addition, V' 9 is strictly positive with a strictly positive possibility, then Voo"t9 must

be strictly positive (again using the equivalence of P and Q). Arbitrage is ruled out. O

In discrete-time models we have a one-to-one relationship between risk-neutral probability
measures and state-price deflators: Given a risk-neutral probability measure, we can construct a
state-price deflator, and conversely. This is also true in continuous-time under a technical condition

as the following theorem shows.
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Theorem 5.3 Given a risk-neutral probability measure Q. Let & = E[dQ/dP] and define (; =
& exp{— fot rsds}. If § has finite variance for all t < T, then ¢ = ({;) is a state-price deflator.

Conversely, given a state-price deflator ¢, define & = exp{fot rsds}C. If Ep has finite variance,
then a risk-neutral probability measure Q is defined by dQ/dP = E.

Proof: Suppose that Q is a risk-neutral probability measure. The change of measure implies that
Et [Cspzs] =e fot Tu du Et [553567 fts Tu du:| =e fot T dugt E? [Pisei fts T du:|
—e Joru dug, Py = 4P,

where the second equality follows from (3.35). Hence, ( is a state-price deflator. The finite variance
condition on ¢; (and the finite variance of prices) ensure the existence of the expectations.
Conversely, suppose that { is a state-price deflator and define ¢ as in the statement of the

theorem. Then
Elr] =E [erT " dsCT} =1,

where the last equality is due to the fact that the product of the state-price deflator and the bank
account value is a martingale. Furthermore, &7 is strictly positive so dQ/dP = &r defines an
equivalent probability measure Q. By assumption {7 has finite variance. It remains to check that

discounted prices are Q-martingales. Again using (3.35), we get

E} [67 I v dSPit’} =E; {%/6 I dSPit’:| =E |:<Ct/Pit’:| = Py,
t ¢

so this condition is also met. Hence, Q is a risk-neutral probability measure. O

5.2.5 From no arbitrage to state-price deflators and risk-neutral measures

Theorem 4.8 established that in discrete-time models no-arbitrage is equivalent to the existence
of a state-price deflator and hence to the existence of a risk-neutral probability measure. However,
in continuous-time models absence of arbitrage does not imply the existence of a state-price deflator
or a risk-neutral measure. We must require a little more than absence of arbitrage. As shown by
Delbaen and Schachermayer (1994, 1999) the condition that prices admit no “free lunch with
vanishing risk” is equivalent to the existence of a risk-neutral probability measure and hence,
following Theorem 5.3, the existence of a state-price deflator. We will not go into the precise and
very technical definition of a free lunch with vanishing risk. Just note that while an arbitrage is a
free lunch with vanishing risk, there are trading strategies which are not arbitrages but nevertheless
are free lunches with vanishing risk. More importantly, we will see in the next section that in
markets with sufficiently nice price processes, we can indeed construct a risk-neutral probability

measure.

5.2.6 Market prices of risk

If Q is a risk-neutral probability measure, the discounted prices are Q-martingales. The dis-

counted risky asset prices are given by

— t
Pt = Pt€7f0 T's ds'
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An application of 1t6’s Lemma shows that the dynamics of the discounted prices is
(55) dPt = dlag(f’t) [(l‘l’t — ’f'tl) dt + gt dZt:I .

Suppose that Q is a risk-neutral probability measure and let & = E;[dQ/dP]. Then it follows from
the Martingale Representation Theorem, see e.g. Qksendal (1998, Thm. 4.3.4), that a process A =
(A+) exists such that

d§y = =& Ay - dzy,

or, equivalently (using & = E[dQ/dP] = 1),

1t t
(5.6) & = exp{/ H)\S||2ds—/ A - dzs}.
2 Jo 0

According to Girsanov’s Theorem, i.e. Theorem 3.1, the process z2 = (z2) defined by
(5.7) dz2 = dz; + A\ dt, z3g =0,

is then a standard Brownian motion under the Q-measure. Substituting this into the dynamics of

discounted prices, we obtain

(5.8) dP; = diag(P;) [(ut —rl—g ) dt + o4 dz2| .
If discounted prices are to be Q-martingales, we must have that

(5.9) aiAe = py — 1l

From these arguments it follows that the existence of a solution A to this system of equations is a
necessary condition for the existence of a risk-neutral probability measure. Note that the system
has N equations (one for each asset) in d unknowns, A1,..., Ag (one for each exogenous shock).
On the other hand, if a solution A exists and satisfies certain technical conditions, then a risk-
neutral probability measure Q is defined by dQ/dP = &r, where &7 is obtained by letting t = T
in (5.6). The technical conditions are that &7 has finite variance and that exp {% fOT ||>\tH2dt}
has finite expectation. (The latter condition is Novikov’s condition which ensures that the process

& = (&) is a martingale.) We summarize these findings as follows:

Theorem 5.4 If a risk-neutral probability measure exists, there must be a solution to (5.9) for
all t. If a solution A\, exists for all t and the process XA = (A;) satisfies technical conditions, then a

risk-neutral probability measure exists.
Any process A = (A;) solving (5.9) is called a market price of risk process. To understand
this terminology, note that the ¢’th equation in the system (5.9) can be written as

d
E Uijt)\jt = Mit — Tt
Jj=1

If the price of the ¢’th asset is only sensitive to the j’th exogenous shock, the equation reduces to

OijtNjt = it — Tt,
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implying that
)\jt _ Hit — Tt.
Oijt
Therefore, Aj; is the compensation in terms of excess expected return per unit of risk stemming
from the j’th exogenous shock. Note that any risk-neutral probability measure is associated to a
market price of risk process.
Suppose A is a market price of risk process and let Q denote the associated risk-neutral prob-

ability measure and z? the associated standard Brownian motion. Then
(5.10) dP, = diag(Py)a, dzg

and
dP, = diag(P,) [rtl dt+ o, dz2] .

So under a risk-neutral probability all asset prices have a drift equal to the short rate. The
volatilities are not affected by the change of measure.

Next, let us look at the relation between market prices of risk and state-price deflators. Suppose
that A is a market price of risk and & in (5.6) defines the associated risk-neutral probability

measure. From Theorem 5.3 we know that, under a regularity condition, the process ( defined by

. t 1t t
Ctzfteffo rs ds zexp{—/ ’I“st—*/ ||)\s||2d5—/ s - dzs}
0 2 Jo 0

is a state-price deflator. Since d&; = —&: A\ - dz, an easy application of [td’s Lemma implies that
(511) dct = _Ct [’I"t dt + )‘t . dZt] .

As we have already seen, the relative drift of a state-price deflator equals the negative of the
short-term interest rate. Now, we see that the sensitivity vector of a state-price deflator equals
the negative of a market price of risk. Up to technical conditions, there is a one-to-one relation
between market prices of risk and state-price deflators.

Suppose the rank of g; equals & for all t. If k& < d, there are several solutions to (5.9). We can

write one solution as
-1
(5.12) [ =d, (gtg) (B —741),

where & . is the k X d matrix obtained from g; by removing rows corresponding to redundant assets,
i.e. rows that can be written as a linear combination of other rows in the matrix. Similarly, f, is
the k-dimensional vector that is left after deleting the elements corresponding to the redundant

assets. In the special case where k = d, we have

A—1/n
¢ =g, (fr; — 7).

Instead of representing a trading strategy by the number of units held of each asset, we can
also represent in terms of the fractions of the total value of the trading strategy invested in each
asset. Let 7, denote the vector of fractions invested in the N risky assets. Then the fraction of
wealth invested in the bank account must be 1 — 7w 1. Letting V™ denote the value of such a

trading strategy, we get

VT = Vi [(re+ ] (g = rid)) dt + 7] g day]
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1
tg) (f1, — 1) in the

non-redundant assets and the fraction 1 — 7] 1 in the bank account. The dynamics of the value

Consider the trading strategy given by the fractions of wealth 7w, = (g

V; of this trading strategy is given by
av, =V, [(rt + a7 (i —ril)) di + 776, dzt}

= Ve [(re + INFI) dt + (A))T daz] -

It can be shown that 7 is the trading strategy with the highest expected continuously compounded
growth rate, i.e. the trading strategy maximizing E[ln (V7 /V{7)], and it is therefore referred to as
the growth-optimal trading strategy. Consequently, A} defined in (5.12) is the relative sensitivity

vector of the value of the growth-optimal trading strategy.

5.2.7 Complete vs. incomplete markets

A financial market is said to be (dynamically) complete if all relevant risks can be hedged by
forming portfolios of the traded financial assets. More formally, let £ denote the set of all random
variables (with finite variance) whose outcome can be determined from the exogenous shocks to the
economy over the entire period [0,7]. In mathematical terms, £ is the set of all random variables
that are measurable with respect to the o-algebra generated by the path of the Brownian motion
z over [0,7]. On the other hand, let M denote the set of possible time T values that can be

generated by forming self-financing trading strategies in the financial market, i.e.

M= {V;’e | (v, 8) self-financing with V,**® bounded from below for all ¢ € [0, T]} :

Of course, for any trading strategy («, @) the terminal value Vi, 9 is a random variable, whose
outcome is not determined until time 7. Due to the technical conditions imposed on trading
strategies, the terminal value will have finite variance, so M is always a subset of L. If, in fact,
M is equal to L, the financial market is said to be complete. If not, it is said to be incomplete.

In a complete market, any random variable of interest to the investors can be replicated by a
trading strategy, i.e. for any random variable W we can find a self-financing trading strategy with
terminal value V5 0 —w. Consequently, an investor can obtain exactly her desired exposure to
any of the d exogenous shocks. Real financial markets are not complete in a broad sense, since
most investors face restrictions on the trading strategies they can invest in, e.g. short-selling and
portfolio mix restrictions, and are exposed to risks that cannot be fully hedged by any financial
investments, e.g. labor income risk.

Intuitively, to have a complete market, sufficiently many financial assets must be traded. How-
ever, the assets must also be sufficiently different in terms of their response to the exogenous
shocks. After all, we cannot hedge more risk with two perfectly correlated assets than with just
one of these assets. Market completeness is therefore closely related to the “sensitivity” process o
of the traded assets. The following theorem provides the precise relation involving the rank of the

N X d matrix g

Theorem 5.5 Suppose that the short-term interest rate r is bounded. Also, suppose that a bounded
market price of risk process X exists. Then the financial market is complete if and only if the rank

of o is equal to d (almost everywhere).
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Clearly, a necessary (but not sufficient) condition for the market to be complete is that at least
d risky asset are traded — if N < d, the matrix g cannot have rank d. If g, has rank d, then there
is exactly one solution to the system of equations (5.9) and, hence, exactly one market price of risk
process A and (if A is sufficiently nice) exactly one risk-neutral probability measure. If the rank
of g is strictly less than d, there will be multiple solutions to (5.9) and therefore multiple market
prices of risk and multiple risk-neutral probability measures. Combining these observations with

the previous theorem, we have the following conclusion:

Theorem 5.6 Suppose that the short-term interest rate r is bounded and that the market is com-
plete. Then there is a unique market price of risk process X and, if X satisfies technical conditions,

there is a unique risk-neutral probability measure.

This theorem and Theorem 5.3 together imply that in a complete market, under technical condi-
tions, we have a unique state-price deflator.

An example of an incomplete market is a market where the traded assets are only sensitive to
k < d of the d exogenous shocks. Decomposing the d-dimensional standard Brownian motion z
into (Z,Z), where Z is k-dimensional and Z is (d — k)-dimensional, the dynamics of the traded

risky assets can be written as
dPt = dlag(Pt) [/‘l’t dt + gt dZt] .

For example, the dynamics of r¢, p,;, or ¢ may be affected by the non-traded risks Z, representing
non-hedgeable risk in interest rates, expected returns, and volatilities and correlations, respectively.
Or other variables important for the investor, e.g. his labor income, may be sensitive to Z. Let us
assume for simplicity that £ = N and the k x k matrix g is non-singular. Then we can define a

unique market price of risk associated with the traded risks by the k-dimensional vector

Ar = (a0) ™" (g —701),

but for any well-behaved (d — k)-dimensional process A, the process A = (A, A) will be a market
price of risk for all risks. Each choice of A generates a valid market price of risk process and hence

a valid risk-neutral probability measure and a valid state-price deflator.

5.2.8 Extension to intermediate dividends

In the continuous-time model discussed so far, we have assumed that the assets have a final
dividend payment at time 7" and no dividend payments before. Clearly, we need to extend this to
the case of dividends at other dates. We distinguish between lump-sum dividends and continuous
dividends. A lump-sum dividend is a payment at a single point in time, where as a continuous
dividend is paid over a period of time.

Suppose Q is a risk-neutral probability measure. Consider an asset paying only a lump-sum
dividend of Ly at time ¢/ < T. If we invest the dividend in the bank account over the period [t’, T,
we end up with a value of Ly exp{ j;,T ry, du}. Thinking of this as a terminal dividend, the value of

the asset at time ¢ < ¢’ must be

Pit _ E? |:e_ ftT Ty du (Ltleft:f N du):| _ E? |:e_ ftt Tu duLt’
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Intermediate lump-sum dividends are therefore valued similarly to terminal dividends and the
discounted price process of such an asset will be a Q-martingale over the period [0,¢'] where the
asset “lives”. An important example is that of a zero-coupon bond paying one at some future

date ¢’. The price at time ¢ < ¢’ of such a bond is given by
(5.13) B = ER [ [ ruan]
In terms of a state-price deflator (, we have

(5.14) B! =E, [Ct} .
Gt

A continuous dividend is represented by a dividend rate process D = (D;), which means that

the total dividend paid over any period [t,¢'] is equal to ftt D, du. Over a very short interval

[s,s + ds] the total dividend paid is approximately D;ds. Investing this in the bank account

LN

provides a time T value of el duD, ds. Integrating up the time T values of all the dividends in

the period [t,T], we get a terminal value of j;T el redup_ ds. According to the previous sections

T s
/ e~ Jiredup gs) .
¢

the time t value of such a terminal payment is

T
Pit _ E(t@ |ﬁ_ ftT Ty du / efST T duDS ds| = E?

t

This implies that for any ¢t < ¢’ < T', we have

(5.15) Py =E2

, ¢
e~ [ rudu Py + / e~ Jirudup ds]
t

and the process with time ¢ value given by Pj; exp{— fg rydu} + fot exp{— [y rudu}D,ds is a
Q-martingale. In terms of a state-price deflator ( we have that the process with time ¢ value
G Py + fg (sDy ds is a P-martingale and

e

G Py + | 2D, ds] .

Py =E, | %
! "¢ ¢ G

Pricing expressions for assets that have both continuous and lump-sum dividends can be ob-

tained by combining the expressions above appropriately.

5.2.9 Equilibrium and representative agents in complete markets

We will not formally define the concepts of equilibrium, Pareto-optimality, and representative
agents in the continuous-time framework, but the meaning of these concepts is exactly the same

as in the discrete-time models. Once again, we have the same two theorems:

Theorem 5.7 If the financial market is complete, then every equilibrium consumption allocation

is Pareto-optimal.

Theorem 5.8 Suppose all individuals are greedy and risk-averse. If the financial market is com-

plete, the economy has a representative agent.
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In a complete market we have a unique state-price deflator ¢ = (¢;) that values any trading
strategy. Furthermore, the value of any reasonably well-behaved process can be replicated by an
appropriate trading strategy. In particular, the consumption process of any given agent can be
valued using the state-price deflator. The initial cost of following a consumption process ¢ = (¢;)
is therefore given by E[ fOT Cecr dt]. Similarly the initial value of a future income process e = (e) is

given by E[ fOT Crer dt]. We can now formulate the consumption choice problem of the agent as

/OT e %tu(cy) dt] ,

T
/ thtdt] <Wy+E
0

sup E

c=(ct)

st. E

[ o]

Here Wy denotes the initial wealth of the agent and we have assumed a time-additive expected

CtZO.

utility representation of the agent’s preferences. In a complete market the decision problem of the
agent can be divided into two steps. First, the optimal consumption process is found by solving
the above problem. Then, the agent must find a trading strategy that finances this consumption
process. Such a trading strategy will exist because the market is complete.

Let us derive the first-order condition for ¢ = (¢;) for the above problem. In doing that we will
ignore the non-negativity constraint on the consumption rate. This will indeed be met, whenever

the agent has infinite marginal utility at zero consumption. Using the Lagrangian technique for

)

+77<VV0+E

this constrained optimization problem, we need to maximize

T T T
/ e_étu(ct) dt / Ctet dt / tht dt
0 0 0

= ! e Oty ct) — niiey
‘E[/o( (c0) — nccr) dt

E -E

+77<W0+E

/OTCtet dt]) ,

where 7 is the Lagrange multiplier. We can focus on the first term, since the others do not involve c.
Let us maximize the integrand e~%'u(c;) — n¢ie; for each t € [0,T] and each state of the world
at time t. Doing that we will surely maximize E { fOT (e=%u(er) — nGey) dt}. The integrand is

ot

maximized whenever e~ °*u'(¢;) = n¢; and since we know that (o = 1, we must have n = u'(cp).

Hence we have shown that the unique state-price deflator in a complete market is given by
u'(ct)
5.16 =e 0 — 2.
(5.16) G =
This is true for any agent. In particular, we can represent the unique state-price deflator in a com-
plete market in terms of the marginal utility of a representative agent. The optimal consumption
of a representative agent must be equal to the aggregate endowment of the economy. We shall use

this relation in Chapter 6 to link asset prices, interest rates, and aggregate consumption.

5.3 Other probability measures convenient for pricing

In the previous section we discussed the idea of computing prices using a risk-neutral probability
measure. For some applications it turns out to be convenient to use different probability measures

to which we turn now.
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Given a risk-neutral probability measure Q, then the price P; of any asset with a single payment

date satisfies that

il — @ i

Ay 1A,
for all s > t before the payment date of the asset, i.e. the relative price process (P;/A;) is a Q-
martingale. In a sense, we use the bank account as a numeraire. If the asset pays off Pr at time T,

we can compute the time ¢ price as
P, =E2 [e* /T, dsPT] .

This involves the simultaneous risk-neutral distribution of |, tT rsds and Pp, which might be quite
complex.

For some assets we can simplify the computation of P; using a different, appropriately selected,
numeraire asset. Let S; denote the price process of a particular traded asset or the value process
of a dynamic trading strategy. We require that S; > 0. Can we find a probability measure Q° so
that the relative price process (P;/S;) is a Q°-martingale? Let us write the price dynamics of S;
and P; as

dP; = Py [upt dt + o py dzy] , dS; = St [use dt + 05, dzy] .

Then by It6’s Lemma,

P, P,
d (?) =5, Wr = s+ llosi® — o op) di+ (op = os0)" dz].
t t

Suppose we can find a well-behaved stochastic process )\f such that
(5~17) (O'Pt - O'St) : )\f = Wpt — pst + ||0'Szt||2 — 05t Opt-

Then we can define a probability measure Q° by the Radon-Nikodym derivative

dQ® 1/T 52 " s\
—— =expq —= [IA ds—/ A dzy p .
dP { 2 Jo a 0 (t> K

The process z° defined by
dz? :dzt—l—)\ts7 z5 =0

is a standard Brownian motion under Q°. We then get

P\ P N
d (SZ) = §Z (opt — Ost) dzf,

so that (P;/S;) indeed is a Q°-martingale.

How can we find a A° satisfying (5.17)7 As we have seen, under weak conditions a market
price of risk A; will exist with the property that up, = r + op; - Ay and pgy = r¢ + gt - Ag.
Substituting in these relations, the right-hand side of (5.17) simplifies to (6 pt — ost) - (At — Ts¢).
We can therefore use

A =\ — ot

In general we refer to such a probability measure Q° as a martingale measure for the asset with
price S = (S;). In particular, a risk-neutral probability measure Q is a martingale measure for the

bank account.
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Given a martingale measure Q° for the asset with price S, the price P; of an asset with a single
payment Pr at time T satisfies
s | P,
(5.18) P, = S, EY {—T] .
St

If cases where the distribution of Pr/Sr under the measure Q is relatively simple, this provides a
computationally convenient way of stating the price P, in terms of S;. In the following subsections

we look at some examples.

5.3.1 A zero-coupon bond as the numeraire — forward martingale measures

For the pricing of derivative securities that only provide a payoff at a single time T, it is
typically convenient to use the zero-coupon bond maturing at time T as the numeraire. Recall
that the price at time ¢ < T of this bond is denoted by B} and that BY = 1. Let o denote the

sensitivity vector of B] so that
dBl' =B [(re + ol - X) dt + o] - dz],

assuming the existence of a market price of risk process A = (A¢).

We denote the martingale measure for the zero-coupon bond maturing at 7" by Q7 and refer to
QT as the T-forward martingale measure. This type of martingale measure was introduced by
Jamshidian (1987) and Geman (1989). The term comes from the fact that under this probability
measure the forward price for delivery at time T of any security with no intermediate payments is
a martingale, i.e. the expected change in the forward price is zero. If the price of the underlying
asset is P, the forward price is P;/B{, and by definition this relative price is a QT -martingale.
The expectation under the T-forward martingale measure is sometimes called the expectation in
a T-forward risk-neutral world.

The time ¢ price of an asset paying Pr at time T can be computed as
(5.19) P, = BTEY [Pp].
Under the probability measure Q7 the process z” defined by
(5.20) dz{ =dz, + (A, — o] ) dt

is a standard Brownian motion. To compute the price from (5.19) we only have to know (1) the
current price of the zero-coupon bond that matures at the payment date of the asset and (2) the
distribution of the random payment of the asset under the T-forward martingale measure Q7. We
shall apply this pricing technique to derive prices of European options on zero-coupon bonds. The
forward martingale measures are also important in the analysis of the so-called market models
studied in Chapter 11.

Note that if the yield curve is constant (and therefore flat) as in the Black-Scholes-Merton model
for stock options, the bond price volatility o} is zero and, consequently, there is no difference
between the risk-neutral probability measure and the T-forward martingale measure. The two
measures differ only when interest rates are stochastic. To emphasize the difference between these
measures, the risk-neutral probability measure, which is associated with the short rate or spot rate

bank account, is sometimes referred to as the spot martingale measure.
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5.3.2 An annuity as the numeraire — swap martingale measures

As discussed above it is often computationally advantageous for the pricing of European options
to use as a numeraire the zero-coupon bond maturing at the same time as the option. In this
subsection we show that for the pricing of European swaptions it is computationally convenient
to use another numeraire and hence another probability measure. A European payer swaption
with expiration time T and an exercise rate of K gives the right to enter into a payer swap with
some face value H at time Tj. If the right is exercised, the holder must at given future points in
time, T; = Ty + 96 where ¢ = 1,...,n, pay HOK, but will receive payments Hél%_é that are still
unknown. From (2.33) on page 39 we have that the time T value of the payoff of such a swaption

can be expressed as

n
Pr, = (Z B%’;) Hymax (I, - K,0),

i=1
where l~£}0 is the (equilibrium) swap rate prevailing at time Tj.

If we were to use the zero-coupon bond maturing at T as the numeraire, we would have to
find the expectation of the payoff Pr, under the Tp-forward martingale measure Q7. But since
the payoff depends on several different bond prices, the distribution of Pz, under Q° is rather
complicated. It is more convenient to use another numeraire, namely the annuity bond, which at
each of the dates T, ..., T, provides a payment of 1 dollar. The value of this annuity at time ¢t < T}

equals Gy = Y ", BtT". In particular, the payoff of the swaption can be restated as
Pr, = G, Hd max (Z‘%O - K, O) ,

and the payoff expressed in units of the annuity bond is simply HJ max (Z‘%O - K, 0). The mar-
tingale measure corresponding to the annuity being the numeraire is called the swap martingale
measure and will be denoted by Q¢ in the following. This type of martingale measure was in-
troduced by Jamshidian (1997). The price of the European payer swaption can now be written
as

Pr,
G,

(5.21) P, =G, EY [ ] = G, HSEY [max (igo - K, o)} :

so we only need to know the distribution of the swap rate l%] under the swap martingale measure.
In Chapter 11 we will look at a model that is based on the assumption that f%o is lognormally
distributed under the swap martingale measure. This results in a Black-Scholes-Merton-type for-
mula for the price of the European swaption very similar to the pricing formula applied by many

practitioners, cf. Equation (5.74) on page 132.

5.3.3 A general pricing formula for European options

We can use the idea of changing the numeraire and the probability measure to obtain a general
characterization of the price of a European call option. Of course, a similar result is valid for
European put options. Let T' be the expiry date and K the exercise price of the option, so that
the option payoff at time T is of the form

CT = max(hT - K, 0)
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For an option on a traded asset, hp is the price of the underlying asset at the expiry date. For an
option on a given interest rate, hpr denotes the value of this interest rate at the expiry date. We

can rewrite the payoff as
Cr = (hy — K) L{py)> k)

where 173~ k3 is the indicator function for the event hr > K. The value of this indicator function

is 1 if hy > K and 0 otherwise. According to (5.19) the time ¢ price of the option is?
T Q7
C:y = B; Ef [max(hr) — K, 0)]
T
=Bl'EY [(hr — K)1{hysxy]
T T
(5.22) = B7 (B [hrlinesr)] - KEY [Lnpsr])
T
=B (B [hrlgursiy] = KQF (hr > K))
T
= Bl E? (hr1l{n,>xy] — KB Qf (hy > K).
Here Q' (hr > K) denotes the probability (using the probability measure Q7)) of hy > K given
the information known at time ¢. This can be interpreted as the probability of the option finishing
in-the-money, computed in a hypothetical forward-risk-neutral world.
For an option on a traded asset we can rewrite the first term in the above pricing formula,

since h; is then a valid numeraire with a corresponding probability measure Q". Applying (5.18)

for both the numeraires B and hy, we get
BIEY [hrlpsm] = MEE [Linsx]
= mQp (hr > K).
The call price is therefore
(5.23) Cy = QP (hy > K) — KBFQT (hr > K).

Both probabilities in this formula show the probability of the option finishing in-the-money, but
under two different probability measures. To compute the price of the European call option in a
concrete model we “just” have to compute these probabilities.

In particular, for a call option on a zero-coupon bond maturing at time S > T we get that
(5.24) Cy = ByQ7 (B} > K) — KB/ Q{ (B} > K),

where Q° denotes the S-forward martingale measure and Q”', as before, is the T-forward martingale

measure.

1In the computation we use the fact that the expected value of the indicator function of an event is equal to the
probability of that event. This follows from the general definition of an expected value, E[g(w)] = waQ g(w) f(w) dw,
where f(w) is the probability density function of the state w and the integration is over all possible states. The set
of possible states can be divided into two sets, namely the set of states w for which hr > K and the set of w for

which hr < K. Consequently,

El{n, >k :/EQ 1>y f(w)dw

/ l~f(w)dw+/ 0 f(w)dw
w:hp>K wihp <K

- / f(w) do,
w:hp>K

which is exactly the probability of hp > K.
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5.4 Forward prices and futures prices

As we noted in Section 2.5, it is relatively easy to show that the forward price and the futures
price for the same settlement date and the same underlying asset are identical if there is no
uncertainty about future interest rates. The original proof of this result was given by Cox, Ingersoll,
and Ross (1981b). In this section will characterize forward and futures prices under less restrictive

assumptions, in particular we allow for stochastic interest rates.

5.4.1 Forward prices

A forward with maturity date T" and delivery price K provides a payoff of S — K at time T,
where S is the underlying variable, typically the price of an asset or a specific interest rate. For
forwards contracted upon at time ¢, K is set so that the value of the forward at time ¢ is zero. This
value of K is called the forward price at time ¢ (for the delivery date T') and is denoted by Ff. At
the settlement date the forward price equals the value of the underlying variable, i.e. FX = Sp. It
follows from the results on the pricing under the spot martingale measure that the forward price
F1 is fixed so that

T
0=EP [e= et (57— FT)]
= E2 [e‘ S d"ST} — F'E? {e‘ Ji T d“} .
Applying (5.13), we get

e
BF '

(5.25) Fl' =

If the underlying variable is the price of a traded asset with no payments in the period [t, T,

we have

E? [e_ [ duST} =S,
so that the forward price can be written as

Sy
Fl'=—.
t BtT

This expression is consistent with the results for bond forwards given in Section 2.3 on page 23.

Applying a well-known property of covariances, we have that
ol P dusT} = Cov? (e*ff rudu, ST) +E? [e*ff d“} EQ[S1]
= Cov? (e~ 7, 1) + BT B[Sy,
Upon substitution of this into (5.25) we get the following expression for the forward price

Cov? (e’ S rudu ST)

T _ pQ
(5.26) F/ =E7[Sr)+ BT

We can also characterize the forward price in terms of the T-forward martingale measure. The

forward price process (in dollars) for contracts with delivery date T is a martingale under the
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T-forward martingale measure. This is clear from the following considerations. With Bl as the
numeraire, we have that the forward price F}' is set so that
i - E@T St — FtT
Bl BY
and hence
T T
Fl =E} [Sr] =E7 [Ff),

which implies that the forward price F}'' is a QT-martingale.

5.4.2 Futures prices

Consider a futures with final settlement at time 7' and continuous marking-to-market. Let ®F
be the futures price at time t. The futures price at the settlement time is ®% = Sy. We assume
that the futures is continuously marked-to-market so that over any infinitesimal interval [t, ¢ + dt]

it provides a payment of d®]. The following theorem characterizes the futures price:

Theorem 5.9 The futures price ®1 is a martingale under the spot martingale measure Q, so that

in particular

(5.27) o7 = E2[Sr].

Proof: We will prove the theorem by first considering a discrete-time setting in which positions can
be changed and the futures contracts marked-to-market at times ¢, t+At, t+2At, ... t+ NAt =T.
This proof is originally due to Cox, Ingersoll, and Ross (1981b). A proof based on the same idea,
but formulated directly in continuous-time, was given by Duffie and Stanton (1992).

The idea is to set up a self-financing strategy that requires an initial investment at time ¢ equal
to the futures price ®7. Hence, at time ¢, ®] is invested in the bank account. In addition, et
futures contracts are acquired (at a price of zero).

At time t + At, the deposit at the bank account has grown to e™*“*®I. The marking-to-
market of the futures position yields a payoff of e”*4t (<I>tT+ AL — <I>tT), which is deposited at the
bank account, so that the balance of the account becomes e™~*®F, \,. The position in futures is
increased (at no extra costs) to a total of e("t+a:+7)AL contracts.

At time t+2At, the deposit has grown to e(TtJrA""Tt)At(I)aAt, which together with the marking-
to-market payment of e(Tt+actr)dt (9T )\ — &T ) gives a total of e(r+actr)AtQl )\

Continuing this way, the balance of the bank account at time T' =t + NAt will be

e("'t+(N—1)At+“'+7't)Atq) (7't+(N—1)At+‘“+7't)At®% _ e(T'tJr(N—1)At+"'+7't)AtST.

T
t+NAL = €
The continuous-time limit of this is e/t ™ dugr. The time ¢ value of this payment is ®7, since this
is the time ¢ investment required to obtain that terminal payment. On the other hand, we can

" dt and taking the risk-neutral expectation.

value the time T payment by discounting by e I"
Hence,

P/ = E(t@ [e_ftT rudug [ ru wSp| = E?[STL
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as was to be shown. O

The theorem implies that the time ¢ futures price for a futures on a zero-coupon bond maturing
at time S > T is given by
;" =B [Bf].
For a futures on a coupon bond with payments Y; at time T; the final settlement is based on the

bond price By = ETi>T YZB? and hence the futures price is

> ViBF| = Y viER[BE| = Y viel ",

T;>T T:>T T,>T

(5.28) P — g2

so that the the futures price on a coupon bond is a payment-weighted average of futures prices of
the zero-coupon bonds maturing at the payment dates of the coupon bond.

Finally, consider Eurodollar futures contracts. As discussed in Section 2.6 on page 26 the
marking-to-market payments of a Eurodollar futures are based on the changes in the actual futures
price

€T =100 — 0.25 (100 - étT) = 100 — 2547,

where 5? is the quoted futures price for the final settlement time T, and ¢} is the corresponding
LIBOR futures rate. At the final settlement time T the quoted futures price is fixed at the value

Ef =100 (1 —1770%%) =100 (1 — 4 [(BF %)~ —1]),
so that the final settlement is based on the terminal actual futures price
€L =100 - 0.25 (100 - 5%)
=100 — 0.25 (400 [(B79*%)~! —1])
=100[2 - (B%U’O'%)*l] '

It follows from the analysis above that the actual futures price at any earlier point in time ¢ can

be computed as
&l = B2 [eF] = 100 (2 - B [(BF %) 1)) .

The quoted futures price is therefore

(5.29) EF = 4] — 300 = 500 — 400EF [(BF#)71].

5.4.3 A comparison of forward prices and futures prices

From (5.26) and (5.27) we get that the difference between the forward price F;I' and the futures
price ®7 is given by
Cov(t@ (e_ J& du ST)
Bf '

(5.30) Fr —of =

The forward price and the futures price will only be identical if the two random variables Sp and
exp (— ftT Tu du) are uncorrelated under the risk-neutral probability measure. Of course, this is

true if the short rate r; is constant or deterministic, in which case we recover the standard result.
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The forward price is larger [smaller] than the futures price if the variables exp (— /, tT Ty du) and
St are positively [negatively] correlated under the risk-neutral probability measure.

An intuitive, heuristic argument for this goes as follows. If the forward price and the futures
price are identical, the total undiscounted payments from the futures contract will be equal to the
terminal payment of the forward. Suppose the interest rate and the spot price of the underlying
asset are positively correlated, which ought to be the case whenever exp (— ftT Tu du) and St are
negatively correlated. Then the marking-to-market payments of the futures tend to be positive
when the interest rate is high and negative when the interest rate is low. So positive payments can
be reinvested at a high interest rate, whereas negative payments can be financed at a low interest
rate. With such a correlation, the futures contract is clearly more attractive than a forward contract
when the futures price and the forward price are identical. To maintain a zero initial value of both
contracts, the futures price has to be larger than the forward price. Conversely, if the sign of the

correlation is reversed.

5.5 American-style derivatives

Consider an American-style derivative where the holder can choose to exercise the derivative
at the expiration date T or at any time before T. Let H, denote the payoff if the derivative is
exercised at time 7 < T'. In general, H, may depend on the evolution of the economy up to and
including time 7, but it is usually a simple function of the time 7 price of an underlying security
or the time 7 value of a particular interest rate. At each point in time the holder of the derivative
must decide whether or not he will exercise. Of course, this decision must be based on the available
information, so we are seeking an entire exercise strategy that tell us exactly in what states of the
world we should exercise the derivative. We can represent an exercise strategy by an indicator
function I'(w,t), which for any given state of the economy w at time ¢ either has the value 1 or 0,
where the value 1 indicates exercise and 0 indicates non-exercise. For a given exercise strategy I,
the derivative will be exercised the first time I(w,t) takes on the value 1. We can write this point
in time as

77 =min{s € [t,T] | I(w,s) = 1}.

This is called a stopping time in the literature on stochastic processes. By our earlier analysis,
the value of getting the payoff H,, at time 7 is given by EZ [e_ftn redupr 1 If we let Z[t, T
denote the set of all possible exercise strategies over the time period [t, T], the time ¢ value of the

American-style derivative must therefore be

(5.31) V,= sup E? [e_ftn“"d“HT,}.
IET[t,T)

An optimal exercise strategy I* is such that

‘/t _ E? |:e_ ftTI* Tu duHTI*:| .

5.6 Diffusion models and the fundamental partial differential equation

Many financial models assume the existence of one or several so-called state variables, i.e.

variables whose current values contain all the relevant information about the economy. Of course,
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the relevance of information depends on the purpose of the model. The state variables of term
structure models should be informative for the term structure. In models with a single state
variable we denote the time t value of the state variable by x;, while in models with several state
variables we gather their time ¢ values in the vector x;.

By assumption, the current values of the state variables are sufficient information for the pricing
and hedging of fixed income securities. In particular, historical values of the state variables, x, for
s < t, are irrelevant. It is therefore natural to model the evolution of x; by a diffusion process since
we know that such processes have the Markov property, cf. Section 3.4 on page 51. We will refer
to models of this type as diffusion models. We will first consider diffusion models with a single
state variable, which are naturally termed one-factor diffusion models. Afterwards, we shall briefly
discuss how the results obtained for one-factor models can be extended to multi-factor models, i.e.

models with several state variables.

5.6.1 One-factor diffusion models

We assume that a single, one-dimensional, state variable contains all the relevant information,
i.e. that the possible values of x; lie in a set S C R. We assume that z = (z;);>0 is a diffusion

process with dynamics given by the stochastic differential equation
(5.32) dxy = axe, t) dt + Bz, t) dzt,

where z is a one-dimensional standard Brownian motion, and o« and (3 are “well-behaved” functions
with values in R. Given a market price of risk A\; = A(x¢,t), we can write the dynamics of the state

variable under the risk-neutral probability measure as
(5.33) dey = [z, t) — B(we, )N (e, )] dt + Blay, t) dz2.

We also assume that the short interest rate depends at most on z and ¢, i.e. ¢y = (x4, t).
Consider a security with a single payment of Hp at time T. We know that the price of the
security satisfies V; = E? [e‘ J& d“HT] . Assuming that Hpy = H(zp,T), we can rewrite the

price as V; = V(x4,t), where
‘/(1-7 t) = E%t |:67 ftT (T y,u) duH(.I'T, T):|

and we have exploited the Markov property of (z;) to write the expectation as a function of the
current value of the process. Here Egt denotes the expectation given that x, = z. It follows
from It6’s Lemma (see Theorem 3.4 on page 56) that V; = V(x4,t) is also a diffusion process with

dynamics
(5.34) dVy = Vi [p(xe, t) dt 4+ o(ae, t) dzy]

where the functions p and o are defined by

(5.35) w(z, )V (z,t) = aa—‘t/(x,t) + g—Z(x,t)a(x,t) + %%(m,t)ﬁ(m,t)z,
(5.36) oz, t)V(x,t) = aa—:(:c,t)ﬁ(x,t).

We also know that for a market price of risk A(z4,t), we have

w(xe, t) = r(xe, t) + o(xe, A (4, t)
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for all possible values of x; and hence
w(x, )V (z,t) = r(z,t)V(x,t) + o(z, )V (2, 1) A(z, )

for all (x,t). Substituting in u and ¢ and rearranging, we arrive at a partial differential equation
(PDE) as stated in the following theorem.

Theorem 5.10 The function V defined by
(5.37) Ve, t) = EZ, [e_ (@) du g (g0, T)}

satisfies the partial differential equation

ov ov
(5.38) E(w,t) + (a(x,t) — ﬂ(w,t))\(x,t))%(;v,t)
20022 ) <@ V(@) =0, (.)€ S x 0.7)
2 x? 81:2 ‘/I;ﬂ T x’ x? - b ‘/L.ﬂ b )
together with the terminal condition
(5.39) V(z, T)=H(x), xz€S8.

The relation between expectations and partial differential equations is generally known as the
Feynman-Kac theorem, cf. @Qksendal (1998, Thm. 8.2.1). Note that the coefficient of the 9V /0x
in the PDE is identical to the risk-neutral drift of the state variable, cf. (5.33). Also note that
the prices of all securities with no payments before T' solve the same PDE. However, the terminal
conditions and thereby also the solutions depend on the payoff characteristics of the securities.
When the state variable itself is the price of a traded asset, the market price of risk disappears
from the pricing PDE. The expected rate of return (corresponding to w) of this asset is a(z,t)/x,
and the volatility (corresponding to o) is ((x,t)/x. Since Equation (5.9) in particular must hold

for this asset, we have that

a(‘;’t) —r(z,t)  alr,t) —r(z,t)z
Az, t) = 5D = 3.0)
or
(5.40) a(z,t) — Bz, ) (x,t) = r(z,t).

By insertion of this expression, the PDE (5.38) reduces to

2
(5.41) aa—‘t/(x,t) +r(x,t) <xaav(x,t) - V(x,t)) + %ﬁ(x,t)2a—v(x,t) =0, (z,t)eSx][0,T).

T 02

Since no knowledge of the market price of risk is necessary, assets with price of the form V (z,t) are
in this case priced by pure no-arbitrage arguments. The securities which can be priced in this way
are exactly the redundant securities. This approach has proven successful in the pricing of stock
options with the Black-Scholes-Merton model as the prime example. However, it is inappropriate to
price interest rate derivatives just by modeling the dynamics of the underlying security. Consistent
pricing of fixed income securities must be based on the evolution of the entire term structure of

interest rates. Broadly speaking, the entire term structure is the underlying “asset” for all fixed
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income securities. Just as the relevant market price of risk in the Black-Scholes-Merton setting can
be extracted from the current market price of the underlying stock, the market prices of interest
rate risk can be extracted from the entire current market yield curve. Given the current yield curve
(i.e. current bond prices) and an assumption on the volatility of the curve, all yield curve derivatives
(bond options and futures, caps, floors, swaptions, etc.) can be priced by the no-arbitrage principle,
i.e. without precise knowledge of preferences, etc. In a sense, such models have infinitely many
state variables, namely bond prices or yields of all maturities. We will consider such term structure
models in Chapters 10 and 11. For the term structure models based on one or a few state variables
we need some knowledge of the market price of risk, either from an equilibrium model or by a
reasonable assumption.

In many models the PDE (5.38) with the appropriate terminal condition can be solved explicitly
for a large number of interesting securities. The solution is often found by coming up with a qual-
ified guess and verifying that the guess is correct by substitution into the equation. Alternatively,
the PDE can in some cases be restated as another partial differential equation which has a solution
that is already known. In other models explicit solutions for the important securities cannot be
found, so that it is necessary to resort to numerical solution techniques as those introduced in
Chapter 16.

Hedging

In a model with a single one-dimensional state variable a locally riskless portfolio can be
constructed from any two securities. In other words, the bank account can be replicated by a
suitable trading strategy of any two securities. Conversely, it is possible to replicate any risky
asset by a suitable trading strategy of the bank account and any other risky asset. To replicate
asset 1 by a portfolio of the bank account and asset 2, the portfolio must at any point in time
consist of

0 =

%(ﬂftﬂf) o1(xe, ) Vi(xe, t)
%(wtvt) o2(zt,t)Va(zs, 1)

units of asset 2, plus

o= (1 2 Vi)

o2(x,t)

invested in the bank account. Then indeed the time ¢ value of the portfolio is

Ht = (¢t + Gth(xt,t)
(1 _ Ul(xtat)
O'g((Et,t)

= Vl(mtat)a

01(3%775)

O'Q(l't,t)

) %(xt,t)—F %(xt,t)
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and the dynamics of the portfolio value is
dHt = O[t’l"(.’Et, ) t)dt + 9t dVQ ({L’t, t)

=r(x o1(@1,1)
— rent) (1 T
(

- (r(xt,t) o1(@, )

o9 (e, t)
= (r(ze,t) + o1 (xe, O N4, 1)) Vi(, t) dt + 01 (24, 8) Vi (24, ) d2t
= py(zg, ) Vi (a4, t) dt + o1 (24, 1) Vi (a4, 1) d2y
= dVyy,

al(xht)Vl(:rht)

_—< Ty, ) Va(wy, t) dt + o2(xy, t)Va(xy, t) dz
oo D) Va (o) (n2(zt, 1) Va(we, t) o2(we, 1)Va (e, t) dzt)

> Vi(ze, t) dt +

po (e, t) — r(xt,t))) Vi(xe, t) dt + o1 (xe, ) Vi (xe, t) dzy

so that the trading strategy replicates asset 1. In particular, in one-factor term structure models
any fixed income security can be replicated by a portfolio of the bank account and any other fixed
income security. We will discuss hedging issues in more detail in Chapter 12.

If the state variable z; itself is the price of a traded asset, the considerations above imply that
any asset can be replicated by a trading strategy that at time ¢ consists of (xt, t) units of the

underlying asset and an appropriate position in the bank account.

Securities with several payment dates

Many financial securities have more than one payment date, e.g. coupon bonds, swaps, caps,
and floors. Theorem 5.10 does not directly apply to such securities. In the extension to securities
with several payments, we must distinguish between securities with discrete lump-sum payments,
i.e. a finite number of payments at separated points in time, and securities with a continuous
stream of payments.

First consider a security with discrete lump-sum payments, which are either deterministic or
depend on the value of the state variable at the payment date. Then Theorem 5.10 can be applied
in order to separately find the current value of each of these payments after which the value of the
security follows from a simple summation. Suppose that the security provides payments H;(zr;)
at time T for j = 1,2,..., N, where T1 <15 < --- < Ty. Then the price of the security at time
t < T is given by

N
xtv E ‘/j xt,
=1

where Vj(z,t) solves the PDE
2% 2%
W(a% t) + (O[(I7 t) - B(Ia t)/\(l‘v t))%(xv t)

1 9%V,

+ 56(95,15)2W(x,t) —r(z,t)V;(2,t) =0, (2,t) €S x[0,T}),

with the terminal condition
‘/j(SC,Tj):Hj(I)7 IES.
Here is an alternative pricing approach. Clearly, at the time of a payment the value of the
security will drop exactly by the payment. The “ex-payment” value will equal the “cum-payment”
value minus the size of the payment. Letting t+ denote “immediately after time ¢”, we can express

this relation as
V(x,Tj+) = V(x,T;) — Hj(x).
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If the drop in the price —[V(x, Tj+) — V(z,T};)] was less than the payment H,(x), an arbitrage
profit could be locked in by buying the security immediately before the time of payment and selling
it again immediately after the payment was received. Between payment dates, i.e. in the intervals
(Tj,Tj+1), the price of the security will satisfy the PDE (5.38). If the price of the security is to
be priced by numerical techniques, this alternative approach is simpler than that explained in the
previous paragraphs, since only one PDE needs to be solved rather than one PDE for each payment
date.

Next consider a security providing continuous payments at the rate hy = h(xy,t) throughout
[0,7] and a terminal lump-sum payment of Hy = H(xr,T). From (5.15) we know that the price

of such a security in our diffusion setting is given by

T
V(g t) = E2 e_ftTr(x“’“)d“H(xT,T) +/ e~ i@ duy g

t

Theorem 5.10 can be extended to show that the function V in this case will solve the PDE

ov oV
E(x’t) + (a(z,t) — ﬁ(x,t))\(ac,t))a—z(a:,t)
+ %6($,t)2887‘2/(1:,t) —r(x,t)V(z,t) + h(z,t) =0, (x,t) €S x[0,T),

with the terminal condition V' (z,T") = H(z,T) for all x € S. The only change in the PDE relative
to the case with no intermediate dividends is the addition of the term h(x,t) on the left-hand side
of the equation.

In the special case where the payment rate is proportional to the value of the security, i.e.
h(z,t) = q(x,t)V(x,t), the PDE can be written as

(5.42) aa—‘t/(:r,t) + (afz,t) — /B(x,t))\(:r,t))g—;/(z,t)
1 , 0%V
+ iﬂ(z,t) @(x,t) - (T(as,t) - q(x,t))V(x,t) =0, (z,t)eSx][0,T).

In this case the price can be written as

(543) V(.Tt, t) E E? |:e_ ftT [r(@u,u)—q(zu,u)] duH(.’IJT, T>:|

Futures prices

In Section 5.4.2 we showed that the futures price of an asset is generally given by the risk-neutral
expectation of the price of the underlying asset at the final settlement date. In our diffusion setting,

the futures price is ®7 = &7 (x;,t) and we can write the pricing relation as
T (z4,t) = EZ [S(ar,T)],

where S denotes the price of the underlying asset. Comparing this with (5.43) we see that we can
think of the futures price as being the price of an asset that has a terminal payment of S(zr,T)
and a continuous dividend rate equal to r(x,t)S(x¢,t). From (5.42) we get that the futures price
function ®7'(x,t) must satisfy the PDE

(5.44) %(m,t) + (afz,t) — B(m,t))\(sr:,t))aa%(x,t)
+ %ﬂ(x,t)ga(;%;(x,t) =0, (z,6)eSxI0,T).
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American-style derivatives

In a diffusion model with a state variable x, we can write the indicator function representing
the exercise strategy of an American-style derivative as I(z,t), so that I(z,¢) = 1 if and only if
the derivative is exercised at time ¢ when z; = 2. An exercise strategy divides the space S x [0, T
of points (z,t) into an exercise region and a continuation region. The continuation region

corresponding to a given exercise strategy I is the set

Cr={(z,t) e S x[0,T]| I(x,t) =0}
and the exercise region is then the remaining part

Er={(z,t) e S x [0, T] | I(z,t) =1},

which can also be written as & = (S x [0,7]) \ C;. To an optimal exercise strategy I*(z,t)
corresponds optimal continuation and exercise regions C* and £*.

It is intuitively clear that the price function V(x,t) for an American-style derivative must
satisfy the PDE (5.38) in the continuation region corresponding to the optimal exercise strategy,
i.e. for (z,t) € C*. But since the continuation region is not known, but is part of the solution, it is
much harder to solve the PDE for American-style derivatives than for European-style derivatives.
Explicit solutions have only been obtained in trivial cases where premature exercise is known to be
inoptimal, and the American-style derivative is therefore effectively a European-style security. This
is for example the case for an American call option on a zero-coupon bond. However, numerical
solution techniques for PDEs can, with some modifications, also be applied to the case of American-

style derivatives; see Chapter 16.

5.6.2 Multi-factor diffusion models

Assume now that the short-term interest rate and the securities we want to price depend on n

state variables 1, ..., 2, and that the vector x = (z1,. .. ,2,) " follows the stochastic process
(5.45) dx; = a(xy,t)dt + Q(Xt, t) dz,
where z is a vector of n independent standard Brownian motions. Here,

a(xi,t) = (a1 (X, t), . (x4, 1) "

is the vector of expected changes in each of the n state variables, and 3(x¢,t) is an n x n-dimensional
matrix, which contains information about the variances and covariances of changes in the different
state variables. To be more precise, the instantaneous variance-covariance matrix of changes in
the state variables is given by B(xs,t)B3(x¢,t)" dt. We can write (5.45) componentwise as

daiy = a;(x, t) dt + B,(x¢t, 1) " dzy = (X, t) dt + Z Bij(x¢,t) dzjs.
j=1
As discussed in Section 3.4, the covariance between changes in the i’th and the j’th state variable

over the next infinitesimal time period is given by

Covt(dxita dx]t) = Z ﬁik (xtv t)ﬁjk(xtv t) dtv
k=1
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while the variance of the change in the i’th state variable is

Vary(dwi) = Zﬂm Xyt

In particular, the volatility of the i’th state variable is the standard deviation

n
18:(xe, )| = | D Bi (x4, 1),
k=1
where || - || denotes the length of the vector. The instantaneous correlation between changes in
the i’th and the j’th state variable is
Covy(dxie, daje) Yt Bie(xe, 1) Bk (x4, )

G Nt e Wiy B [ XE [ [ REOT
Consider again a security with a single payment of Hr = H(xp,T) at time T. Its price is
Vi = V(x¢,t), where
V(x,t) = EZ, [ S G du pr (o Y]

It follows from the multi-dimensional version of 1t6’s Lemma (see Theorem 3.5 on page 66) that

the dynamics of V; is

qv, 3
7: = p(xe,t)dt + > 0j(xe,t) dzj,

J=1

(5.46)
where the functions i and o; are defined as

w(x, )V (x,t) = aa—‘;(x, t)+ Z %(x, t)oy(x,t)
j=1 """

(5.47) R
+3 222 gy, O 0P D8, D 184 Dl
(548 oV =Y S—Z(X, £)Be; (%, ).

We also know that for a market price of risk A(x;,t), we have

(5.49) p(xe,t) = r(xe, t) + 0 (e, ) A(Xe, ) = 1(xe,t) + Z 05 (e, 1)\ (X¢, 1),

j=1
Substituting in p and o, we arrive at a PDE as summarized in the following multi-dimensional

version of Theorem 5.10:

Theorem 5.11 The function V defined by
(550) V(X7 t) = Eg,t |:€_ ftT (X ,u) duH(XT, T)]

satisfies the partial differential equation

n

oV - oV
(5.51) E(x, t) + ; <aj(x,t) — ;ﬁjk(x, Ak (x, t)) a—wj(x,t)
n n 82‘/
Pl )18 )1 184 5. 555

j=1k=1

+ (x,t) = r(x, t)V(x,t) =0, (x,t)eSx][0,T),

N =
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and the terminal condition
Vx,T)=H(x), x€S8.

Using matrix notation the PDE can be written more compactly as

ov ov

(5:52) S-(x,0)+ (et ) = Bl DA, t))T Sox0)

+ %tr (@(x,t)ﬁ(x, t)T?;T‘;(X, t)) —r(x, t)V(x,t) =0, (x,¢)eSx][0,T),
where 9V/9x is the vector of first-order derivatives 9V/dx;, 02V /0x? is the n x n matrix of second-
order derivatives 0?V/dxz;0z;, and tr(M) denotes the “trace” of the matrix M, which is defined
as the sum of the diagonal elements, tr(M) = >, Mj;.

In a model with n state variables the bank account can be replicated by a suitably constructed
trading strategy in n+1 (sufficiently different) securities. Conversely, any security can be replicated
by a suitably constructed trading strategy in the bank account and n other (sufficiently different)
securities. For securities with more than one payment date the analysis must be modified similarly
to the one-dimensional case.

In Chapter 8 we will study specific multi-factor diffusion models of the term structure of interest
rates. In some of these models explicit solutions to the PDE can be found for some important

securities.

5.7 The Black-Scholes-Merton model and Black’s variant

The best known model for derivative pricing is the Black-Scholes-Merton model developed by
Black and Scholes (1973) and Merton (1973) for the pricing of European options on stocks. This
model also serves as an example of a diffusion model. Practitioners often apply slightly modified
versions of the Black-Scholes-Merton model and option pricing formula to price other derivatives
than stock options, including many fixed-income securities. These modifications are often based on
Black (1976) who adapted the Black-Scholes-Merton setting to the pricing of European options on
commodity futures. However, as we shall discuss at the end of the section, the use of the Black-76

approach to fixed-income securities is not theoretically justified.

5.7.1 The Black-Scholes-Merton model

The critical assumptions underlying the Black-Scholes-Merton option pricing model are that
the riskless interest rate r (continuously compounded) is constant over time and that the price S;
of the underlying asset follows a continuous stochastic process with a constant relative volatility,

ie.
(553) dSt = ,U(St7 t) dt + O'St dZt,

where z is a standard Brownian motion, o is a constant, and u is a “nice” function. It is often
assumed that p(S¢, t) = pS; for a constant parameter u, but that is not necessary. However, we
must require that the function p is such that the value space for the price process will be S = R..
Furthermore, we assume that the underlying asset has no payments in the life of the derivative

security.
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We seek to determine the price of a derivative security that at time T pays off H(S7), which
depends on the price of the underlying asset St and on no other uncertain variables. The time ¢

price V; of the derivative asset is then given by V; = V (S, t) where
V(S.t) = EZ, [e* Frdug(sp)] = e T BQ [H(Sy)]
and the risk-neutral dynamics of the underlying asset price is
dSy = rSydt + oSy dz,

so that St is lognormally distributed. The function V (S, t) solves the PDE

oV oV L 520V
at(St) rSaS(St)-i- §* 5

In addition, the price function must satisfy the terminal condition of the form

(5.54) S,t) =rV(S,t), (S,t)eSx|[0,T).

(5.55) V(S,T)=H(S), foral SeS,

where S is the set of all possible terminal prices St of the underlying asset.
For a European call option with an exercise price of K the payoff function is given by H(S) =
max(S — K,0). The price C; = C(S¢,t) can then be found either by solving the PDE (5.54) with

the relevant terminal condition or by calculating the discounted risk-neutral expected payoft, i.e.
C(Sy.t) = e " IES | [max(S — K,0)].

Applying Theorem A.4 in Appendix A, the latter approach immediately gives the famous Black-

Scholes-Merton formula for the price of a European call option on a stock:?

(5.56) C(Sp,t) = SN (dy (S, 1)) — Ke "IN (dy(Sy, 1)),
where
(5.57) (S t) = RESE) FrT =4 1 ey

VT —t 2

(5.58) dy (S, 1) = 25/ \/)_[ 1 \F = dy(Sit) — oVT =1L

2 According to Abramowitz and Stegun (1972), the cumulative distribution function N(-) of the standard normal

distribution can be approximated with six-digit accuracy as follows:
N(z) = 1 —n(z) (arb(z) + azb(z)? + asb(x)® + asb(x)* + asb(:r:)5) , x>0,

where n(z) = e‘x2/2/\/ 27 is the probability density function, and

1
b = R
(@) 1+cx
c = 0.2316419,

a1 = 0.31938153,
a2 = —0.356563782,
a3 = 1.781477937,
ag = —1.821255978,
a5 = 1.330274429.

For < 0, we can use the relation N(z) = 1 — N(—x), where N(—xz) can be computed using the approximation

above.
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It can be verified that the function C(S,t) defined in (5.56) solves the PDE (5.54) with the relevant
terminal condition. Applying the put-call parity for European stock options, we get the price

formula for a European put option:
(5.59) 7(Se,t) = Ke "IN (=dy(Si, ) — SiN (—d1(Se, 1)) -

Strictly speaking, to derive the option pricing formulas above, the only assumption needed on
the price of the underlying asset is that St (given S;) is lognormally distributed in the risk-neutral
world. Letting oy/T —t denote the standard deviation of In Sz, the formulas above will hold.
However, if we want to use the pricing formulas for options on the same underlying asset, but with
different maturities, we must have that the uncertain prices of the underlying asset at different
future points in time must all be lognormally distributed in the risk-neutral world. This is ensured
by the assumption (5.53).

For the case where the underlying asset has payments in the life of the derivative asset, the

same procedure applies with some minor corrections, which can be found in Hull (2003).

5.7.2 Black’s model

Black (1976) introduced a variant of the Black-Scholes-Merton model, which he applied for the
pricing of European options on commodity futures. Let us consider a European call option that
expires at T, has an exercise price K, and is written on a commodity futures expiring at T, where
T* > T. The futures price at time t is denoted by ‘If*. The payoff of the option at time T is
max(®L" — K,0).

To price this option, Black assumed a constant riskless interest rate and that the futures price
@%* at expiry of the option is lognormally distributed in the risk-neutral world. The standard
deviation of In @%:* (with the information available at time ¢) is denoted by o+/T — t. It is further
assumed that the expectation of the time T futures price equals the current futures price, i.e.
E(oT] = o .

We can see that this is correct when the riskless interest rate is constant and the asset underlying
the futures contract has a price Sy that follows a process of the form dS; = Si[r dt + adz(t@} in a
risk-neutral world. As discussed in Section 2.5, the futures price is then identical to the forward
price, which is given by FtT = Sie" ™"t From Itd’s Lemma (Theorem 3.4 on page 56) we get
that

dFT" = oF dz2,

from which it follows that the expected change in the forward price (and hence the futures price)

is equal to zero, so that E? [@%:] = @?*, and @%* = F%w is lognormally distributed with
. « 1
(5.60) In®L ~ N <1n<1>;f - 202[T—t],a2[T—t}>.

Furthermore, under these assumptions the volatility of the futures price equals the volatility of the
price of the underlying asset.

According to the risk-neutral pricing principle, the option price can be written as

Cp = e "TUED [max (@% - K, 0)] .
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Applying (5.60) and Theorem A.4 of Appendix A, we can compute the price as
(5.61) Cp = 1T [cptT*N (dl(cptT*,t)) ~ KN (d}(cb{",t))} ,

where

_ In(®7" /K) 1

P 1 —
(5.62) (@, 1) = = = T 20\/T ,
- In(®!"/K) 1 -
. oT =—t I _oJT —t=d (P —oVT —t.
(5 63) dg( t ,t) am 20‘ t d1< t ,t) g t

The expression (5.61) is called Black’s formula. For European put options we similarly have that
= "I {KN (fd;(@?*,t)) —oT'N (fdl(étT*,t))} .

Analogously to the Black-Scholes-Merton model it is not strictly necessary to assume that the
futures price ®7 follows a geometric Brownian motion. It suffices that the future futures price
fb%* is lognormally distributed in a hypothetical risk-neutral world and that the expected change
in the futures price equals zero. The parameter o is then just a measure for the standard deviation
over the life of the option, but it is still often referred to as the volatility of the futures price.

Since the original development, Black’s model has been adapted by market participants for
the pricing of various fixed income securities, such as bond options, caps/floors, and swaptions.
Since the payoff of these securities depends on future interest rates, the original Black assumption
of constant interest rates is of course inappropriate. The pricing formulas are derived by first
computing the expected payoff in a risk-neutral world and then discounting by the current riskless
discount factor. The uncertainty of future interest rates is taken into account when the expected

payoff is computed, but not in the discounting. Let us look at some examples:

Bond options As in Section 2.7, we consider a European call option with expiration time T

and exercise price K, written on a bond with price B;. Black’s model applied to bond options

FtT,cpn

involves the forward price of the underlying bond with delivery at expiration of the option.

According to Theorem 2.2 on page 25, the forward price is

ZT»T YiBtTi _ By — Zt<T¢<T YiB;Fi

5.64 FIepn —
( ) t Bg“ B;T 9

where 17 < Tp < --- < T, are the payment dates and Y; denotes the payment of the bond at
time T;.

To apply Black’s model, the following assumptions must be made:
(a) the futures price equals the forward price;

b) the forward price at the expiration time of the option, F.2*® = By, is lognormally distributed
T g y
in the risk-neutral world with the standard deviation of In FTT P given by o/T — t;

(c¢) the expected change in the forward price of the bond between time ¢ and T equals zero in

the risk-neutral world;

(d) the option price can be computed as the risk-neutral expected payoff multiplied by the current

riskless discount factor.
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The distributional assumption is satisfied if the forward price FtT P follows a stochastic process
with a constant relative volatility o and a drift of zero. The expected payoff in a risk-neutral world

is then
E? [max (By — K,0)] = F-P°N (dl(FtT’CP“, t)) KN (dAQ(FtTﬂP“’ t)) ,

where the functions dy and dy are as in (5.62)~(5.63). By multiplying the expected payoff with
the riskless discount factor, i.e. the zero-coupon bond price B}, we arrive at Black’s formula for a

FEuropean call option on a bond:

T = B [P (A ) - KN (e, )],

(565) T; 7 T,cpn T 7 T,cpn

(B~ Y vBE N(dl(Ft op ,t)) ~ KB N(dg(Ft op ,t)).
t<T;<T

Similarly, the price of a European put option on a bond is

(5.66)  m TP = KBIN (—@(FE*CP“,t))—(Bt— > nB?i)N(—cA(FFP“,t)).
t<T;<T

Caps and floors As discussed in Section 2.8, a cap can be seen as a portfolio of caplets. The

i’th caplet gives a payoff at time T; of
(5.67) Ci = Homax (z{;_é ~ K, 0) 7
cf. (2.11). Under the assumptions that

(a) seen from time ¢, the risk-neutral distribution of l%‘_ 5 = L%:?Ti is lognormal with the

standard deviation of 1nl%'_ s given by o/ 1 — 0 — ¢;

T,

(b) the expected change in the forward rate L;F"'_&  between time ¢ and T; — J is equal to zero

in a risk-neutral world;
(¢) we can discount the risk-neutral expected payoff with the current discount factor;

we obtain Black’s formula for the caplet price
(5.68)  Ci=HJBT [LtT"_‘S’T"N (dﬁ(LtTi—’svTi,t)) — KN (JQ(LtT"_‘S’Ti,tD] . t<T -9,

where the functions di and dj are given by

(LT K) 1
— L oI -0t
O'i\/Ti —0—t 20

(5.70) diy(LF 0T )y = di (LT 0T b)) — o\ /T; — 6 — t.

The assumptions (a)-(b) are satisfied if the forward rate LtTi_é’T"'

(5.69) di (L30T 1) =

in the risk-neutral world follows

the process

(571) stn'_J’Tl _ GiL?Z_é’Ti dz(t@
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with a constant volatility ;. The price for the entire cap is obtained by summation:

(5.712)  C,=H5Y BF [LtTi‘s’TiN (dﬁ(LtTi"s’Ti,t)) ~ KN (dg(LtTi‘;’Ti,t)ﬂ, t < Tp.
i=1
As discussed in Section 2.8 the price must be adjusted slightly if the first payment is already known.

For a floor the corresponding formula is

618 Fi= Ho S BE[RN (< (rE ) - EN (<G )] r<
i=1

Swaptions Let us look at a European payer swaption which was introduced in Section 2.9.2.
From (2.33) on page 39 we have that the payoff of a payer swaption at the expiration time Ty can

be expressed as
Pr, = <Z B%;) Homax (1, ~ K,0),
i=1

where l~§10 is the (equilibrium) swap rate, and K is the exercise rate. Black’s formula for the price

of a European payer swaption is
(5.74) P, = H§ (Z BtT"> [ifvTON (&1@?%@) — KN (dz(ifvTO,t))} < T,
i=1

where the functions d; and dy are as in (5.62) and (5.63) with T = T,. As in Section 2.9, if’T" is
the forward swap rate. By analogy, the following expression for the price of a European receiver

swaption is obtained:
(5.75) Ry = HS (Z BtTi> [KN (—czg(if’TO,t)) N (—ch(if’TO,t))], t< Ty,
i=1

The assumptions underlying the formula are that the swap rate l~‘5TO = ig&fo at the expiration date

of the swaption is lognormally distributed, or more precisely that In l%) =In E%}T" is risk-neutrally

normally distributed with variance o?[Ty — t], and that the risk-neutral expectation of the change

Eé,TO
t

in the forward swap rate is zero. These assumptions are satisfied if the forward swap rate in

the risk-neutral world follows the stochastic process

(5.76) dL™ = gL 422

The prices of stock options are often expressed in terms of implicit volatilities. The implicit
volatility for a given European option on a stock is that value of o, which by substitution into
the Black-Scholes-Merton formula, together with the observable variables S;, r, K, and T — t,
yields a price equal to the observed market price. Similarly, prices of caps, floors, and swaptions
are expressed in terms of implicit interest rate volatilities computed with reference to the Black
pricing formula.

According to (5.72) different o-values must be applied for each caplet in a cap. For a cap with

more than one remaining payment date, many combinations of the ¢;’s will result in the same
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cap price. If we require that all the o;’s must be equal, only one common value will result in the
market price. This value is called the implicit flat volatility of the cap. If caps with different
maturities, but the same frequency and overlapping payment dates, are traded, a term structure
of volatilities, o1,02,...,0,, can be derived. For example, if a one-year and a two-year cap on
the one-year LIBOR rate are traded, the unique value of o1 that makes Black’s price equal to the
market price of the one-year cap can be determined. Next, by applying this value of o1, a unique
value of oy can be determined so that the Black price and the market price of the two-year cap are
identical. The volatilities o; determined by this procedure are called implicit spot volatilities.

A graph of the spot volatilities as a function of the maturity, i.e. o; as a function of T; — 9,
will usually be a humped curve, that is an increasing curve for maturities up to 2-3 years and
then a decreasing curve for longer maturities.? A similar, though slightly flatter, curve is obtained
by depicting the flat volatilities as a function of the maturity of the cap, since flat volatilities are
averages of spot volatilities. The picture is the same whether implicit or historical forward rate
volatilities are used.

If we consider formula (2.27) and assume as an approximation that the weights w; are constant

over time, the variance of the future swap rate can be written as

n n n
§ : T;—6,T; | _ E E
wiLTO = ’LinjO'iO'jpl'j,
=1

i=1 j=1

V&I‘t [ZNI(}O] = V&I‘t

where o; denotes the standard deviation of the forward rate L%)_é’T", and p;; denotes the cor-

. T,—8,T; T;—6,T;
relation between the forward rates Lz, *Ti and Ly ™

. The prices of swaptions will therefore
depend on both the volatilities of the relevant forward rates and their correlations.* If implicit
forward rate volatilities have already been determined from the market prices of caplets and caps,
implicit forward rate correlations can be determined from the market prices of swaptions by

an application of Black’s formula for swaptions, cf. formula (5.74).

5.7.3 Problems in applying Black’s model to fixed income securities

As already hinted upon above, the assumptions underlying the application of Black’s formula
on interest rate dependent securities are highly problematic. Let us take a closer look at the critical
points.

Firstly, the lognormality assumption for bond prices and interest rates is doubtful. For sev-
eral reasons the price of a bond cannot follow a geometric Brownian motion throughout its life.
We know that the price converges to the terminal payment of the bond as the maturity date
approaches. Furthermore, the bond price is limited from above by the sum of the future bond
payments under the appropriate assumption that all forward rates are non-negative. When the
bond price approaches its upper limit or the maturity date approaches, the volatility of the bond
price has to go to zero. The volatility of the bond price will therefore depend on both the level of
the price and the time to maturity. A lognormality assumption can at most be an approximation
to the true distribution. In addition, the forward price and the futures price on a bond are not

necessarily equal when the interest rate uncertainty is taken into account. It is less clear whether

3See for example the discussion in Hull (2003, Ch. 22).

4These considerations are taken from Rebonato (1996, Sec. 1.4).
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it is reasonable to assume that future interest rates are lognormally distributed, and that the ex-
pected changes in the forward rates and the forward swap rates are zero in a risk-neutral world.
We will discuss this further in later chapters.

Secondly, the multiplication of the current discount factor and the risk-neutral expectation of
the payoff does not lead to the correct price. In fact, as we have seen in Section 5.3.1, this is
true if we take the expectation under the appropriate forward martingale measure instead of the
risk-neutral measure.

Thirdly, simultaneous applications of Black’s formula to different derivative securities are incon-
sistent. If for example we apply Black’s formula for the pricing of a European option on zero-coupon
bond, we must assume that the price of the zero-coupon bond is lognormally distributed. If we also
apply Black’s formula for the pricing of a European option on a coupon bond, we must assume that
the price of the coupon bond is lognormally distributed. Since the price of the coupon bond is a
weighted average of the prices of zero-coupon bonds, cf. (1.2) on page 6, and a sum of lognormally
distributed random variables is not lognormally distributed, the assumptions are inconsistent.?
Similarly, the swap rate is a linear combination of forward rates according to (2.27) on page 38.
When Black’s formula is applied for the pricing of caplets, it is implicitly assumed that the relevant
forward rates are lognormally distributed. Then the swap rate will not be lognormally distributed,
so that it is inconsistent to use Black’s formula for swaptions also. Furthermore, lognormality
assumptions for both interest rates and bond prices are inconsistent.

Several research papers suggest other models for bond option pricing that are also based on
specific assumptions on the evolution of the price of the underlying bond. The most prominent
examples are Ball and Torous (1983) and Schaefer and Schwartz (1987). A critical analysis of such
models can be seen in Rady and Sandmann (1994). A problem in applying these models is that the
assumptions on the price dynamics for different bonds may be inconsistent, and hence the option
pricing formula obtained in the model will only be valid for options on one particular bond.

To ensure consistent pricing of different fixed income securities we must model the evolution of
the entire term structure of interest rates. In many of the consistent term structure models we shall
discuss in the following chapters, we will obtain relatively simple and internally consistent pricing
formulas for many of the popular fixed income securities. As we shall see in Chapter 11, it is in
fact possible to construct consistent term structure models in which Black’s formula is the correct
pricing formula for some securities, but, even in those models, applications of Black’s formula for

different classes of securities are inconsistent.
5.8 An overview of continuous-time term structure models

Economists and financial analysts apply term structure models in order to

e improve their understanding of the way the term structure of interest rates is set by the

market and how it evolves over time,

5A similar problem is present when the Black-Scholes-Merton formula is used both for the pricing of options on a
stock index and options on the individual stocks. If the prices of the individual stocks are lognormally distributed,
the value of the index will not be lognormally distributed. However, it can be shown that the distribution of a sum
of “many” lognormally distributed random variables is very accurately approximated by a lognormal distribution

with carefully selected parameters, cf. Turnbull and Wakeman (1991).
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e price fixed-income securities in a consistent way,

e facilitate the management of the interest rate risk that affects the valuation of individual

securities, financial investment portfolios, and real investment projects.

As we shall see in the following chapters, a large number of different term structure models has been
suggested in the last three decades. All the models have both desirable and undesirable properties
so that the choice of model will depend on how one weighs the pros and the cons. Ideally, we seek

a model which has as many as possible of the following characteristics:®

(a) flexible: the model should be able to handle most situations of practical interest, i.e. it

should apply to most fixed income securities and under all likely states of the world;

(b) simple: the model should be so simple that it can deliver answers (e.g. prices and hedge

ratios) in a very short time;

(c) well-specified: the necessary input for applying the model must be relatively easy to observe

or estimate;
(d) realistic: the model should not have clearly unreasonable properties;

(e) empirically acceptable: the model should be able to describe actual data with sufficient

precision;

(f) theoretically sound: the model should be consistent with the broadly accepted principles

for the behavior of individual investors and the financial market equilibrium.

No model can completely comply with all these objectives. A realistic, empirically acceptable, and
theoretically sound model is bound to be quite complex and will probably not be able to deliver
prices and hedge ratios with the speed requested by many practitioners. On the other hand, simpler

models will have inappropriate theoretical and/or empirical properties.

5.8.1 Overall categorization

We can split the many term structure models into two categories: absolute pricing models and
relative pricing models. An absolute pricing model of the term structure of interest rates aims
at pricing all fixed-income securities, both the basic securities, i.e. bonds and bond-like contracts
such as swaps, and the derivative securities such as bond options and swaptions. In contrast,
a relative pricing model of the term structure takes the currently observed term structure of
interest rates, i.e. the prices of bonds, as given and aims at pricing derivative securities relative
to the observed term structure. The same distinction can be used for other asset classes. For
example, the Black-Scholes-Merton model is a relative pricing model since it prices stock options
relative to the price of the underlying stock, which is taken as given. An absolute stock option
pricing model would derive prices of both the underlying stock and the stock option.

Absolute pricing models are sometimes referred to as equilibrium models, while relative pricing

models are called pure no-arbitrage models. In this context the term equilibrium model does not

6The presentation is in part based on Rogers (1995).
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necessarily imply that the model is based on explicit assumptions on the preferences and endow-
ments of all market participants (including the bond issuers, e.g. the government) which in the end
determine the supply and demand for bonds and therefore bond prices and interest rates. Indeed,
many absolute pricing models of the term structure are based on an assumption on the dynamics of
one or several state variables and stipulated relations between the short rate and the state variables
and between the market prices of risk and the state variables. These assumptions determine both
the current term structure and the dynamics of interest rates and prices of fixed income securi-
ties. These models do not explain how these assumptions are produced by the actions of market
participants. Nevertheless, it is typically possible to justify the assumptions of these models by
some more basic assumptions on preferences, endowments, etc., so that the model assumptions are
compatible with market equilibrium; see the discussion and the examples in Section 6.4. The pure
no-arbitrage models offer no explanation to why the current term structure is as observed.

We can also divide the term structure models into diffusion models and non-diffusion models.
Again, by a diffusion model we mean a model in which all relevant prices and quantities are
functions of a state variable of a finite (preferably low) dimension and that this state variable
follows a Markov diffusion model. A non-diffusion model is a model which does not meet this
definition of a diffusion model. While the risk-neutral pricing techniques are valid both in diffusion
and non-diffusion models, the PDE approach can only be applied in diffusion models. All well-
known absolute pricing models of the term structure are diffusion models. In contrast, relative
pricing models are typically formulated as non-diffusion models at the outset, which is natural since
the evolution of the entire term structure must be modeled and the term structure consists of, in
principle, infinitely many values. In order to enjoy the benefits of diffusion models, non-diffusion
models are sometimes successfully reformulated as diffusion models. We will consider examples of
this idea in Chapter 10.

5.8.2 Some frequently applied models

Apparently, the first dynamic model of the term structure of interest rates was introduced by
Merton (1970). His model is a diffusion model with a single state variable, which is the short-term
interest r; itself. It makes good sense to use an interest rate as the state variable in models of
bond prices and other interest rate derivatives. There is an obvious practical advantage in using
the short rate as the state variable. As we have seen above it is necessary to specify how the short
rate depends on the state variable chosen, which is evident when the short rate itself is the state
variable. Furthermore, if another state variable x is used and r; is a monotonic function of x;, we
can express all relevant functions in terms of r and ¢ instead of z and t. Therefore we might as
well use r as the state variable from the beginning. Merton’s assumptions imply that the short

rate follows a generalized Brownian motion under the risk-neutral probability measure, i.e.
(5.77) dry = ¢dt + Bdz2,

where ¢ and [ are constants.

Following Merton’s idea, many other one-factor diffusion models with r as the single state
variable have been suggested in the literature. They all take a certain risk-neutral dynamics of the
short rate of the form

dry, = a(ry) dt + B(ry) dz,
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where & and (3 are well-behaved functions. Either the functional form of & is assumed directly or it
is derived from assumptions on the real-world drift @ and the market price of risk A. In any case, it
is necessary to know « and ), if the model should be used for more than just computing prices at
a given date. The pricing differences between the models stem from differences in the specification
of the functions & and (. It turns out that models in which & and ( are affine functions of the
current value of r are particularly tractable and allow many closed-form pricing equations to be
derived.” Such models are called affine models.

The two most famous term structure models are the one-factor affine diffusion models intro-
duced by Vasicek (1977) and Cox, Ingersoll, and Ross (1985b). In the Vasicek model the basic
assumption is that the short rate follows an Ornstein-Uhlenbeck process, cf. Section 3.8.2, and that

the market price of risk is constant, i.e.
(5.78) dry = k[0 — ] dt + B dz, A+ = A constant.

The risk-neutral drift of the short rate is then [ —r] — A = (k6 — BA) — k¢, which is affine in r;.
The variance rate is simply (32, which is constant and hence a (degenerate) affine function of r;. In
the Cox-Ingersoll-Ross (or CIR) model the assumption is that the short rate follows a square-root
process, cf. Section 3.8.3, and that the market price of risk is proportional to the square-root of

the short rate, i.e.

(579) d’l"t = ;‘{[9 — 7”,5] dt + ﬂ\/ﬁdzt, At = )\\/’ITt

The risk-neutral drift of the short rate is then k[0 — ] — BAry = k0 — (k + BA)r¢, which is affine
in r;. The variance rate is 32r;, which is also affine in r;. Chapter 7 provides a detailed analysis
of these most important one-factor diffusion models and mentions a number of other, non-affine
one-factor models.

A common problem for the one-factor models is that because all bond prices are assumed to be
affected by a single exogenous variable, the price changes in any two bonds over an infinitesimal
time period will be perfectly correlated, which conflicts with empirical evidence. Empirical studies
by for example Litterman and Scheinkman (1991) and Stambaugh (1988) conclude that at least
two, and perhaps three or four, state variables are necessary for the model to give a reasonable
description of actual yield curve movements. This motivates the study of multi-factor diffusion
models. In these models, the short rate is assumed to be a function of several state variables and
each of these state variables are assumed to follow some diffusion process. Again it is common to
distinguish between affine models and non-affine models, where an affine model is a model in which
the risk-neutral drift rates and the variance and covariance rates of the state variables are affine
functions of the current value of the state variables. Beaglehole and Tenney (1991) and Longstaff
and Schwartz (1992a) have suggested two-factor affine models that extend the Vasicek model and
the CIR model, respectively. We will review these and other multi-factor models in Chapter 8.

The one- and multi-factor diffusion models are absolute pricing models. They involve a small
number of state variables and constant parameters. The derived prices and interest rates will also
be functions of the state variables and these few parameters. Consequently, the resulting term

structure of interest rates cannot typically fit the currently observed term structure perfectly. If

7A function of the form f(x) = ap + a1z is affine in x. The function is only linear in a strict mathematical

terminology if ag = 0.
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the main application of the model is to price derivative securities, this mismatch is troublesome.
If the model is not able to price the underlying securities (i.e. the zero-coupon bonds) correctly,
why trust the model prices for derivative securities? To completely avoid this mismatch one must
apply relative pricing models for the derivative securities.

We divide the relative pricing models of the term structure into three subclasses: calibrated
diffusion models, Heath-Jarrow-Morton (HJM) models, and market models. The common starting
point of all these models is to take the current term structure as given and then model the risk-
neutral dynamics of the entire term structure. This is done very directly in the HJM models and
the market models. The HJM models are based on assumptions about the dynamics of the entire
curve of instantaneous, continuously compounded forward rates, T+ fI. It turns out that only
the volatility structure of the forward rate curve needs to specified in order to price term structure
derivatives. We will discuss the general HIM model and various concrete models in Chapter 10.
The market models are closely related to the HIM models, but focus on the pricing of money
market products such as caps, floors, and swaptions. These products involve LIBOR rates that
are set for specific periods, e.g. 3 months, 6 months, and 12 months, with a similar compounding
period. The market models are all based on as assumption about a number of forward LIBOR
rates or swap rates. Again, only the volatility structure of these rates needs to be specified. Market
models are studied in Chapter 11. The third subclass of relative pricing models consists of so-called
calibrated diffusion models. These models can be seen as extensions of absolute pricing models of
the diffusion type. The basic idea is to replace one of the constant parameters in a diffusion model
by a suitable deterministic function of time that will make the term structure of the model exactly
match the currently observed term structure in the market. These calibrated diffusion models can
be reformulated as HJM models, but since they are developed in a special way we treat them

separately in Chapter 9.

5.9 Exercises

EXERCISE 5.1 Show Equation (5.5).



Chapter 6

The Economics of the Term Structure of

Interest Rates

6.1 Introduction

A bond is nothing but a standardized and transferable loan agreement between two parties. The
issuer of the bond is borrowing money from the holder of the bond and promises to pay back the
loan according to a predefined payment scheme. The presence of the bond market allows individuals
to trade consumption opportunities at different points in time among each other. An individual
who has a clear preference for current capital to finance investments or current consumption can
borrow by issuing a bond to an individual who has a clear preference for future consumption
opportunities. The price of a bond of a given maturity is, of course, set to align the demand and
supply of that bond, and will consequently depend on the attractiveness of the real investment
opportunities and on the individuals’ preferences for consumption over the maturity of the bond.
The term structure of interest rates will reflect these dependencies. In Sections 6.2 and 6.3 we
derive relations between equilibrium interest rates and aggregate consumption and production in
settings with a representative agent. In Section 6.4 we give some examples of equilibrium term
structure models that are derived from the basic relations between interest rates, consumption,
and production.

Since agents are concerned with the number of units of goods they consume and not the dollar
value of these goods, the relations found in those section apply to real interest rates. However,
most traded bonds are nominal, i.e. they promise the delivery of certain dollar amounts, not the
delivery of a certain number of consumption goods. The real value of a nominal bond depends on
the evolution of the price of the consumption good. In Section 6.5 we explore the relations between
real rates, nominal rates, and inflation. We consider both the case where money has no real effects
on the economy and the case where money does affect the real economy.

The development of arbitrage-free dynamic models of the term structure was initiated in the
1970s. Until then, the discussions among economists about the shape of the term structure were
based on some relatively loose hypotheses. The most well-known of these is the expectation
hypothesis, which postulates a close relation between current interest rates or bond returns and
expected future interest rates or bond returns. Many economists still seem to rely on the validity

of this hypothesis, and a lot of man power has been spend on testing the hypothesis empirically. In

139
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Section 6.6, we review several versions of the expectation hypothesis and discuss the consistency
of these versions. We argue that neither of these versions will hold for any reasonable dynamic

term structure model. Some alternative traditional hypothesis are briefly reviewed in Section 6.7.

6.2 Real interest rates and aggregate consumption

In order to study the link between interest rates and aggregate consumption, we assume
the existence of a representative agent maximizing an expected time-additive utility function,
E[fOT e %u(Cy) dt]. As discussed in Section 5.2.9, a representative agent will exist in a complete
market. The parameter ¢ is the subjective time preference rate with higher § representing a more
impatient agent. C} is the consumption rate of the agent, which is then also the aggregate con-
sumption level in the economy. In terms of the utility and time preference of the representative

agent the state price deflator is therefore characterized by

Ct _ ﬁefétul(ct),

cf. Equation (5.16) on page 111.
Assume that C = (C}) follows a stochastic process of the form

dCt = Ct [th dt + O'—Crvt dzt] y

where z = (z;) is a (possibly multi-dimensional) standard Brownian motion. By an application of
It6’s Lemma we obtain

Recalling from Section 5.2.3 that the equilibrium short-term interest rate equals minus the relative

drift of the state-price deflator, we can write the short rate as

_Ctu//(ct) u///(ct)

1
2 = —-C?
(6:2) =0t ey Mot 3% ey

HUCt||2~

This is the interest rate at which the market for short-term borrowing and lending will clear.
The equation relates the equilibrium short-term interest rate to the time preference rate and the
expected growth rate jc¢ and the variance rate ||oc¢||? of aggregate consumption growth over the

next instant. We can observe the following relations:

e There is a positive relation between the time preference rate and the equilibrium interest
rate. The intuition behind this is that when the agents of the economy are impatient and
has a high demand for current consumption, the equilibrium interest rate must be high in

order to encourage the agents to save now and postpone consumption.

e The multiplier of uc: in (6.2) is the relative risk aversion of the representative agent, which
is positive. Hence, there is a positive relation between the expected growth in aggregate
consumption and the equilibrium interest rate. This can be explained as follows: We expect
higher future consumption and hence lower future marginal utility, so postponed payments
due to saving have lower value. Consequently, a higher return on saving is needed to maintain

market clearing.
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e If u” is positive, there will be a negative relation between the variance of aggregate consump-
tion and the equilibrium interest rate. If the representative agent has decreasing absolute

risk aversion, which is certainly a reasonable assumption, u'"’

has to be positive. The intu-
ition is that the greater the uncertainty about future consumption, the more will the agents
appreciate the sure payments from the riskless asset and hence the lower a return is necessary

to clear the market for borrowing and lending.

In the special case of constant relative risk aversion, u(c) = ¢'=7/(1 — «), Equation (6.2)

simplifies to

1
(6.3) Ty =0+ Yyt — 57(1+7)||00t||2-

In particular, we see that if the drift and variance rates of aggregate consumption are constant, i.e.
aggregate consumption follows a geometric Brownian motion, then the short-term interest rate will
be constant over time. Consequently, the yield curve will be flat and constant over time. This is
clearly an unrealistic case. To obtain interesting models we must either allow for variations in the
expectation and the variance of aggregate consumption growth or allow for non-constant relative
risk aversion (or both).

We can also characterize the equilibrium term structure of interest rates in terms of the expec-

1

tations and uncertainty about future aggregate consumption.” The equilibrium time ¢ price of a

zero-coupon bond paying one consumption unit at time 7" > ¢ is given by

T _ ,—6(T—t) E¢ [u'(C7)]
(64) Bt U/(Ct) ’

where C'7 is the uncertain future aggregate consumption level. We can write the left-hand side of

the equation above in terms of the yield y{ of the bond as
Bl = e (T=1) 1 — yl (T —t),

using a first order Taylor expansion. Turning to the right-hand side of the equation, we will use a

second-order Taylor expansion of v/(Cr) around Cj:
1
U/(CT) ~ Ul(Ct) + u”(Ct)(CT - Ct) + §U//l(0t)(CT — Ct>2.

This approximation is reasonable when C'1 stays relatively close to C;, which is the case for fairly
low and smooth consumption growth and fairly short time horizons. Applying the approximation,
the right-hand side of (6.4) becomes

! 1 12
e 0(T—1) Eq [ (Cr)] [w(Cr)] ~ e 0Tt (1 + u'(Cr) E{Cr — Cy] + lu (G Var,[Cr — Ct])

u/(Ct) U/(Ct) 2 U/(Ct)
123
~1-6(T—t)+ eé(Tt)W B, {g B 1}
1 sty v (Ch) Cr
+ 26 Ct U/(Ct) V Tt Ct R

where Var,[ -] denotes the variance conditional on the information available at time ¢, and we have

used the approximation e=®(T=%) ~ 1 — §(T — t). Substituting the approximations of both sides

IThe presentation is adapted from Breeden (1986).
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into (6.4) and rearranging, we find the following approximate expression for the zero-coupon yield:

—C’tu”(C’t) Et [CT/Ct — 1] _ 16_5(T_t)02 ’U/H(Ct) Vart [CT/Ct]
u'(Cy) Tt 2 by T—t

6.5) yl~d+e @0 (

" > 0, we can state the following conclusions. The

Again assuming v’ > 0, v” < 0, and u
equilibrium yield is increasing in the subjective rate of time preference. The equilibrium yield for
the period [t,T] is positively related to the expected growth rate of aggregate consumption over
the period and negatively related to the uncertainty about the growth rate of consumption over
the period. The intuition for these results is the same as for short-term interest rate discussed
above. We see that the shape of the equilibrium time ¢ yield curve T + y! is determined by
how expectations and variances of consumption growth rates depend on the length of the forecast
period. For example, if the economy is expected to enter a short period of high growth rates, real

short-term interest rates tend to be high and the yield curve downward-sloping.

6.3 Real interest rates and aggregate production

In order to study the relation between interest rates and production, we will look at a slightly
simplified version of the general equilibrium model of Cox, Ingersoll, and Ross (1985a).

Consider an economy with a single physical good that can be used either for consumption or
investment. All values are expressed in units of this good. The instantaneous rate of return on an
investment in the production of the good is
dn;

(6.6) o

= g(z¢) dt + &(x¢) dz14,

where 27 is a standard one-dimensional Brownian motion and g and ¢ are well-behaved real-valued
functions (given by Mother Nature) of some state variable x;. To be more specific, 79 goods
invested in the production process at time 0 will grow to 7; goods at time ¢ if the output of the
production process is continuously reinvested in this period. We can interpret g as the expected
real growth rate of the economy and the volatility £ (assumed positive for all z) as a measure of the
uncertainty about the growth rate of the economy. The production process has constant returns
to scale in the sense that the distribution of the rate of return is independent of the scale of the
investment. There is free entry to the production process. We can think of individuals investing
in production directly by forming their own firm or indirectly be investing in stocks of production
firms. For simplicity we take the first interpretation. All producers, individuals and firms, act
competitively so that firms have zero profits and just passes production returns on to their owners.
All individuals and firms act as price takers.

We assume that the state variable is one-dimensional and evolves according to the stochastic

differential equation
(6.7) dxy = m(xy) dt + v1(xt) dz1e + va(xy) dzoy,

where z5 is another standard one-dimensional Brownian motion independent of z1, and m, v1, and
vy are well-behaved real-valued functions. The instantaneous variance rate of the state variable is
v1(2)? + va()?, the covariance rate of the state variable and the real growth rate is &(z)v1(z) so
that the correlation between the state and the growth rate is &(z)v1(z)/[v1(x)? + va(z)?]. Unless

v9 = 0, the state variable is imperfectly correlated with the real production returns. If v; is positive
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[negative], then the state variable is positively [negatively] correlated with the growth rate of the
economy (since £ is assumed positive). Since the state determines the expected returns and the
variance of returns on real investments, we may think of x; as a productivity or technology variable.

In addition to the investment in the production process, we assume that the agents have access

to a financial asset with a price P; with dynamics of the form

dP,
(6.8) ?t = pe dt + o1p dzyg + 09p d2ay.
t

As a part of the equilibrium we will determine the relation between the expected return u; and
the volatility coefficients 014 and o9;. Finally, the agents can borrow and lend funds at an instan-
taneously riskless interest rate r;, which is also determined in equilibrium. The market is therefore
complete. Other financial assets affected by z; and z3 may be traded, but they will be redundant.
We will get the same equilibrium relation between expected returns and volatility coefficients for
these other assets as for the one modeled explicitly. For simplicity we stick to the case with a
single financial asset.

If an agent at each time ¢ consumes at a rate of ¢; > 0, invests a fraction a; of his wealth in the
production process, invests a fraction 7; of wealth in the financial asset, and invests the remaining
fraction 1 — o — 7 of wealth in the riskless asset, his wealth W; will evolve as
(6.9) AWy = {riWe + Wiay (g(x) — 1) + Wemg (e — 1) — ¢} dt

+ Wiaw€(xt) dzig + Wimpoyy dziy + Wimpoa dzag.
Since a negative real investment is physically impossible, we should restrict a4 to the non-negative
numbers. However, we will assume that this constraint is not binding. Let us look at an agent

maximizing expected utility of future consumption. The indirect utility function is defined as

T
/ e 06Dy (ey) ds| |
¢

i.e. the maximal expected utility the agent can obtain given his current wealth and the current

JWa,t)=  sup B

(as,ms5Cs) seft, T)

value of the state variable. Applying dynamic programming techniques, it can be shown that the

optimal choice of o and 7 satisfies

. —Jw o? + 03 o1 —Jws OV — O1U2
6.10 = 7 )22 _
( ) @ W Jww [(g ) &202 (=) o3 + W Jww Eog ’
—J o1 1 —Jwae U2
6.11 o W T ) (e W V2
( ) T ” JVVW |: §0§ (g 7") + 0'% (M 7'):| * ”/ JWVV g2

In equilibrium, prices and interest rates are such that (a) all agents act optimally and (b) all
markets clear. In particular, summing up the positions of all agents in the financial asset we should
get zero, and the total amount borrowed by agents on a short-term basis should equal the total
amount lend by agents. Since the available production apparatus is to be held by some investors,
summing the optimal a’s over investors we should get 1. Since we have assumed a complete
market, we can construct a representative agent, i.e. an agent with a given utility function so that
the equilibrium interest rates and price processes are the same in the single agent economy as in
the larger multi agent economy. Alternatively, we may think of the case where all agents in the
economy are identical so that they will have the same indirect utility function and always make

the same consumption and investment choice.
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In an equilibrium, 7* = 0, and hence (6.11) implies that

(6.12) h—r= %(g—r) — magvg.

Substituting this into the expression for a* and using the fact that o* = 1 in equilibrium, we get
that

_ 2 2 (*'IWI)
1:( JW) (9-n Tt = 2D (g — 1)+ Ly T

Wlww Ve T e ()0
WJww
+ ( —Jwe ) 02V1 — 0102
W Jww §oa

() 2 ()2
Wiww ) €2 Wiww ) &
Consequently, the equilibrium short-term interest rate can be written as
-WJ Ji
(6.13) r=g— | — W2y Wy,
Jw Jw
This equation ties the equilibrium real short-term interest rate to the production side of the

economy. Let us address each of the three right-hand side terms:

e The equilibrium real interest rate r is positively related to the expected real growth rate
g of the economy. The intuition is that for higher expected growth rates, the productive
investments are more attractive relative to the riskless investment, so to maintain market

clearing the interest rate has to be higher.

e The term —W Jww /Jw is the relative risk aversion of the representative agent’s indirect
utility, which is assumed to be positive. Hence, we see that the equilibrium real interest rate
r is negatively related to the uncertainty about the growth rate of the economy, represented
by the instantaneous variance £2. For a higher uncertainty, the safe returns of a riskless
investment is relatively more attractive, so to establish market clearing the interest rate has

to decrease.

e The last term in (6.13) is due to the presence of the state variable. The covariance rate of
the state variable and the real growth rate of the economy is equal to {v;. Suppose that high
values of the state variable represents good states of the economy, where the wealth of the
agent is high. Then the marginal utility Jy will be decreasing in z, i.e. Jyy, < 0. If the state
variable and the growth rate of the economy are positively correlated, we see from (6.10)
that the hedge demand of the productive investment is decreasing, and hence the demand for
depositing money at the short rate increasing, in the magnitude of the correlation (both Jy,
and Jyw are negative). To maintain market clearing, the interest rate must be decreasing

in the magnitude of the correlation as reflected by (6.13).

We see from (6.12) that the market prices of risk are given by

—Jwe

Vo = —
—Jw Jw
Wiww

(614) )\1 = 5 /\2 = — Vo.
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Applying the relation

(WIww \ 2 Jwe
g r= ( JW > g JW gvlv

we can rewrite \; as

-Wlww Jwa
1 = —— — .
(6 5) /\1 ( JW > f JW U1

6.4 Equilibrium interest rate models
6.4.1 Production-based models

As a special case of their general equilibrium model with production, Cox, Ingersoll, and Ross
(1985b) consider a model where the representative agent is assumed to have logarithmic utility.
Consequently, the relative risk aversion of the direct utility function is 1. It can be shown that the
indirect utility function of the agent will be of the form J(W,z) = AlnW + B(z). In particular,
Jwz = 0 and the relative risk aversion of the indirect utility function is also 1. It follows from (6.13)

that the equilibrium real short-term interest rate is equal to

r(ze) = g(w) — f(fft)2~

The authors further assume that the expected rate of return and the variance rate of the return

of the productive investment are both proportional to the state, i.e.
g(x) = ]{)11', E(x)z = k2x7

where k1 > ko. Then the equilibrium short-rate becomes r(z) = (k1 — k2)z = kx. Assume now

that the state variable follows a square-root process

dzy = (T — Kxy) dt + pog\/Te dziy + /1 — p2og/Te dzoy
= (T — Kkwy) dt 4+ 04/T¢ dZs,

where Z is a standard Brownian motion with correlation p with the standard Brownian motion z;.

Then the dynamics of the real short rate is
(6.16) dry = (F — Kkry) dt 4+ op/T¢ dZe,
where 7 = kZ and 0, = Vko,. The market prices of risk given in (6.14) and (6.15) simplify to

)\125(1‘>=\/1€2—l‘:\/k2/k\/’;, )\2:0.

We see that this production economy generates the CIR term structure model summarized in (5.79)
and studied in detail in Section 7.5.
Longstaff and Schwartz (1992a) study a two-factor version of the model. They assume that the
production returns are given by
dn
n—t = g(w11, T2r) dt + §(21) d21s,
t
where

g(x1,x2) = k121 + koo, &(22)? = ka2,
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so that the state variable xo affects both expected returns and uncertainty of production, while
the state variable x; only affects the expected return. With log utility the short rate is again equal

to the expected return minus the variance,
T(.Il,l‘Q) = g(xl,xQ) — 6(132)2 = klxl + (kg — kg)ﬂ?g.
The state variables are assumed to follow independent square-root processes,

dz1r = (01 — K171¢) dt + B1/T1g dzag,
dxor = (Y2 — KoTar) dt + Bay/Tar d2ss,

where z, are independent of z; and z3, but z; and z3 may be correlated. The market prices of risk

associated with the Brownian motions are

A1(w2) = &(x2) = \/g\/ﬁTm Ao = A3 =0.

We will discuss the implications of this model in much more detail in Chapter 8

6.4.2 Consumption-based models

Other authors take a consumption-based approach for developing models of the term structure
of interest rates. For example, Goldstein and Zapatero (1996) present a simple model in which the
equilibrium short-term interest rate is consistent with the term structure model of Vasicek (1977).

They assume that aggregate consumption evolves as
dCy = Cy [pcr dt + oc dz]

where z is a one-dimensional standard Brownian motion, o¢ is a constant, and the expected

consumption growth rate ucy follows an Ornstein-Uhlenbeck process

dpct = k(e — pet) + 0 dz.

The representative agent is assumed to have a constant relative risk aversion of . It follows

from (6.3) that the equilibrium real short-term interest rate is

1
Ty =0+ Yot — 57(1 +7)o¢

with dynamics

(6.17) dry =k (F— 1) dt + o, dz,

where o, =0 and 7 = yjic + 6 — 3v(1 + 7)oZ. The market price of risk is given by
A =noc,

which is constant. This is exactly the Vasicek model, which we introduced in Section 5.8. We will
give a thorough treatment of the model in Section 7.4.
In fact, we can generate any affine term structure model in this way. Assume that the expected

growth rate and the variance rate of aggregate consumption are linear in some state variables, i.e.

n n
por=ao+ Y aiti, locll® =bo+ > biwir,

i=1 =1
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then the equilibrium short rate will be

Ty = (54-7@0 - %’Y(l +7)bo> +’Y; (ai - %(1 +’Y)bz‘> Tit.
Of course, we should have by + Z?:l b;x;e > 0 for all values of the state variables. The market
price of risk is Ay = yoc¢. If the state variables x; follow processes of the affine type, we have an
affine term structure model. We will return to the affine models both in Chapter 7 and Chapter 8.
For other term structure models developed with the consumption-based approach, see e.g.
Bakshi and Chen (1997).

6.5 Real and nominal interest rates and term structures

In this section we discuss the difference and relation between real interest rates and nominal
interest rates. Nominal interest rates are related to investments in nominal bonds, which are
bonds that promise given payments in a given currency, say dollars. The purchasing power of these
payments are uncertain, however, since the future price level of consumer goods is uncertain. Real
interest rates are related to investments in real bonds, which are bonds whose dollar payments
are adjusted by the evolution in the consumer price index and effectively provide a given purchasing
power at the payment dates.? Although most bond issuers and investors would probably reduce
relevant risks by using real bonds rather than nominal bonds, the vast majority of bonds issued and
traded at all exchanges is nominal bonds. Surprisingly few real bonds are traded. To the extent
that people have preferences for consumption units only (and not for their monetary holdings) they
should base their consumption and investment decisions on real interest rates rather than nominal
interest rates. The relations between interest rates and consumption and production discussed in
the previous sections apply to real interest rates.

In a world where traded bonds are nominal we can quite easily get a good picture of the term
structure of nominal interest rates. But what about real interest rates? Traditionally, economists
think of nominal rates as the sum of real rates and the expected (consumer price) inflation rate.
This relation is often referred to as the Fisher hypothesis or Fisher relation in honor of Fisher
(1907). However, neither empirical studies nor modern financial economics theories (as we shall
see below) support the Fisher hypothesis.

In the following we shall first derive some generally valid relations between real rates, nominal
rates, and inflation and investigate the differences between real and nominal asset prices. Then
we will discuss two different types of models in which we can say more about real and nominal
rates. The first setting follows the neoclassical tradition in assuming that monetary holdings do
not affect the preferences of the agents so that the presence of money has no effects on real rates
and real asset returns. Hence, the relations derived earlier in this chapter still applies. However,
several empirical findings indicate that the existence of money does have real effects. For example,
real stock returns are negatively correlated with inflation and positively correlated with money

growth. Also, assets that are positively correlated with inflation have a lower expected return.? In

2Since not all consumers will want the same composition of different consumption goods as that reflected by the
consumer price index, real bonds will not necessarily provide a perfectly certain purchasing power for each investor.

3Such results are reported by, e.g., Fama (1981), Fama and Gibbons (1982), Chen, Roll, and Ross (1986), and
Marshall (1992).
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the second setting we consider below, money is allowed to have real effects. Economies with this
property are called monetary economies.
6.5.1 Real and nominal asset pricing

As before, let ¢ = ((;) denote a state-price deflator, which evolves over time according to
dCt = *Ct [Tt dt + )\2— dZt} y

where r = (r;) is the short-term real interest rate and A = (A;) is the market price of risk. From
Equation (5.14), we know that the time ¢ real price of a real zero-coupon bond maturing at time T'

is given by

o]

If the real price S = (S;) of an asset follows the stochastic process
dS; = St (st dt + o5, dzy]

then we know that

(6.18) st — Tt = T LA

must hold in equilibrium. From Chapter 5 we also know that we can characterize real prices in

terms of the risk-neutral probability measure QQ, which is formally defined by the change-of-measure

_w [4Q] _ e 2 e
& =By {dP]_eXP{_Z/t [IAsl ds—/t A, dzg p .

The real price of an asset can then be written as

s-as

t

process

ST] =B [e I retngy].
In particular, the time ¢ real price of a real zero-coupon bond maturing at 7' is
B} =E} [e*ftT i ﬂ .

In order to study nominal prices and interest rates, we introduce the consumer price index I,
which is interpreted as the dollar price I; of a unit of consumption. We write the dynamics of
I=(I) as

(619) dIt = It [Zt dt + O'}rt dZt] .

We can interpret dl;/I; as the realized inflation rate over the next instant, i; as the expected
inflation rate, and o ; as the percentage volatility vector of the inflation rate.

Consider now a nominal bank account which over the next instant promises a riskless monetary
return represented by the nominal short-term interest rate 74. If we let N; denote the time ¢ dollar

value of such an account, we have that

dNt = ftNt dt
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The real price of this account is N; = N, /I, since this is the number of units of the consumption
good that has the same value as the account. An application of It6’s Lemma implies a real price

dynamics of
(6.20) AN, = Ny [(7y — iy + [lore||?) dt — o], dz] -

Note that the real return on this instantaneously nominally riskless asset, dN; / Ny, is risky. Since
the percentage volatility vector is given by —o s, the expected return is given by the real short

rate plus —oj,A;. Comparing this with the drift term in the equation above, we have that
Fe —is 4 [|orl|? = re — o F A

Consequently the nominal short-term interest rate is given by

(6.21) P =1 +is — [lonl® — o nA

i.e. the nominal short rate is equal to the real short rate plus the expected inflation rate minus the
variance of the inflation rate minus a risk premium. The presence of the last two terms invalidates
the Fisher relation, which says that the nominal interest rate is equal to the sum of the real interest
rate and the expected inflation rate. The Fisher hypothesis will hold if and only if the inflation
rate is instantaneously riskless.

Since most traded assets are nominal, it would be nice to have a relation between expected
nominal returns and volatility of nominal prices. For this purpose, let S, denote the dollar price

of a financial asset and assume that the price dynamics can be described by
dS; = Sy [jist dt + &5, dzy] .
The real price of this asset is given by S; = 5, /I, and by It6’s Lemma
dS; = Sy [(fist —iv — 6501 + |onl]®) dt + (Gse — o) " dzy] .
The expected excess real rate of return on the asset is therefore

pst — Ty = flst — it — O g0 11 + ||0'ItH2 — T

~ ~ ~T T
= fist — Tt — 05101t — T 1 A,

where we have introduced the nominal short rate 7; by applying (6.21). The volatility vector of
the real return on the asset is

Ost =054 — Oy
Substituting the expressions for ug: — r¢ and o g; into the relation (6.18), we obtain
(6.22) fist — Tt = G5 A,
where A, is the nominal market price of risk vector defined by
(6.23) A =05+ A

In terms of expectations, we know that

S _p |6
L G I |
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from which it follows that

son g

Ct IT t

i_T ST] )

where C} = (;/I; for any t. Since the left-hand side is the current nominal price and the right-
hand side involves the future nominal price or payoff, it is reasonable to call Q: = (@) a nominal

state-price deflator. Its dynamics is given by
(624) dé:t = —515 |:7:t dt + X: dZt

so the drift rate is (minus) the nominal short rate and the volatility vector is (minus) the nominal
market price of risk, completely analogous to the real counterparts.

We can also introduce a nominal risk-neutral measure Q by the change-of-measure process

Q| IR Tor
dP] exp{—i/t I As]l ds—/t A, dzs ¢ .

Then the nominal price of a non-dividend paying asset can be written as

gtE

3, —E, li__T Sr| = BR [ 7 angy)
t

In particular, the time ¢ nominal price of a nominal zero-coupon bond maturing at 7' is

B -m || e[ ee]

t

To sum up, the prices of nominal bonds are related to the nominal short rate and the nominal
market price of risk in exactly the same way as the prices of real bonds are related to the real short
rate and the real market price of risk. Models that are based on specific exogenous assumptions
about the short rate dynamics and the market price of risk can be applied both to real term
structures and to nominal term structures. This is indeed the case for most popular term structure
models. The authors that offer theoretical arguments for their proposed term structure model,
cf. Section 6.4, typically rely on relations between real rates and real production or consumption.
Nevertheless, these models are often applied on nominal bonds and term structures. This is
generally not supported by economic theory, as we can see from the relation (6.21) between the
nominal short rate and the real short rate and the relation (6.23) between the real and the nominal
market price of risk.

Above we derived an equilibrium relation between real and nominal short-term interest rates.
What can we say about the relation between longer-term real and nominal interest rates? Applying

the well-known relation Cov(z,y) = E(zy) — E(x) E(y), we can write

pr _ @ | ST It
Bt_Et[CtIT]
Gl [ 2] s o (2 1
29 -5 [ &) |7 roon (2.72)

=5 ] +con (1)),
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From the dynamics of the state-price deflator and the price index, we get
T T
1

G e [ (e gInR) s [ ATa
@ ¢ 2 t
I T 1 T
L —exp —/ is — =|lors? ds—/ o, dzs ¢,
I ¢ 2 t

which can be substituted into the above relation between prices on real and nominal bonds. How-
ever, the covariance-term on the right-hand side can only be explicitly computed under very special

assumptions about the variations over time in r, 4, A, and o .

6.5.2 No real effects of inflation

In this subsection we will take as given some process for the consumer price index and assume
that monetary holdings do not affect the utility of the agents directly. As before the aggregate

consumption level is assumed to follow the process

dCy = Cy luct dt + o &y dzy]
so that the dynamics of the real state-price density is

dGe = —Ci [re dt + A/ dzq] .

The short-term real rate is given by

C’tu”(Ct) 1 2 U/N(Ot) 2
.2 = —_—— —_— -
(6 6) Tt J ’U/(Ct) Kt 2 t u/(Ct) ||O'CtH
and the market price of risk vector is given by
Ctu”(C't)
2 T e A e 7 ]
(6 7) At ( W (Cy) OCt

By substituting the expression (6.27) for A\; into (6.21), we can write the short-term nominal
rate as Co(CY)
. . 2 tU t T
rE="1+ 1 — || —|\—— ) onoct-
=i~ llonl? - (<S5l oo
In the special case where the representative agent has constant relative risk aversion, i.e. u(C) =
C'=7/(1—+), and both the aggregate consumption and the price index follow geometric Brownian

motions, we get constant rates

1
(6.28) r=0+yuc = 11 +)locl?,

(6.29) F=r+i—|o|* —yojoc.

Breeden (1986) considers the relations between interest rates, inflation, and aggregate consump-
tion and production in an economy with multiple consumption goods. In general the presence of
several consumption goods complicates the analysis considerably. Breeden shows that the equilib-
rium nominal short rate will depend on both an inflation rate computed using the average weights
of the different consumption goods and an inflation rate computed using the marginal weights

of the different goods, which are determined by the optimal allocation to the different goods of
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an extra dollar of total consumption expenditure. The average and the marginal consumption
weights will generally be different since the representative agent may shift to other consumption
goods as his wealth increases. However, in the special (probably unrealistic) case of Cobb-Douglas
type utility function, the relative expenditure weights of the different consumption goods will be

constant. For that case Breeden obtains results similar to our one-good conclusions.

6.5.3 A model with real effects of money

In the next model we consider, cash holdings enter the direct utility function of the agent(s).
This may be rationalized by the fact that cash holdings facilitate frequent consumption transac-
tions. In such a model the price of the consumption good is determined as a part of the equilibrium
of the economy, in contrast to the models studied above where we took an exogenous process for

the consumer price index. We follow the set-up of Bakshi and Chen (1996) closely.

The general model

We assume the existence of a representative agent who chooses a consumption process C = (C})
and a cash process M = (M,), where M; is the dollar amount held at time ¢t. As before, let I;
be the unit dollar price of the consumption good. Assume that the representative agent has an
additively time-separable utility of consumption and the real value of the monetary holdings, i.e.
M, = M, /I;. At time t the agent have the opportunity to invest in a nominally riskless bank
account with a nominal rate of return of 7. When the agent chooses to hold M; dollars in cash
over the period [t,t + dt], she therefore gives up a dollar return of M,7; dt, which is equivalent to a
consumption of M;7; dt/I; units of the good. Given a (real) state-price deflator ¢ = ((), the total
cost of choosing C' and M is thus E UOOO C(Cy + M7/ 1) dt}. In sum, the optimization problem
of the agent can be written as follows:

sup E {/ e_‘StU(Ct,Mt/Lg) dt}
(Cy, M) 0

e M,
s.t. E / Ct Ct + —tft dt S Wo,
0 Iy

where Wy is the initial (real) wealth of the agent.

The first order conditions are

(6.30) e U (Cr, My /1) = ¢,
(6.31) e U (Cy, My /1) = (i,

where Ux and Uy, are the first-order derivatives of U with respect to the first and second argument,
respectively. 1 is a Lagrange multiplier, which is set so that the budget condition holds as an
equality. Again, we see that the state-price deflator is given in terms of the marginal utility with
respect to consumption. Imposing the initial value ¢y = 1 and recalling the definition of M;, we
have

51 Uc(Cy, M)

(6.32) G=e T TR

We can apply the state-price deflator to value all payment streams. For example, an investment

of one dollar at time ¢ in the nominal bank account generates a continuous payment stream at the
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rate of 7y dollars to the end of all time. The corresponding real investment at time ¢ is 1/I; and

the real dividend at time s is 7s/Is. Hence, we have the relation

1 % (4 T
—=E = —=ds|,
I tL G 1, }

or, equivalently,

6.33 —=E

o0 M ~
/ bty Uc(Cs, Mo) Ts |
t UC(Ct7Mt) Is

Substituting the first optimality condition (6.30) into the second (6.31), we see that the nominal
short rate is given by
(6.34) 7, = QG M/ 1)

Uc(Cr, My/It)

The intuition behind can be explained in the following way. If you have an extra dollar now you
can either keep it in cash or invest it in the nominally riskless bank account. If you keep it in cash
your utility grows by Uns(Cy, My /1) /1. If you invest it in the bank account you will earn a dollar
interest of 7 that can be used for consuming 7;/I; extra units of consumption, which will increase
your utility by Uc(Ct, My/I;)7:/I;. At the optimum, these utility increments must be identical.
Combining (6.33) and (6.34), we get that the price index must satisfy the recursive relation

(6.35) 1_g / ¥ it U (Co, M) 1
Iy ¢ Uc(Cy, M) 1

Let us find expressions for the equilibrium real short rate and the market price of risk in this
setting. As always, the real short rate equals minus the percentage drift of the state-price deflator,
while the market price of risk equals minus the percentage volatility vector of the state-price
deflator. In an equilibrium, the representative agent must consume the aggregate consumption
and hold the total money supply in the economy. Suppose that the aggregate consumption and

the money supply follow exogenous processes of the form

dCy = Cy [pce dt + a5y dzy]
th = Mt [,U/Mt dt + UX/[t dZt] .

Assuming that the endogenously determined price index will follow a similar process,
dly = L [iy dt + o], dz],
the dynamics of M, = M, /1, will be
dM, = M, [firre dt + 65, dzy]

where
~ _ . 2 T ~ _
fare = pvre — i+ ||o || — o a0, OMt = O Mt — OJt-

Given these equations and the relation (6.32), we can find the drift and the volatility vector of the

state-price deflator by an application of It6’s Lemma. We find that the equilibrium real short-term
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interest rate can be written as

(6.36)
= _CtUCC(Cf,Mt) o _MtUCM(C:taMt) fage
Uc(Cy, My) Uc(Cy, My)
1 C?Uccc(Cy, My) o 1 MPUcum(Ce, My) . o CiMUconm(Ce, My) .
-5 = loctl® — 5 - o mell” — - O 10 Mt
2 UC(Ctth) 2 UC(Ct7Mt) UC(Ct7Mt)

while the market price of risk vector is

Cu'(C —MUcm (Co, M)\ -
/\t:<_ ' ( t))00t+< tUcm(Cr t))o_Mt

u'(C) UC(CtaMt)

:(_Ctu”(C’t)>UC . —MUcn (Cr, M)
uw'(Cy) ! Uc(Cy, My)

(6.37)

) (U'Mt—UIt)~

With Ugpr < 0, we see that assets that are positively correlated with the inflation rate will have
a lower expected real return, other things equal. Intuitively such assets are useful for hedging
inflation risk so that they do not have to offer as high an expected return.

The relation (6.21) is also valid in the present setting. Substituting the expression (6.37) for

the market price of risk into (6.21), we obtain

- . CtU"(Ct)> _MtUCM(Ct Mt) ~
6.38 e — 1y — i + ||o 22—(—7 o000t — — o.M
638)  F-r—istlon S ) ehee— | o | e

An example

To obtain more concrete results, we must specify the utility function and the exogenous pro-

cesses C' and M. Assume a utility function of the Cobb-Douglas type,

~ 1—v
(e
u(C,M)= ~——F——
(C, N) —
where ¢ is a constant between zero and one, and + is a positive constant. The limiting case for
v =1 is log utility,

u(C, M) = oInCy + (1 — ) In M,.

By inserting the relevant derivatives into (6.36), we see that the real short rate becomes

re=0+[1— ¢l —y)luce — (1 — )1 —7)iare — %[1 — (1 =2 = e =Nloc:|?
(6.39) )

+0=p)A =)= (1)1~ NEarell” + (1 = @)1 = 7)[1 = (1 —V)]o &G,

which for v = 1 simplifies to
(6.40) re =08+ por — locd?.

We see that with log utility, the real short rate will be constant if aggregate consumption C' = (Cy)

follows a geometric Brownian motion. From (6.34), the nominal short rate is

(6.41) Fp=—T 2t



6.5 Real and nominal interest rates and term structures

155

The ratio Cy/ M, is called the velocity of money. If the velocity of money is constant, the nominal
short rate will be constant. Since M; = M, /I and I; is endogenously determined, the velocity of
money will also be endogenously determined.

To identify the nominal short rate for any -« and the real short rate for v # 1, we have to
determine the price level in the economy, which is given recursively in (6.35). This is possible
under the assumption that both C' and M follow geometric Brownian motions. We conjecture that
I = kM, /C} for some constant k. From (6.35), we get

L 1—9 [% 56 C\'7T M\
Ll 4 E |2 ds.
/t e t Ct Mt S

k @
C. 1 i}
e —exp{ (e - gllocl) (5= 0+ 02 - 20}

Cy
1 2 T
=exps | pm — §||UMH (s—=t)+op(zs —2t) ¢

Inserting the relations

M,
M

and applying a standard rule for expectations of lognormal variables, we get

1 > 1 9 9
1= eo{ (= 5+ 0= e = glocl = s + loul

+5(1=7llocl? = (L =yodou ) (s = 1)} ds,

DN | =

which implies that the conjecture is true with

%) 1 1
b= 12 (5= = 2)me = gloel?) + uas = lowl? = 50~ loc]? + (1= ioFou )

From an application of It6’s Lemma, it follows that the price index also follows a geometric Brow-

nian motion
where
i=py —po + loc|? —oyo0, o1 =o0m—oc.

With I; = kM;/Cy, we have M, = Cy/k, so that the velocity of money Ct/]\;[t = k is constant, and

the nominal short rate becomes

. 1—9¢ 1 1
(6.43) 7t = Tk =0—(1=7)(uc— §H0'c||2) +par = llow|® = 5 =7 loc|?+ (1 =y)obom,

which is also a constant. With log utility, the nominal rate simplifies to 6 + pas — ||oas||?. In order
to obtain the real short rate in the non-log case, we have to determine jiy;+ and Gy and plug

into (6.39). We get finse = pc + 3lloc||> + of;0c and Gp¢ = oc and hence

1
(6.44) T =06+ yuc — vlocl? L+ +el =),

which is also a constant. In comparison with (6.28) for the case where money has no real effects,

the last term in the equation above is new.
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Another example

Bakshi and Chen (1996) also studies another model specification in which both nominal and
real short rates are time-varying, but evolve independently of each other. To obtain stochastic
interest rates we have to specify more general processes for aggregate consumption and money
supply than the geometric Brownian motions used above. They assume log-utility (v = 1) in

which case we have already seen that

- 1-— %) Ct 1-— %) CtIt
=6+ et — |loce? o ey
"t fot H Ct” ’ "t "2 Mt 2 Mt

The dynamics of aggregate consumption is assumed to be
dC; = Cy [(ae + kewy) dt + oo/xr dz1]
where = can be interpreted as a technology variable and is assumed to follow the process
dxy = Ky (0p — x¢) dt + 04/t d21y.

The money supply is assumed to be My = Myetrmtg, /gy, where

dgi = gi |Kg(0g — g¢) dt + 04/9¢ (pCM dzie + /1 = pgy dZQt):l )

and where z; and 2z, are independent one-dimensional Brownian motions. Following the same basic

procedure as in the previous model specification, the authors show that the real short rate is
(6.45) re =0+ ac + (ko — o&)xs,

while the nominal short rate is

6+ pyy + (kg + Uﬁ)gt

Both rates are time-varying. The real rate is driven by the technology variable z, while the
nominal rate is driven by the monetary shock process g. In this set-up, shocks to the real economy
have opposite effects of the same magnitude on real rates and inflation so that nominal rates are
unaffected.

The real price of a real zero-coupon bond maturing at time 7' is of the form

BtT _ e—a(T—t)—b(T—t)axc7

while the nominal price of a nominal zero-coupon bond maturing at T is

) +b(T — t)g;
bO iyt (kg F02)gr

where a, b, @, and b are deterministic functions of time for which Bakshi and Chen provide closed-
form expressions.

In the very special case where these processes are uncorrelated, i.e. pcps = 0, the real and
nominal term structures of interest rates are independent of each other! Although this is an
extreme result, it does point out that real and nominal term structures in general may have quite

different properties.
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6.6 The expectation hypothesis

The expectation hypothesis relates current long-term rates and expected future short rates.
This basic issue was discussed already by Fisher (1896) and further developed and concretized by
Hicks (1939) and Lutz (1940). The presentation below follows Cox, Ingersoll, and Ross (1981a)
closely.

There are various versions of the expectation hypothesis. The most extreme version of the
hypothesis postulates that interest rates are set so that expected holding period returns on all
possible investment strategies in bonds and deposits are identical. It is easy to demonstrate that
such a claim cannot hold in an equilibrium unless interest rates and bond prices are non-stochastic;

cf. Exercise 6.1.

6.6.1 Versions of the pure expectation hypothesis

A less extreme version says that the expected return over the next time period is the same for all
investments in bonds and deposits. In other words there is no difference between expected returns
on long-maturity and short-maturity bonds. In the continuous-time limit we consider returns over
the next instant. The riskless return over [t,t 4 dt] is rydt, so for any zero-coupon bond, the

hypothesis claims that

dBf
(6.47) E, { BEE } =rydt, forallT >t,
or, equivalently, that
B = E, [e’ s ds] , forall T >t.

This is the local pure expectations hypothesis.
Another interpretation says that the return from holding a zero-coupon bond to maturity should

equal the expected return from rolling over short-term bonds over the same time period, i.e.

1

(6.48) =7 = E, {eff ds] . forall T >t
t

or, equivalently,

—1
BtT - (Et {eftT Ts ds]) , forallT >t.

This is the return-to-maturity pure expectation hypothesis.
A related claim is that the yield on any zero-coupon bond should equal the expected yield on a
roll-over strategy in short bonds. Since an investment of one at time ¢ in the bank account generates

el s ds gt time T, the ex-post realized yield is ﬁ j;T rs ds. Hence, this yield-to-maturity pure

1 T
e sds|,

B = e Bellireds]  forall T > 1.

expectation hypothesis says that

1

or, equivalently,

Finally, the unbiased pure expectation hypothesis states that the forward rate for time T

prevailing at time ¢t < T is equal to the time ¢ expectation of the short rate at time T, i.e. that
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forward rates are unbiased estimates of future spot rates. In symbols,

i =Err], forall T >t

T T T
—lnBtT = / fids= / Eirs]ds = E; / reds| ,
t t t

from which we see that the unbiased version of the pure expectation hypothesis is indistinguishable

This implies that

from the yield-to-maturity version. (This is not the case in a discrete-time setting where these two
versions can be shown to be inconsistent with each other.)

We will first show that the three versions are inconsistent when future rates are uncertain. This
follows from an application of Jensen’s inequality which states that if X is a random variable and
f is a convex function, i.e. f” > 0, then f(E[X]) < E[f(X)]. Since f(z) = e” is a convex function,

we have E[eX] > ePIX] for any random variable X. In particular for X = f tT rsds, we get
E, |:€j-tT T ds:| S Belfrads] L B[ rads] (Et [eftT e ds:| ) -1

For X = — ftT rs ds, we get

E, |:€_ ftT rg ds} > eEt[—ftTrs ds] _ e_Et[ft,T T ds]-

We can conclude that at most one of the versions of the pure expectations hypothesis can hold.

6.6.2 The pure expectation hypothesis and equilibrium

Next, let us see whether the different versions can be consistent with any equilibrium. As-
sume that interest rates and bond prices are generated by a d-dimensional standard Brownian
motion z. Assuming absence of arbitrage there exists a market price of risk process A so that for

any maturity 7', the zero-coupon bond price dynamics is of the form
(6.50) aBl = Bl [(r+ (67)" A ) dt+ (o) dai]

where o] denotes the d-dimensional sensitivity vector of the bond price. Recall that the same A,
applies to all zero-coupon bonds so that A, is independent of the maturity of the bond. Comparing
with (6.47), we see that the local expectation hypothesis will hold if and only if (cr%r)T A =0
for all T. This is true if either investors are risk-neutral or interest rate risk is uncorrelated with
consumption. Neither of these conditions hold in real life.

To evaluate the return-to-maturity version, first note that an application of Ité’s Lemma
on (6.50) show that

1 1
#(r) = g [(re— (D) N 10T P) (o) ]

On the other hand, according to the hypothesis (6.48) the percentage drift of 1/B} equals —r;.*

To match the two expressions for the drift, we must have

(6.51) (O'f)T X =|lel|?, forall T.

4This can be seen as follows. The absolute drift of 1/Bf" equals the limit of ﬁ E¢[ BTl - BLT] as At — 0.
t+At t
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Is this possible? Cox, Ingersoll, and Ross (1981a) conclude that it is impossible. If the exogenous
shock z and therefore 0! and \; are one-dimensional, they are right, since A; must then equal
ol and this must hold for all T. Since A; is independent of T' and the volatility o] approaches
zero for T — t, this cannot hold when interest rates are stochastic. However, as pointed out by
McCulloch (1993) and Fisher and Gilles (1998), in multi-dimensional cases the key condition (6.51)
may indeed hold, at least in very special cases. Let ¢ be a d-dimensional function with the property
that ||o(7)|? is independent of 7. Define A; = 2p(0) and o] = ¢(0) — (T —t). Then (6.51) is
indeed satisfied. However, all such functions ¢ seem to generate very strange bond price dynamics.

The examples given in the two papers mentioned above are

o) = k (\/QeT - 627> 7 o) = by (cos(ky-)) 7

1—e" sin(ka7)

where k, k1, ko are constants.
We approach the unbiased or yield-to-maturity version in a similar manner. From (6.50), Ito’s

Lemma implies that
1
(6.52) d(InBl') = <7"t +(06T)™A — 2||o'tT|2) dt + (a7)" day.

On the other hand, the hypothesis (6.49) implies that the (absolute) drift of In BY is equal to ;.
Hence, the hypothesis will hold if and only if

1
()T A = §||UtTH2, for all T.

Again, it is possible that the condition holds. Just let ¢ and o] be as for the return-to-maturity
hypothesis and let Ay = ¢(0). But such specifications are not likely to represent real life term
structures.

The conclusion to be drawn from this analysis is that neither of the different versions of the
pure expectation hypothesis seem to be consistent with any reasonable description of the term

structure of interest rates.

6.6.3 The weak expectation hypothesis

Above we looked at versions of the pure expectation hypothesis that all aligns an expected

return or yield with a current interest rate or yield. However, as pointed out by Campbell (1986),

Applying the hypothesis (6.48), we get

(o ] - & (s [ - (o))
t+At t

- Ai E¢ [efg;“ reds o[ rs ds]
t

1—e™ ft,t+At Ts ds}

T rsds
et
At

N

As At — 0, the ratio in the last expression will approach 7, so that the entire expression will approach
T
—r¢ Bt [eft s ds] = —r¢/BI'. The percentage drift of 1/B] is therefore —r; according to the hypothesis.
5This is analogous to the previous footnote. According to the hypothesis,

1 T T 1 T T 1 t+At
7Et[lnBt+At—lnBt]—— /t+Atrsds]+Et [/t TSdSH:EEt {/t r‘gds},

= E: |—E
At At t|: t+At

which approaches r; as At — 0.
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there is also a weak expectation hypothesis that allows for a difference between the relevant ex-
pected return/yield and the current rate/yield, but restricts this difference to be constant over
time.

The local weak expectation hypothesis says that

E, {dé?ﬂ = (re+ g(T — 1)) dt
i

for some deterministic function g. In the pure version g is identically zero. For a given time-to-
maturity there is a constant “instantaneous holding term premium”. Comparing with (6.50), we
see that this hypothesis will hold when the market price of risk A; is constant and the bond price
sensitivity vector o is a deterministic function of time-to-maturity. These conditions are satisfied
in the Vasicek (1977) model, which we will discuss in detail in Section 7.4, and in other models of
the Gaussian class.

Similarly, the weak yield-to-maturity expectation hypothesis says that
fl = Eulre] + (T —1)

for some deterministic function h with h(0) = 0, i.e. that there is a constant “instantaneous forward
term premium”. The pure version requires h to be identically equal to zero. It can be shown that
this condition implies that the drift of In B} equals r; + h(T —t).5 Comparing with (6.52), we see
that also this hypothesis will hold when )\; is constant and o} is a deterministic function of 7' — ¢
as is the case in the Gaussian models.

The class of Gaussian models have several unrealistic properties. For example, such models
allow negative interest rates and requires bond and interest rate volatilities to be independent of
the level of interest rates. So far, the validity of even weak versions of the expectation hypothesis
has not been shown in more realistic term structure models.

Considering our discussion of both the pure and the weak expectation hypothesis, analysis
of the shape of the yield curve and models of term structure dynamics should not be based on
this hypothesis. Hence, it is surprising, maybe even disappointing, that empirical tests of the

expectation hypothesis have generated such a huge literature in the past.

6.7 Liquidity preference, market segmentation, and preferred habitats

Another traditional explanation of the shape of the yield curve is given by the liquidity pref-
erence hypothesis introduced by Hicks (1939). He realized that the expectation hypothesis

basically ignores investors’ aversion towards risk and argued that expected returns on long bonds

6We proceed as in footnote 5. From the weak yield-to-maturity hypothesis, it follows that 71nBtT =
]tT (Et[rs] + h(s — t)) ds. Hence,

1

At

B¢ [m Bfia;—In Bﬂ - E: {— /im (Biyat[rs] + h(s — (t + At))) ds + /tT (Btlrs] + h(s — 1)) ds}

At

1 t+At 1 T T
= —E ds| — — h(s — (t + At))ds — h(s —t)d .
L [/ At(/tw (s— e+ a0yas— [ ns >s)

The limit of ﬁ (fth;At h(s— (t+ At))ds — ftT h(s—1) ds) as At — 0 is exactly the derivative of ftT h(s —t)ds
with respect to t. Applying Leibnitz’ rule and h(0) = 0, this derivative equals — ftT W' (s —t)ds = —h(T —t). In
sum, the drift rate of In BtT becomes 1 + h(T — t) according to the hypothesis.




6.8 Concluding remarks

161

should exceed the expected returns on short bonds to compensate for the higher price fluctuations
of long bonds. According to this view the yield curve should tend to be increasing. Note that the
word “liquidity” in the name of the hypothesis is not used in the usual sense of the word. Short
bonds are not necessarily more liquid than long bonds. A better name would be “the maturity
preference hypothesis”.

In contrast the market segmentation hypothesis introduced by Culbertson (1957) claims
that investors will typically prefer to invest in bonds with time-to-maturity in a certain interval, a
maturity segment, perhaps in an attempt to match liabilities with similar maturities. For example,
a pension fund with liabilities due in 20-30 years can reduce risk by investing in bonds of similar
maturity. On the other hand, central banks typically operate in the short end of the market.
Hence, separated market segments can exist without any relation between the bond prices and the
interest rates in different maturity segments. If this is really the case, we cannot expect to see
continuous or smooth yield curves and discount functions across the different segments.

A more realistic version of this hypothesis is the preferred habitats hypothesis put forward
by Modigliani and Sutch (1966). An investor may prefer bonds with a certain maturity, but should
be willing to move away from that maturity if she is sufficiently compensated in terms of a higher
yield.” The different segments are therefore not completely independent of each other, and yields
and discount factors should depend on maturity in a smooth way.

It is really not possible to quantify the market segmentation or the preferred habitats hypothesis
without setting up an economy with agents having different favorite maturities. The resulting
equilibrium yield curve will depend heavily on the degree of risk aversion of the various agents as

illustrated by an analysis of Cox, Ingersoll, and Ross (1981a).

6.8 Concluding remarks

The equilibrium term structure of interest rates with investor heterogeneity or more general
utility functions than studied in this chapter, see, e.g., Duffie and Epstein (1992), Wang (1996),
Riedel (1999, 2000), Wachter (2002). The effects of central banks on the term structure are
discussed and modeled by, e.g., Babbs and Webber (1994), Balduzzi, Bertola, and Foresi (1997),
and Piazzesi (2001).

6.9 Exercises

EXERCISE 6.1 (The expectation hypothesis) An extreme version of the expectation hypothesis says that
prices are set so that the expected rates of return on any investments over a given period are identical.
The purpose of this exercise is to show that this statement cannot hold. In the following we consider time
points tp < t1 < ta.
(a) Show that if the expectation hypothesis holds, then
1 1

_ t
By~ g e )

Hint: Compare two investment strategies over the period [to,t1]. The first strategy is to buy at time to
zero-coupon bonds maturing at time t1. The second strategy is to buy at time to zero-coupon bonds

maturing at time t2 and to sell them again at time t;.

"In a sense the liquidity preference hypothesis simply says that all investors prefer short bonds.
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(b)

()

(d)

Show that if the expectation hypothesis holds, then

1 1

ts . i1 —to
B;? By}

1
By?

Show from the two previous questions that the hypothesis implies that

1
B;?

1

* E SR B—
o " B [E]

Show that (*) can only hold under full certainty. Hint: Use Jensen’s inequality.

EXERCISE 6.2 Go through the derivations in Section 6.5.3.

EXERCISE 6.3 Constantinides (1992) develops a theory of the nominal term structure of interest rates

by specifying exogenously the nominal state-price deflator 5 . In a slightly simplified version, his assumption

is that

s —gt+z—a2
Ct*e (oe )7

where g and « are constants, and z = (z¢) follows the Ornstein-Uhlenbeck process

d.’IIt = —RIT¢ dt —+ O'dZ,g7

where x and o are positive constants with 0 < k and z = (2:) is a standard one-dimensional Brownian

motion.

(a)

Derive the dynamics of the nominal state-price deflator. Express the nominal short-term interest

rate, 7+, and the nominal market price of risk, :\t, in terms of the variable x;.
Find the dynamics of the nominal short rate.

Find parameter constrains that ensure that the short rate stays positive? Hint: The short rate is a

quadratic function of x. Find the minimum value of this function.
What is the distribution of zr given x,7

Let Y be a normally distributed random variable with mean p and variance v*. Show that
2
—vY2] _ 2\—1/2 T
E[e v :|—(1+2"Y'U) exp{—m}

Use the results of the two previous questions to derive the time ¢ price of a nominal zero-coupon
bond with maturity 7T, i.e. BtT It will be an exponential-quadratic function of z¢. What is the yield
on this bond?

Find the percentage volatility of of the price of the zero-coupon bond maturing at 7.

The instantaneous expected excess rate of return on the zero-coupon bond maturing at T is often
called the term premium for maturity 7. Explain why the term premium is given by o7 A¢ and show
that the term premium can be written as

ot == (1) (3 -0

where
1

0'_2_|_<1_"'_:) eQHT

B(r) =

For which values of z; will the term premium for maturity T be positive/negative? For a given state

T, is it possible that the the term premium is positive for some maturities and negative for others?



Chapter 7

One-factor diffusion models

7.1 Introduction

This chapter is devoted to the study of one-factor diffusion models of the term structure of
interest rates. They all take the short rate as the sole state variable and, hence, implicitly assume
that the short rate contains all the information about the term structure that is relevant for pricing
and hedging interest rate dependent claims. All the models assume that the short rate is a diffusion

process
(71) dT’t :Oé(’f‘t,t) dt+ﬂ(7‘t,t) dZt,

where z = (2;):>0 is a standard Brownian motion under the real-world probability measure P. The
market price of risk at time ¢ is of the form A(r, t). The short rate dynamics under the risk-neutral

probability measure Q (i.e. the spot martingale measure) is therefore

(7.2) dry = a(ry, t) dt + B(re, t) dz2,

where 2@ = (22) is a standard Brownian motion under Q, and

a(r,t) = a(r,t) — B(r,t)\(r,t).

We let § C R denote the value space for the short rate, i.e. the set of values which the short rate
can have with strictly positive probability.!

A model of the type (7.2) is called time homogeneous if & and 3 are functions of the interest
rate only and not of time. Otherwise it is called time inhomogeneous. In the time homogeneous
models the distribution of a given variable at a future date depends only on the current short rate
and how far into the future we are looking. For example, the distribution of r¢y, given r, = r
is the same for all values of ¢t — the distribution depends only on the “horizon” 7 and the initial
value r. For the same reason asset prices only depend on the current short rate and the time to
maturity of the asset. For example, the price of a zero-coupon bond B} = BT (r4,t) only depends
on r; and the time to maturity 7" — ¢, cf. Theorem 7.1 below. In time inhomogeneous models,
these considerations are not valid, which renders the analysis of such models more complicated.

Furthermore, time homogeneity seems to be a realistic property: why should the drift and the

1Recall that since the real-world and the risk-neutral probability measures are equivalent, the process can have

exactly the same values under the different probability measures.
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volatility of the short rate depend on the calendar date? Surely, the drift and the volatility change
over time, but this is due to changes in fundamental economic variables, not just the passage of
time. However, time inhomogeneous models have some practical advantages, which makes them
worthwhile looking at. We will do that in Chapter 9. In the present chapter we consider only time
homogeneous models.

We will focus on the pricing of bonds, forwards and futures on bonds, and European options
on bonds within the different models. As discussed in Chapter 2, these option prices lead to prices
of other important assets such as caps, floors, and European swaptions. The pricing techniques
applied are those developed in Chapter 5: solution of a partial differential equation (PDE) or
computation of the expected payoff under a suitable martingale measure.

In Section 7.2 we will consider some general aspects of the so-called affine models. Then in
Sections 7.3-7.5 we will look at three specific affine models, namely the classical models of Merton
(1970), Vasicek (1977), and Cox, Ingersoll, and Ross (1985b). Some non-affine models are outlined
and discussed in Section 7.6. Section 7.7 gives a short introduction to the issues of estimating
the parameters of the models and testing to what extent the models are supported by the data.

Finally, Section 7.8 offers some concluding remarks.

7.2 Affine models
In a time homogeneous one-factor model, the dynamics of the short rate is of the form
dry = (ry) dt + B(ry) dz2

under the spot martingale (risk-neutral) measure. The fundamental PDE of Theorem 5.10 on

page 121 is then

oV N1 1 9 9%V _
(73) E(h t) + a(T)W(Ta t) + Eﬁ(r) W(ﬁ t) - ’I"V(’/‘, t) - 07 (Ta t) € S x [07 T)a
with the terminal condition
(7.4) V(r,T)=H(r), resS,

where the function H denotes the interest rate dependent payoff of the asset.
In this section we will study a subset of this class of models, namely the so-called affine models.
An affine model is a model where the risk-adjusted drift rate &(r) and the variance rate 3(r)? are

affine functions of the short rate, i.e. of the form
(7.5) a(r)y=¢—&r,  B(r)> =61+ dor,

where ¢, &, 01, and J are constants. We require that §; + dor > 0 for all the values of r which
the process for the short rate can have, i.e. for r € S, so that the variance is well-defined. The
dynamics of the short rate under the spot martingale measure is therefore given by the stochastic

differential equation

(7.6) dry = (¢ — Ary) dt + /01 + 0gry dz2.

This subclass of models is tractable and results in nice, explicit pricing formulas for bonds and

forwards on bonds and, in most cases, also for bond futures and European options on bonds.
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7.2.1 Bond prices, zero-coupon rates, and forward rates

As before, B{' denotes the price at time ¢ of a zero-coupon bond giving a payment of 1 unit
of account with certainty at time 7" and nothing at all other points in time. We know that in
a one-factor model, this price can be written as a function of time and the current short rate,
BT = BT(ry,t). The following theorem shows that, in a model of the type (7.6), BT (r,t) is an
exponential-affine function of the current short rate. The proof of this result is based only on
the fact that BT (r,t) satisfies the partial differential equation (7.3) with the terminal condition
BT (r,T) = 1.

Theorem 7.1 In the model (7.6) the time t price of a zero-coupon bond maturing at time T is

given as

(7.7) BT (r,t) = e @(T=O)=b(T=0)r

where the functions a(t) and b(t) satisfy the following system of ordinary differential equations:
(7.8) %@b(T)Q RN 4V (T) —1=0, e (0,T),

(7.9) a'(t) — ¢b(r) + %(516(7)2 =0, 7¢€(0,7),

together with the conditions a(0) = b(0) = 0.

Proof: We will show that the price BT (r,t) in (7.7) is a solution to the partial differential equa-
tion (7.3). Since a(0) = b(0) = 0, the terminal condition BT (r,T) = 1 is satisfied for all r € S.

The relevant derivatives are

T
a%(r, t) = BT (r,t) (' (T —t) + V(T — t)r),
(7.10) agT (r,t) = =BT (r,t)bo(T — 1),
0%BT

WOH? t) = BT(T, t)b(T — t)2
After substituting these derivatives into (7.3) and dividing through by BT (r,t), we get
1
(7.11)  d(T—t)+ b (T —t)r —b(T —t)a(r) + §b(T —1)2B(r)? —r=0, (r,t)eSx]0,T).

Substituting (7.5) into (7.11) and gathering terms involving r, we find that the functions a and

b must satisfy the equation
1
(a’(T —t) — @b(T —t) + 5<51b(T — t)2>
1
+ <§62b(T — )2+ BT —t) + V(T —t) — 1> r=0, (rt)eSx|[0,T).

This can only be true if (7.8) and (7.9) hold.? O

Conversely, it can be shown that the zero-coupon bond prices BT (r, ) are only of the exponential-

affine form (7.7), if the drift rate and the variance rate are affine functions of the short rate as

2Suppose A+ Br =0 for all € S. Given r1,72 € S, where 71 # r2. Then, A+ Bry = 0 and A + Brs = 0.
Subtracting one of these equations from the other, we get B[r; — r2] = 0, which implies that B = 0. It follows

immediately that A must also equal zero.
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in (7.5).3
The differential equations (7.8)—(7.9) are called Ricatti equations. The functions a and b are
determined by first solving (7.8) with the condition 5(0) = 0 to obtain the b-function. The solution

to (7.9) with the condition a(0) = 0 can be written in terms of the b-function as

(7.12) a(r) = @ /O " () du — %51 /O " b(w)? du,

since a(7) = a(r) — a(0) = OT a'(u) du. For many frequently applied specifications of ¢, &, d1, and

02, explicit expressions for a and b can be obtained in this way. For other specifications the Ricatti
equations can be solved numerically by very efficient methods. In all the models we will consider,
the function b(7) is positive for all 7. Consequently, bond prices will be decreasing in the short
rate consistent with the traditional relation between bond prices and interest rates.

Next, we study the yield curves in the affine models (7.6). The zero-coupon rate at time ¢
for the period up to time T is denoted by y7 and is also a function of the current short rate,

yl' = yT (r¢,t). With continuous compounding we have

BT(T, t) — efyT(r,t)(Tft)

3

cf. (1.10) on page 9. It follows from (7.7) that

InBT(r,t) a(T —t) b(T —1t)
T _ ’ _
(7.13) y (rt) = T T ¢ + T "

i.e. any zero-coupon rate is an affine function of the short rate. If b is positive, all zero-coupon rates
are increasing in the short rate. An increase in the short rate will induce an upward shift of the
entire yield curve T+ y” (r,t). However, unless b(7) is proportional to 7, the shift is not a parallel
shift since the coefficient b(T'—t) /(T —t) is then maturity dependent. In the important models, this
coeflicient is decreasing in maturity 7', so that a shift in the short rate affects zero-coupon rates of
short maturities more than zero-coupon rates of long maturities, which seems to be a reasonable

property. Note that the zero-coupon rate for a fixed time to maturity of 7 can be written as
(7.14) YT (rt) = —2 4 —2r,

which is independent of ¢, which again stems from the time homogeneity of the model.

The forward rate f! at time ¢ for a loan over an infinitesimally short period beginning at time T’
is also given by a function of the current short rate, fI = f7(r,t). With continuous compounding
we have -

LT R it
’ BT(r,t)’

cf. (1.14) on page 9. From (7.7) we get that
(7.15) f(rt) =d (T —t) + (T — t)r.

Hence, the forward rates are also affine in the short rate r. For a fixed time to maturity 7, the

forward rate is
T t) = d' (1) + 0/ (7).

3For details see Duffie (2001, Sec. 7E).
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Let us consider the dynamics of the price B = BT(r,t) of a zero-coupon bond with a fixed
maturity date T. Note that we are mostly interested in the evolution of prices and interest rates
in the real world — the martingale measures are only used for deriving the pricing formulas. In any

one-factor model of the type (7.1), It6s Lemma implies that

2T T

(74, t)) dt + B(re, t)aair(rt, t) dz

oBT oBT

1 0
(wz:<éﬁobn+qmwé%(mw+QMnﬁ2

or?

under the real-world probability measure. Since the function (r,t) +— BT (r,t) solves the partial

differential equation (7.3), the drift can be rewritten as

oBT oBT 1 ,0?BT
at (’I"t, t) —|— Oé(?“t, t)W(Tt, t) + §ﬁ(’l“t, t) W(T}, t)
T 0BT
= T'tB (’I"t, t) + ﬁ(?“t, t))\(’rt, t)w(’l"t, t)
The volatility of the zero-coupon bond price is
T % (r.1)
t) =2 t
o1 1) = B ),
so that we can write the dynamics of the price as
(7.16) dBl = Bl [(re + A(re, t)o™ (re,t)) dt + o7 (re,t) dzt] -

In the time homogeneous affine models it follows from (7.10) that the volatility is
(7.17) ol (r,t) = =b(T — t)B(r).

With b(T —t) and §(r) being positive, a7 (r, t) will be negative. To be precise, the volatility of the
zero-coupon bond price is therefore the absolute value of o (r,t), i.e. (T —t)3(r). In equilibrium,
risky assets will normally have an expected rate of return that exceeds the locally riskfree interest
rate. This can only be the case if the market price of risk A\(r,t) is negative.

When we look at the dynamics of zero-coupon rates, we are often more interested in the
evolution of a rate with a fixed time to maturity 7 = T — ¢ (say, the 5 year interest rate) rather
than a rate with a fixed maturity date 7. Hence, we study the dynamics of §7 = y/™™ = y'*7 (rs, 1)
for a fixed 7. It&’s Lemma and (7.13) imply that

b(r)

(7.18) dy] = @a(n) dt + Tﬁ(rt) dz

under the real-world probability measure. Here we have used that 9%y/0r? = 0 and assumed that
the market price of risk and, therefore, the drift of the short rate under the real-world measure
a(ry) = a&(ry) + Xr¢)B(rt) is time homogeneous. Similarly, the forward rate with fixed time to

maturity 7 is f7 = f{T7 = f*7(r,t), which by It6’s Lemma and (7.15) evolves as

dff = b (T)a(ry) dt + ' (7)B(re) dz:.

7.2.2 Forwards and futures

Theorem 2.1 on page 24 gives a general characterization of forward prices on zero-coupon bonds.

Letting F7%(r,t) denote the forward price at time ¢ with a current short rate of 7 for delivery at
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time T of a zero-coupon bond maturing at time S, we have that F7-%(r,t) = BS(r,t)/BT (r,t). In

the affine models where the zero-coupon price is given by (7.7), the forward price becomes
(7.19) FTS(rt) = exp{—(a(S —t) —a(T —t)) — (b(S —t) —b(T —t)) 1},

where the functions a and b are the same as in Theorem 7.1.
For a futures on a zero-coupon bond we let ®7+%(r,t) denote the futures price. From Sec-

tion 5.4.2 we have that the futures price is given by
oS (r,t) = EY, [BY(rr, T)]
and can be found by solving the partial differential equation (5.44), which in a time homogeneous

one-factor model is

6(I)T’S a(bT,S

(720) S5 (0) + (alr) — BAC) =5 (1)

) 82 (I)T,S
or?

together with the terminal condition ®7-5(r, T') = B(r, T).

+ 56(r)

% (rt) =0, Y(rt)eSx0,T),

Theorem 7.2 Assume an affine model of the type (7.6). For a futures contract with final settle-
ment date T and a zero-coupon bond maturing at time S as the underlying asset, the futures price

at time t with a short rate of r is given by
(7.21) TS (r, 1) = e~ AT-D-BT—t)r

where the functions A(T) and B(7) satisfy the following system of ordinary differential equations:

(7.22) %523(7)2 +&B(t)+ B'(r) =0, T¢€(0,T),
(7.23) A'(T) — $pB(1) + %513(7)2 =0, 7¢€(0,7T),

with the conditions A(0) = a(S —T) and B(0) = b(S —T), where a and b are as in Theorem 7.1.
If 55 = 0, we have B(t) =b(t + S —T) — b(7).

The solution to (7.23) with A(0) = a(S — T') can generally be written as

(7.24) A(T)=a(S-T)+ @/OT B(u) du — %(51 /OT B(u)? du.

The proof of this theorem is analogous to the proof of Theorem 7.1, since the PDE (7.20) is
almost identical to the PDE (7.3) satisfied by the zero-coupon bond price. The last claim in the
theorem above is left for the reader as Exercise 7.3. The claim implies that, for d5 = 0, the futures

price becomes

(7.25) BT (1, 1) = e~ AT—D=(b(S—0)-bT-0)r,

Comparing with the forward price expression (7.19), we see that, for 4o = 0, we have

T,s T,s
P (rt) _ 25—(nt)

FTS(r,t) — @T5(r1)
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i.e. any change in the term structure of interest rates will generate identical percentage changes in
forward prices and futures prices with similar terms.
If the underlying bond is a coupon bond with payments Y; at time Tj, it follows from Theo-

rem 2.2 on page 25 that the forward price at time ¢ for delivery at time T is given by

(7.26) Foern(rt) = Y Vi FO (1),
T;>T
into which we can insert (7.19) on the right-hand side. From (5.28) we get that the same relation
holds for futures prices:
(7.27) TP (r t) = Y Vi@ (1),
T,>T
into which we can insert (7.21) on the right-hand side.
For Eurodollar futures we have from (5.29) on page 118 that the quoted futures price is
E(r,t) = 500 — 400Ey, [(BT 0% (r, 1)) 7],
which in an affine model becomes

gT(T7 £) = 500 — 400 Egt [ea(0.25)+b(0.25)r7~:| ’

where a and b are as in Theorem 7.1. Above we concluded that for a futures on a zero-coupon

bond the futures price is given by
o7 (r, 1) = ES, [Bs(r, )] = EQ, [efa(sz)fb(SfT)rT] — e AT—)=B(T—t)r

where A and B solve the differential equations (7.22)—(7.23) with A(0) = a(S—T'), B(0) = b(S—T).
Analogously, we get that

—A(T—t)—-B(T—t)r

EQ |:ea(0.25)+b(0‘25)TT] =e )

r,t

where A and B solve the same differential equations, but with the conditions A(0) = —a(0.25),
B(0) = —b(0.25). In particular, A is given as

“ T . 1 T
7.28 A(T) = —a(0.25) + ¢ [ B(u)du— =61 [ B(u)*du.
2
0 0
The quoted Eurodollar futures price is therefore
(7.29) ET(r,t) = 500 — 400e AT~ =B(T—)r

If 6, = 0, we have B(7) = b(r) — b(r + 0.25).

7.2.3 European options on coupon bonds: Jamshidian’s trick

A reasonable affine one-factor model must have the property that bond prices are decreasing in
the short rate, which is the case if the function b(7) is positive. This is true in the specific models
studied later in this chapter. This property can be used to show that a European call option on a
coupon bond can be seen as a portfolio of European call options on zero-coupon bonds. Since this

result was first derived by Jamshidian (1989), we shall refer to it as Jamshidian’s trick.
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Let us first recall the notation of Section 2.7. Since prices now depend on the short rate, we let
CHT:S(r, t) denote the price at time ¢, given the prevailing short rate r; = r, of a European call
option expiring at time T with an exercise price of K written on a zero-coupon bond paying one
unit of account at time S. Here, t < T < S. We also consider an option on a coupon bond with

payments Y; at time T; (i = 1,2,...,n), where Ty < Ty < --- < T,,. The price of this bond is

B(r,t) =Y _ YiB"(r,1),
T; >t
where we sum over all the future payment dates. C%7T:¢Pi(r t) denotes the price at time t of
a Furopean call with expiry date T, an exercise price of K, and with the coupon bond as its

underlying asset. Jamshidian’s result can then be formulated as follows:

Theorem 7.3 In an affine one-factor model, where the zero-coupon bond prices are given by (7.7)

with b(T) > 0 for all T, the price of a European call on a coupon bond is
(7:30) CRTn(rt) = 3 Y€ T ),
T:>T

where K; = BTi(r*,T), and v* is defined as the solution to the equation

(7.31) B(r*,T)=K.
Proof: The payoff of the option on the coupon bond is

max(B(rr,T) — K,0) = max ( Z Y;BYi (rp, T) — K,O) .
T,>T
Since the zero-coupon bond price B”i(r, T') is a monotonically decreasing function of the interest
rate rr, the whole sum ZTi>T Y; B (rp, T) is monotonically decreasing in 7. Therefore, exactly

one value r* of rr will make the option finish at the money, i.e.

(7.32) B(r*,T)= Y Y;B"(r*,T) = K.
T,>T
Letting K; = BT:(r*,T), we have that dors7 YilKi = K.
For ro < r*,

> VBT (rp,T) > Y ViBT (", T) = K,
T;>T T;>T

and
BTi(rp, T) > BT (+*,T) = K;,

so that

> VBT (rp,T) - K
T;>T

Z Y; (BT (ry,T) — K;)

max < Z Y;BTi(r¢,T) - K, 0)

T;>T

= Z Yimax (BTi(TT7T) - KZaO) .
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For ro > r*,
> YiBTi(rp,T) < Y VBT, T) = K,
T:>T T:>T
and
BTi(rp, T) < BT (+*,T) = K,
so that
max < Z YiBT"(rT,T) - K, 0) =0= Z Y; max (BT"(rT,T) — KZ-,O) .
T,>T T, >T

Hence, for all possible values of rr we may conclude that

max < > VB (ry,T) - K, 0) = > Yymax (B"(rp,T) - K;,0) .
T:>T T;>T

The payoff of the option on the coupon bond is thus identical to the payoff of a portfolio of options

on zero-coupon bonds, namely a portfolio consisting (for each ¢ with T; > T') of Y; options on a

zero-coupon bond maturing at time T; and an exercise price of K;. Consequently, the value of

the option on the coupon bond at time ¢ < T equals the value of that portfolio of options on

zero-coupon bonds. The formal derivation is as follows:

CK"T’Cpn(T, t) = Egt [e_ JE rudu oy (B(rr,T) — K, O)}

EY,

e Ji rudu Z Y; max (BT (rp, T) — K¢70)‘|
T,>T
_ Z Y; Egt [e* i du max (BTi (rp,T) — K;, 0)}
T;>T

> vicKe T i),

T,>T

which ends the proof. o

To compute the price of a European call option on a coupon bond we must numerically solve
one equation in one unknown (to find 7*) and calculate n’ prices of European call options on zero-
coupon bonds, where n’ is the number of payment dates of the coupon bond after expiration of
the option. In the following sections we shall go through three different time homogeneous, affine
models in which the price of a European call option on a zero-coupon bond is given by relatively
simple Black-Scholes type expressions.*

From (5.24) we get that the price of a European call with expiration date T" and an exercise

price of K; which is written on a zero-coupon bond maturing at T; is given by
CKeTTi(r,t) = BT (2, 6)QL (BT (rp, T) > K;) — K;B” (r,t)QF (B (r1, T) > K;).
In the proof of Theorem 7.3 we found that

BT"'(TT,T) >Ki<:>7“T <r*

4As discussed by Wei (1997), a very precise approximation of the price can be obtained by computing the price
of just one European call option on a particular zero-coupon bond. However, since the exact price can be computed
very quickly by Jamshidian’s trick, the approximation is not that useful in these one-factor models, but more

appropriate in multi-factor models. We will discuss the approximation more closely in Chapter 12.
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for all . Together with Theorem 7.3 these expressions imply that the price of a European call on

a coupon bond can be written as

R Tepn () = Z Y; {BTi (r t)QTTft(rT <7r*) — K;BY(r, t)QZt(rT < r*)}

(7.33) it

Z Y; BT (r, t)QZ:’;(TT <r*) - KBT(r, t)Qth(rT <7r").

T;>T

Note that the probabilities involved are probabilities of the option finishing in the money under
different probability measures. The precise model specifications will determine these probabilities

and, hence, the option price.

7.3 Merton’s model
7.3.1 The short rate process

Apparently, the first dynamic, continuous-time model of the term structure of interest rates was
introduced by Merton (1970). In his model the short rate follows a generalized Brownian motion

under the spot martingale measure, i.e.
(7.34) dry = ¢dt + Bdz2,

where ¢ and (3 are constants. This is a very simple time homogeneous affine model with a constant

drift rate and volatility, which contradicts empirical observations. This assumption implies that

(7.35) rp =1+ QT —t]+ B[22 -2, t<T.

Since zg — zi@ ~ N(0,T —t), we see that, given the short rate r; = r at time ¢, the future short

rate rp is normally distributed under the spot martingale measure with mean
Egt[rT] =r+ @[T — 1]

and variance
Vargt[rT] = B[ —1].

If the market price of risk A(r¢,t) is constant, the drift rate of the short rate under the real-world
probability measure will also be a constant ¢ = ¢ + BA. In this case the future short rate is also
normally distributed under the real-world probability measure with mean r+ @[T —t] and variance
g7 — 4.

A model (like Merton’s) where the future short rate is normally distributed is called a Gaussian
model. A normally distributed random variable can take on any real valued number, so the value
space S for the interest rate in a Gaussian model is S = R.> In particular, the short rate in
a Gaussian model can be negative with strictly positive probability, which conflicts with both
economic theory and empirical observations. If the interest rate is negative, a loan is to be repaid
with a lower amount than the original proceeds. This allows so-called mattress arbitrage: borrow

money and put them into your mattress until the loan is due. The difference between the proceeds

SFuture interest rates may not have the same distribution under the real-world probability measure and the

martingale measures, but we know that the measures are equivalent so that the value space is measure-independent.
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and the repayment is a riskless profit. Note, however, that in a deflation period the smaller amount
to be repaid may represent a higher purchasing power than the original proceeds, so in such an
economic environment borrowing at negative nominal rates is not an arbitrage. On the other hand,
who would lend money at a negative nominal rate? It is certainly advantageous to keep the money
in the pocket where they earn a zero interest rate. Hence, both nominal and real interest rates

should stay non-negative.%

7.3.2 Bond pricing

Merton’s model is of the affine form (7.6) with # = 0, §; = 32, and d; = 0. Theorem 7.1 implies

that the prices of zero-coupon bonds in Merton’s model are exponentially-affine,
(7.36) BT (r,t) = e~a(T-H=b(T -

According to (7.8), the function b(7) solves the simple ordinary differential equation b’(7) = 1 with
b(0) = 0, which implies that

(7.37) br) = 7.

The function a(7) can then be determined from (7.12):

T 1 T 1 1
(7.38) a(t) = @/ wdu — ,ﬂ2/ W du = ~¢r2 — =325,
0 2 0 2 6

Note that since the future short rate is normally distributed, the future zero-coupon bond prices

are lognormally distributed in Merton’s model.

7.3.3 The yield curve

Let us see which shapes the yield curve can have in Merton’s model. Equation (7.14) implies

that the 7-maturity zero-coupon yield is

1 1
gy =1+ 5957 - 8627—2'

Hence, for all values of ¢ and 3, the yield curve is a parabola with downward-sloping branches.
The maximum zero-coupon yield is obtained for a time to maturity of 7 = 3¢/(23?%) and equals

r+3p2/(83%). Moreover, yi 7 is negative for 7 > 7%, where

c_ 3 (9 @* | 20%r
T—ﬁ2<2+ 4—|- 3 .

From (7.18) we see that in Merton’s model the 7-maturity zero-coupon rate evolves as

dy] = a(ry) dt + S dz

under the real-world probability measure, where a(r;) = @ + BA(r) is the real-world drift rate of
the short-term interest rate. Since dyj is obviously independent of 7, all zero-coupon rates will

change by the same. In other words, the yield curve will only change by parallel shifts. (See also

6Bank accounts often provide some services valuable to the customer, so that their deposit rates (net of fees)

may be slightly negative.
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Exercise 7.1.) We can therefore conclude that Merton’s model can only generate a completely
unrealistic form and dynamics of the yield curve. Nevertheless, we will still derive forward prices,
futures prices, and European option prices, since this illustrates the general procedure in a relatively

simple setting.

7.3.4 Forwards and futures

By substituting the expressions (7.37) and (7.38) into (7.19), we get that the forward price on
a zero-coupon bond under Merton’s assumptions is

1 1 )
FT’S(r,t) = exp {2 [(S — )2 — (T — t)2] + gﬁQ [(S —t)3 — (T—t)3] — (S - T)r} .

In Merton’s model d equals 0, so by Theorem 7.2 the B function in the futures price on a zero-
coupon bond is given by B(1) = b(t + S —T) — b(1) =S —T. Applying (7.24), the futures price

can be written as
1 1
15 (r, 1) = exp {2¢(S ~T)(S+T—2t) — 652(5 ~T)*2T + S —3t) — (S — T)r} .

Forward and futures prices on coupon bonds can be found by inserting the expressions above
into (7.26) and (7.27).
In Eq. (7.29), we get B(1) = b(r) — b(t + 0.25) = —0.25 and from (7.28) we conclude that

X 1 1 1 1
A(T) = —a(0.25) — 0.25¢T — 5(0.25)%27 = —5(0.25)% + 5(0.25)352 —0.25¢T — 5(0.25)2527.

The quoted Eurodollar futures price in Merton’s model is therefore

ET(r,t) = 500 — 400e—A(T)+0.257,

7.3.5 Option pricing

To price European options on zero-coupon bonds in Merton’s setting, we shall apply the T-
forward martingale measure technique introduced in Section 5.3.1 on page 113. The price on a
European call option with expiry date T and exercise price K written on a zero-coupon bond

maturing at time S is generally given by
(7.39) KIS (1) = BT (r,t) B, [max (BS(re, T) — K,0)] .

To compute the expectation on the right-hand side we must know the distribution of B (ry, T)
under the T-forward martingale measure given that r; = r. Recall that the forward price for
delivery at time T of a zero-coupon bond expiring at time S according to (2.3) on page 24 is

_ B

T,S
Fy7 = —=.
t B;T

In particular, Fg S = Bfw is determining the payoff of the option.

We will find the distribution of B3 = BS(rp,T) by deriving the dynamics of the forward
price FtT’S. From Section 5.3.1 we have that the forward price FtT’S is a martingale under the
T-forward martingale measure, so the forward price has a drift rate of zero under this probability

measure. The forward price is a function of the prices of two zero-coupon bonds. We can therefore
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determine the volatility of the forward price by an application of It6’s Lemma for functions of
multiple stochastic processes (see Theorem 3.5). First note that the volatility of the forward
price will depend only on the volatilities of the two zero-coupon bond prices, so that we need not
worry about the drift rates of these prices. Also note that volatilities are invariant to changes of
probability measure. In Merton’s model, the relative volatility of the zero-coupon bond maturing
at time S is 0% (ry,t) = —B[S — 1], cf. (7.17) and (7.37), so that

dBY = ... dt — B[S —t|B} dzl,

dB}l = ... dt — BIT —t|B} dz!.
It now follows from It6’s Lemma (check it!) that
(7.40) dFS = (0%(ry,t) — " (ry, 1)) F % daf’

' = B[S — T|F"S d2T .

Hence, the forward price follows a geometric Brownian motion with a drift rate of zero (under T-

forward martingale measure). In particular, In B2 = In FIT S s normally distributed with variance

(7.41) o(t, T, S)? = Var?, [mFTTvS} = B2(S —T)X(T —t)
and mean

r 1
(7.42) m(t,T,S) = EY, [m F:,T’S} = F — S0t 1,57,

cf. the analysis of the geometric Brownian motion in Section 3.8.1 on page 57.
We can now compute the price of the call option in (7.39) by an application of Theorem A.4
in Appendix A:

CRTS (1 6) = BT (r, ) BY, [max (F5(rp, T) - K, 0)]
(7.43) = BT(r,t) {ES: [FTS (rp, T)] N(dy) — KN(dg)}
= B(r,t)N(dy) — KBT (r,t)N(dy),

where we have used the fact that

Q" [pT.S — TS _B(n)
E;~, [F (rT,T)] =F"7(rt) = o5
’ B (r,1)
Here, d; and ds are given by
m(t,T,5) —InK 1 B3 (r,t) 1
44 dy = t,T,5) = 1 —v(t, T
(7:44) ! O IR T O R (KBT(r,t) T 8),
1 B5(r,t) 1
4 =dy — T,S) = 1 : ——o(t, T
(7 5) d2 dl U(ta 7S) U(t,T, S) n (KBT(T,t)) 2”( ) 7S)a

and v(t,T,S) = B[S — T|VT — t.

Note that the pricing formula (7.43) has the same structure as the Black-Scholes-Merton for-
mula: the price on the underlying asset multiplied by one probability minus the present value of
the exercise price multiplied by another probability. In addition, the relevant “uncertainty index”
is here v(¢, T, S), where

T
t

v(t,T,S)* = Varg [IHBS(TT,T)] = Var, [lnBS(rT,T)] ,
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which corresponds to the term [T — t] = Varg [In St in the Black-Scholes-Merton formula.
The price of a European call option on a coupon bond can be found by combining the pricing
formula (7.43) and Jamshidian’s trick of Theorem 7.3:

CrTen by = 3 Vi BT (r,)N(d}) — K; BT (r,t)N(d})}

T;>T
(7.46) = > VBT O)N(d)) - BT (rt) Y YiK;N(dj)
T;>T T;>T

> VB (r,t)N(d}) — KB (r,t)N(dj),
T;>T

where

. 1 BT (r,t) 1
di = I ’ “o(t, T, T3),
LT v, ) (KZ-BT(nt)) +5vtTT)

dy =di —v(t,T,T;),
’U(t,T,Ti) = B[E — T]\/T —t,

and we have used the fact that the d3’s are identical, cf. the discussion at the end of Section 7.2.3.

7.4 Vasicek’s model
7.4.1 The short rate process

One of the inappropriate properties of Merton’s model is the constant drift of the short rate.
With a constant positive [negative] drift the short rate is expected to increase [decrease] in all the
future which is certainly not realistic. Many empirical studies find that interest rates exhibit mean
reversion in the sense that if an interest rate is high by historical standards, it will typically fall
in the near future. Conversely if the current interest rate is low. Vasicek (1977) assumes that the

short rate follows an Ornstein-Uhlenbeck process:
(747) dT‘t = /{[9 — Tt] dt + ﬂdzt,

where k, 6, and § are positive constants. Note that this is the dynamics under the real-world
probability measure. As we saw in Section 3.8.2 on page 59, this process is mean reverting. If
r¢ > 0, the drift of the interest rate is negative so that the short rate tends to fall towards 6. If
r¢ < 6, the drift is positive so that the short rate tends to increase towards . The short rate
is therefore always drawn towards 6, which we call the long-term level of the short rate. The
parameter k determines the speed of adjustment. As in Merton’s model the volatility of the short
rate is constant, which conflicts with empirical studies of interest rates. See Section 3.8.2 for
simulated paths illustrating the impact of the various parameters on the process.

It follows from Section 3.8.2 that Vasicek’s model is a Gaussian model. More precisely, the

future short rate in Vasicek’s model is normally distributed with mean and variance given by

(7.48) E.i[rr] =0 + (r — 0)e <74,
_ ﬁQ —2k[T—t]
(7.49) Varr [rr] = 5- (1-e )

under the real-world probability measure P. As T'— oo, the mean approaches ¢ and the variance

approaches (32/(2k). As k — oo, the mean approaches the long-term level § and the variance
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Figure 7.1: The distribution of rp for T'—t = 0.5,1,2,5,100 years given a current short rate of
ry = 0.05.

approaches zero. As k — 0, the mean approaches the current short rate r; and the variance
approaches (32[T' — t]. The current difference between the short rate and its long-term level is
expected to be halved over a time period of length T'— ¢t = (In 2)/k.

Like other Gaussian models, Vasicek’s model assigns a positive probability to negative values
of the future short rate (and all other future rates), despite the inappropriateness of this property.
Figure 7.1 illustrates the distribution of the short rate %, 1,2,5, and 100 years into the future at
a current short rate of vy = 0.05 and four different parameter combinations. Figure 7.2 shows
the real-world probability of the future short rate rp being negative (given r;) for the same four
parameter constellations. Since (rr — E, ¢[rr])/ \/\W is standard normally distributed, this

probability is easily computed as

Pralrr < 0) = Py | trelrrl o Erelrr] >:N<‘EMVT]>,
’(T< ) ’ (m - \/\W Varr,t[TT]

into which we can insert (7.48) and (7.49). Clearly, this probability is increasing in the interest

rate volatility # and decreasing in the speed of adjustment k, in the long-term level 8, and in the

current level of the short rate r.
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Figure 7.2: The probability that v is negative given r; = 0.05 as a function of the horizon T'—t¢. The
benchmark parameter values are x = 0.36, § = 0.05, and 3 = 0.0265.

For pricing purposes we are interested in the dynamics of the short rate under the spot martin-
gale measure and other relevant martingale measures. Vasicek assumed without any explanation
that the market price of r-risk is constant, A(r,t) = A. Of course, the market price of risk is
determined by the supply and demand of different investors, so a theoretical derivation of market
prices of risk must be based on specific assumptions about investor preferences, endowments, etc.
The market price of risk as well as the short rate and its dynamics are the output of such a model.
Vasicek simply assumed that the short rate follows (7.47) and that the market price of risk is
constant. However, as discussed in Section 6.4, it is possible to construct an equilibrium model
resulting in Vasicek’s assumptions. Since absence of arbitrage is necessary for an equilibrium to
exist, it may seem odd that a model allowing negative interest rates is consistent with equilibrium.
The reason is that the model does not allow agents to hold cash, so that the “mattress arbitrage”
strategy cannot be implemented. Therefore, the equilibrium model supporting the Vasicek model
does not eliminate the critique of the lack of realism of Vasicek’s model.

With A(r,t) = A, the dynamics of the short rate under spot martingale measure Q becomes
(7.50) dry = K[0 — 7] dt + Bdz2,

where 6 = 0 — AB/k. Relative to the real-world dynamics, the only difference is that the parameter
0 is replaced by with 0. Hence, the process has the same qualitative properties under the two

probability measures.

7.4.2 Bond pricing

Vasicek’s model is an affine model since (7.50) is of the form (7.6) with & = x, ¢ = k0, &, = (2,

and 05 = 0. It follows from Theorem 7.1 that the price of a zero-coupon bond is
(7.51) BT (r,t) = e7a(T=)=b(T=t)r
where b(7) satisfies the ordinary differential equation

kb(T)+ V(1) —1=0, b0)=0,
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which has the solution

1
7.52 b(r)y==(1—¢e"""
(752) (=" (),
and from (7.12) we get
62
(7.53) = 59/ u) du — —52/ b(u)? du = yoo|[T — b(7)] + Eb( 7)2.
0

Here we have introduced the auxiliary parameter

A~ ﬁQ

=60-

2K2

and used that

J R e N O T R IR

In Section 7.4.3 we shall see that y., is the “long rate”, i.e. the limit of the zero-coupon yields as
the maturity goes to infinity.

Let us look at some of the properties of the zero-coupon bond price. Simple differentiation
yields

%(r, t) = —b(T — t)BT (r,1), a;ff (r,t) = b(T — )BT (r,1).
Since b(7) > 0, the zero-coupon price is a convex, decreasing function of the short rate.

The dependence of the zero-coupon bond price on the parameter k is illustrated in Figure 7.3.
A high value of k implies that the future short rate is very likely to be close to 6, and hence the
zero-coupon bond price will be relatively insensitive to the current short rate. For x — oo, the
zero-coupon bond price approaches exp{—0[T — t]}, which is 0.7788 for # = 0.05 and T — ¢t =5 as
in the figure.” Conversely, the zero-coupon bond price is highly dependent on the short rate for
low values of k. If the current short rate is below the long-term level, a high x will imply that
ftT r,, du is expected to be larger (and exp{— ftT r,, du} smaller) than for a low value of k. In this
case, the zero-coupon bond price BT (r,t) = E(gt [exp (— ftT T du)} is thus decreasing in x. The
converse relation holds whenever the current short rate exceeds the long-term level.

Clearly, the zero-coupon price is decreasing in 6 as shown in Figure 7.4 since with higher
we expect higher future rates and, consequently, a higher value of ftT 7 du. The prices of long
maturity bonds are more sensitive to changes in 6 since in the long run # is more important than
the current short rate.

Figure 7.5 shows the relation between zero-coupon bond prices and the interest rate volatility 3.
Obviously, the price is not a monotonic function of 8. For low values of 3 the prices decrease in 3,
while the opposite is the case for high (-values. Long-term bonds are more sensitive to § than
short-term bonds.

Figure 7.6 illustrates how the zero-coupon bond price depends on the market price of risk
parameter A\. Formula (7.16) on page 167 implies that the dynamics of the zero-coupon bond price

BT = BT (r,t) can be written as

dB] = Bl [(ri + Ao (re,t)) dt + 07 (re,t) dz]

"Note that 0 goes to 0 for kK — oo.
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Figure 7.3: The price of a 5 year zero-coupon bond as a function of the speed of adjustment parameter s
for different values of the current short rate . The other parameter values are 6 = 0.05, G = 0.03,
and A = —0.15.
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Figure 7.4: The price of a zero-coupon bond BT(r,t) as a function of the long-term level 6 for
different combinations of the time to maturity and the current short rate. The other parameter values
are Kk = 0.3, 8 =10.03, and A = —0.15.



7.4 Vasicek’s model

181

1.4
¥ _ t—
0 i Y | r=0.02, T-t=1
- —
8 r=0.08, T-t=1
B_ 1 e R
he) L _—
C 4 7
3 ’ r=0.02, T-t=8
c
g ——
>
3 r=0.08, T-t=8
o
S : ‘ i R .
” . v : r=0.02, T-t=15
0.4 175V w ool ey v T P prs v
1 r=0.08, T-t=15
0.2 f f f f
0 0.04 0.08 0.12 0.16 0.2
beta

Figure 7.5: The price of a zero-coupon bond B (r,t) as a function of the volatility parameter 3 for
different combinations of the time to maturity 7' — ¢ and the current short rate r. The values of the
fixed parameters are kK = 0.3, § = 0.05, and A = —0.15.

where o7 (r;,t) = —b(T —t)3 is negative. The more negative ) is, the higher is the excess expected
return on the bond demanded by the market participants, and hence the lower the current price.
Again the dependence is most pronounced for long-term bonds.

We can also see that the price volatility |07 (r,t)| = b(T — t)3 is independent of the interest
rate level and is concavely, increasing in the time to maturity. Also note that the price volatility
depends on the parameters x and 3, but not on 6 or A.

Finally, Figure 7.7 depicts the discount function, i.e. the zero-coupon bond price as a function of
the time to maturity. Note that with a negative short rate, the discount function is not necessarily
decreasing. For 7 — oo, b(7) will approach 1/k, whereas a(7) — —o0 if yo, < 0, and a(7) — 400
if yoo > 0. Consequently, if y,, > 0, the discount function approaches zero for T' — oo, which is a
reasonable property. On the other hand, if y., < 0, the discount function will diverge to infinity,
which is clearly inappropriate. The long rate y., can be negative if the ratio 3/x is sufficiently

large.

7.4.3 The yield curve

From (7.13) on page 166 the zero-coupon rate y” (r,t) at time t for maturity 7" is

=200 D,
Since
2
(7.5) @ () = yeell = ¥ (7)) + 5B (),

(7.55) b (r)=e"",
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parameter values are k = 0.3, 6 = 0.05, 8 = 0.03, and A = —0.15.
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an application of 'Hospital’s rule implies that
a(7)

lim @ =1 and lim —= =0,
T—0 T T—0 T

and thus
lim y” (r,t) =
Jim y= (r,) =1,
i.e. the short rate is exactly the intercept of the yield curve. Similarly, it can be shown that

lim —= =0 and lim @ = Yoo,
T—00 T T—00 T

so that
lim 4" (r,t) = Yoo
T—oo
The “long rate” y is therefore constant and, in particular, not affected by changes in the short

rate. The following theorem lists the possible shapes of the zero-coupon yield curve T — y7 (r,t)

under the assumptions of Vasicek’s model.

Theorem 7.4 In the Vasicek model the zero-coupon yield curve T +— y™ (r,t) will have one of

three shapes depending on the parameter values and the current short rate:
(i) If r < Yoo — %, the yield curve is increasing;

(ii) if 1 > Yoo + B the yield curve is decreasing;

2K27

(iii) for intermediate values of r, the yield curve is humped, i.e. increasing in T up to some

maturity T and then decreasing for longer maturities.

Proof: The zero-coupon rate y” (r,t) is given by

:yOOJFM <6_2b(T—t)+T_yoo)a

T—t \4k
where we have inserted (7.53). We are interested in the relation between the zero-coupon rate and
the time to maturity T' — ¢, i.e. the function Y (7) = y!*"(r,t). Defining h(1) = b(7)/7, we have
that

Y(7) = Yoo + h(7) (f—zb(T) +r— yoo> )
A straightforward computation gives the derivative
Y'(1)=h'(7) (ﬁ—Qb(T) +r— yoo> + h(T)e_"”ﬁ—2
4k 4k’

where we have applied that b’ (7) = e *". Introducing the auxiliary function

h(T)e "7

ol7) = b(r) + s

we can rewrite Y'(7) as

(7.56) Y'(r) =1 (7) (r — Yoo + —2g(T)> .
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Below we will argue that h/(7) < 0 for all 7 and that g(7) is a monotonically increasing function
with ¢g(0) = —2/k and g(7) — 1/k for 7 — oo. This will imply the claims of the theorem as can
be seen from the following arguments. If r — yo, + (3%/(4k%) < 0, then the parenthesis on the
right-hand side of (7.56) is negative for all 7. In this case Y'(7) > 0 for all 7, and hence the
yield curve will be monotonically increasing in the maturity. Similarly, the yield curve will be
monotonically decreasing in maturity, i.e. Y'(7) < 0 for all 7, if 7 — yoo — 3%/(25%) > 0. For the
remaining values of r the expression in the parenthesis on the right-hand side of (7.56) will be
negative for 7 € [0,7*) and positive for 7 > 7*, where 7* is uniquely determined by the equation

2

Tfyoo+£g(7‘ )=0.

In that case the yield curve is “humped”.

Now let us show that h/(7) < 0 for all 7. Simple differentiation yields h'(7) = (e=*"7—b(7)) /72,
which is negative if e 777 < b(7) or, equivalently, if 14+x7 < "7, which is clearly satisfied (compare
the graphs of the functions 1 + z and e?).

Finally, by application of I’'Hopital’s rule, it can be shown that ¢g(0) = —2/k and g(7) — 1/k
for 7 — oco. By differentiation and tedious manipulations it can be shown that g is monotonically

increasing. O

Figure 7.8 shows the possible shapes of the yield curve. For any maturity the zero-coupon
rate is an increasing affine function of the short rate. An increase [decrease] in the short rate will
therefore shift the whole yield curve upwards [downwards]. The change in the zero-coupon rate
will be decreasing in the maturity, so that shifts are not parallel. Twists of the yield curve where
short rates and long rates move in opposite directions are not possible.

According to (7.15) on page 166, the instantaneous forward rate f7(r,t) prevailing at time ¢ is
given by

frrt) =d (T —t) + V(T — t)r.

Applying (7.54) and (7.55) this expression can be rewritten as
3 5
) =— (1 - efﬁ[T*ﬂ> ( (1 - e*”[T*t]> - 9) + KTty

2k2

2
_ (1 _ efn[Tft]) (yoc T fzem[Tt]> 4RI,
K

Because the short rate can be negative, so can the forward rates.

(7.57)

7.4.4 Forwards and futures

The forward price on a zero-coupon bond in Vasicek’s model is obtained by substituting the

functions b and a from (7.52) and (7.53) into the general expression
FT5(r,t) = exp {~ (a(S —t) —a(T = 1)) = (b(S — ) = b(T'— 1)) 1},

cf. (7.19).

In Vasicek’s model the do parameter in the general dynamics (7.6) is zero, so that the B function
involved in the futures price on a zero-coupon bond, ®7"%(r,t) = e~ AT=)=B(T=t)r  sccording to
Theorem 7.2 is

B(r)=b(r+S—-T)—=b(r) = ""b(S - 1T).
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Figure 7.8: The yield curve for different values of the short rate. The parameter values are k = 0.3,
6 = 0.05, 8 =0.03, and A = —0.15. The long rate is then y,, = 6%. The yield curve is increasing for
r < 5.75%, decreasing for r > 6.5%, and humped for intermediate values of r. The curve for r = 6%

exhibits a very small hump with a maximum yield for a time to maturity of approximately 5 years.

Substituting this into (7.24) we get that the A function in the futures price expression is
A~ T 1 T
A(T) = G(S - T) + K@b(S — T) / e Y du — §ﬁ2b(5’ _ T)2 / e—QK,u du
0 0
= a8 — ) + w0(S — T)b(r) — 5 6°B(S — T)? <b(7) _ ;Hb(T)z) |

Forward and futures prices on coupon bonds are found by inserting the formulas above into (7.26)
and (7.27).
For Eurodollar futures, (7.29) implies that the quoted price is given by

ET(r,t) = 500 — 400e~AT-D-BT-r
and since 8y = 0, we have B(7) = b(t) — b(T + 0.25) = —b(0.25)e~"". From (7.28) we get that
~ ~ T 1 T
A(1) = —a(0.25) — /ﬁHb(O.QE))/ e~ Y duy — 5521)(0_25)2/ e=25 gy,
0 0

= —a(0.25) — k6b(0.25)b(r) — %521)(0.25)2 <b(T) - ;nb(Tﬁ) :

7.4.5 Option pricing

To find the price of a European call option on a zero-coupon bond in Vasicek’s model we follow

the same procedure as in Merton’s model. The price can generally be written as
CETS (1) = BT (r,t) ES, [max (F7S(rp, T) — K,0)] ,

where F1o5 (rp, T) = BS(rp, T). We seek the distribution of the forward price Fg’s = FUS(rp, T)
under the T-forward martingale measure Q7. We have already seen that o (rs,t) = —Bb(S — t)
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in Vasicek’s model, so that the dynamics of the forward price becomes

dFS = (05 (re,t) — 0T (re, 1)) F5 dz]

(7.58) = —BIb(S — 1) — b(T — )] F]" dzf.

Hence, the forward price follows a geometric Brownian motion with a drift rate of zero (under

the T-forward martingale measure). In particular, In B; =1In FTT S s normally distributed with

variance
. T
v(t, T, 8)2 = Var?, [m FTT’S] = 3 / [B(S — u) — b(T — w))? du
7.59 t
( : _ ﬁ (1 _ efn[sz])Q (1 _ 672:1[T7t]>
2K3

and mean

_ QT T,5] _ rs 1 2
(7.60) m(t,T,S) = Ef InFp” | =InF, " — §v(t,T, S)?,

cf. Section 3.8.1 on page 57. Theorem A.4 in Appendix A now implies that
CK’T’S(T, t) = BT(r, t) Eg: [max (FT’S<7‘T, T) - K, 0)]
T
(7.61) = BT(r,t) (B [F7S(rr, T)] N(d1) — KN ()}

= B(r,t)N(dy) — KBT (r,t)N(dy),

where

1 BS(r,t) 1
(7.62) dy = WL T.9) In <KBT(1", t)) + Ev(t,T, S),
(7.63) do =dy —v(t,T,S).

This result was first derived by Jamshidian (1989).

Figure 7.9 illustrates how the call price depends on the current short rate. An increase in the
short rate has the effect that the present value of the exercise price decreases, which leaves the call
option more valuable. This effect is known from the Black-Scholes-Merton stock option formula.
For bond options there is an additional effect. When the short rate increases, the price of the
underlying bond decreases, which will lower the call option value. According to the figure, the
latter effect dominates at least for the parameters used in generating the graph. See Exercise 7.2
for more on the relation between the call price and the short rate.

The relation between the call price and the interest rate volatility 3 is shown in Figure 7.10.
An increase in 3 yields a higher volatility on the underlying bond, which makes the option more
valuable. However, the price of the underlying bond also depends on . As shown in Figure 7.5,
the bond price will decrease with 3 for low values of 3, and this effect can be so strong that the
option can decrease with (.

Because the function b(7) is strictly positive in Vasicek’s model, we can apply Jamshidian’s
trick of Theorem 7.3 for the pricing of a European call option on a coupon bond:
croTern (e t) = > Vi { BT (r,t)N(d}) — K; BT (r,t)N(d})}

T,>T

= 3 VB (r)N(d}) - KB (r,)N(d)),

T;>T

(7.64)
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Figure 7.9: The price of a European call option on a zero-coupon bond as a function of the current
short rate . The option expires in T'—t = 0.5 years, while the bond matures in S — ¢ = 5 years. The
prices are computed using Vasicek's model with parameter values g = 0.03, x = 0.3, § = 0.05, and
A =—0.15.
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Figure 7.10: The price of a European call option on a zero-coupon bond as a function of the interest
rate volatility 5. The option expires in T'— ¢t = 0.5 years, while the bond matures in 7 — ¢t = 5 years.
The prices are computed using Vasicek's model with the parameter values k = 0.3, § = 0.05, and
A= —0.15.
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where K; is defined as K; = BTi(r*,T), r* is given as the solution to the equation B(r*,T) = K,

and

, 1 BT (r,t) 1
di = 1 j Lo, 1,1,
e ) D(KiBT(r,t)> +5vtTT)

dy =di —v(t,T,T;),

o(t, T,T;) = \/5? (1 _ efn[TifT]) (1 _ 672N[T7t]>1/2.

Here we have used that we know that all the di’s are identical.

7.5 The Cox-Ingersoll-Ross model
7.5.1 The short rate process

Probably the most popular one-factor model, both among academics and practitioners, was
suggested by Cox, Ingersoll, and Ross (1985b). They assume that the short rate follows a square

root process
(7.65) dry = k[0 — 1] dt + B/re dze,

where k, 6, and 3 are positive constants. We will refer to the model as the CIR model. Some of
the key properties of square root processes were discussed in Section 3.8.3. Just as the Vasicek
model, the CIR model for the short rate exhibits mean reversion around a long term level 6. The
only difference relative to Vasicek’s short rate process is the specification of the volatility, which is
not constant, but an increasing function of the interest rate, so that the short rate is less volatile
for low levels than for high levels of the rate. This property seems to be consistent with observed
interest rate behavior — whether the relation between volatility and short rate is of the form S+/r
is not so clear, cf. the discussion in Section 7.7. The short rate in the CIR model cannot become
negative, which is a major advantage relative to Vasicek’s model. The value space of the short
rate in the CIR model is either S = [0,00) or § = (0, 00) depending on the parameter values; see
Section 3.8.3 for details.

As discussed in Section 6.4, the CIR model is a special case of a comprehensive general equilib-
rium model of the financial markets studied by the same authors in another article, Cox, Ingersoll,
and Ross (1985a). The short rate process (7.65) and an expression for the market price of interest
rate risk, A(r,t), is the output of the general model under specific assumptions on preferences,
endowments, and the underlying technology.® According to the model the market price of risk is

A(r,t) = )\—\/77,
p
where A on the right-hand side is a constant. The drift of the short rate under the spot martingale
measure is therefore
AP
B

81n their general model 7 is in fact the real short term interest rate and not the nominal short term interest rate

a(r,t) — B(r,t)\(r,t) = k[0 —r] — BT = K0 — (k+ \)r.

that we can observe. However, in practice the model is used for the nominal rates.
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Defining # = k + A and ¢ = «#, the process for the short rate under the spot martingale measure

can be written as
(7.66) dry = (p — kry) dt + By/ri dz2.

Since this is of the form (7.6) with §; = 0 and J2 = 32, we see that the CIR model is also an affine
model. We can rewrite the dynamics as

dr, = & [9 — rt} dt + B/ d22,

where 6 = k0 /(k+A). Hence, the short rate also exhibits mean reversion under the spot martingale
measure, but both the speed of adjustment and the long term level are different than under the
real-world probability measure. In Vasicek’s model, only the long term level was changed by the
change of measure.

In the CIR model the distribution of the future short rate rr (conditional on the current short
rate 7¢) is given by the non-central x2-distribution. To be more precise, the probability density

function (under the real-world probability measure) for rr given r; is

fTT\n (T) = fx§q+2,2u (267‘)7

where
_ 2K
€= 3 (1= e nll—1)’
w=cre T,
2k6
q= Kz 1,

and where f2 () denotes the probability density function for a non-centrally x2-distributed ran-
dom variable with a degrees of freedom and non-centrality parameter b. The mean and variance

of rp are
E, irr] =60+ (r — )= <171,

2,,, AT T 29 T 2
Varyfrg] = O (e 20— emir ) 4 B0 (1 emntrn)

Note that the mean is just as in Vasicek’s model, cf. (7.48), while the expression for the variance is
slightly more complicated than in the Vasicek model, cf. (7.49). For T' — oo, the mean approaches 6
and the variance approaches 03%/(2x). For k — oo, the mean goes to 6 and the variance goes
to 0. For x — 0, the mean approaches the current rate r and the variance approaches 32r[T — t].
The future short rate is also non-centrally y2-distributed under the spot martingale measure, but

relative to the expressions above £ is to be replaced by & = x + A and 6 by 6 = KO/(k+ A).

7.5.2 Bond pricing

Since the CIR model is affine, Theorem 7.1 implies that the price of a zero-coupon bond

maturing at time 7' is

(7.67) BT (r,t) = e~aT-H)=b(T=r
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where the functions a(7) and b(7) solve the ordinary differential equations (7.8) and (7.9), which
for the CIR model become

(7.68) %5%@)2 + &b(T) + b (1) —1=0,

(7.69) a' (1) — kOb(t) =0

with the conditions a(0) = b(0) = 0. The solution to these equations is

7 2(e7™ — 1)
(7.71) a(t) = —2/6%9 (111(27) + %(ﬁ; + )T —In[(y + &) (e’ = 1)+ 27]) :
where v = /2 + 2032, cf. Exercise 7.4.
Since 55T 92T
W(r, t) = =b(T — )BT (r, 1), W(r, t) = b(T — t)>BT(r,t)

and b(r) > 0, the zero-coupon bond price is a convex, decreasing function of the short rate.
Furthermore, the price is a decreasing function of the time to maturity; a concave, increasing
function of 32%; a concave, increasing function of \; and a convex, decreasing function of §. The
dependence on k is determined by the relation between the current short rate  and the long term
level 0: if r > 6, the bond price is a concave, increasing function of k; if » < 6, the price is a
convex, decreasing function of .

Manipulating (7.16) slightly, we get that the dynamics of the zero-coupon price Bl = BT (r,t)
is

dBF = BI [r, (1 = Xb(T — 1)) dt + 0 (ry,t) dz]

where o (r,t) = —b(T — t)3y/r. The volatility |o” (r,t)| = b(T — t)3+/r of the zero-coupon bond
price is thus an increasing function of the interest rate level and an increasing function of the time
to maturity, since b'(r) > 0 for all 7. Note that the volatility depends on # = x + A and 3, but

(similar to the Vasicek model) not on 6.

7.5.3 The yield curve

Next we study the zero-coupon yield curve T + yT (r,t). From (7.13) we have that

aT—t) BT —1t)
T—1¢ T—¢

yT (r,t) =

It can be shown that y'(r,t) = r and that

2K0
R+

= li T =
o = fim 47 ()
Concerning the shape of the yield curve, Kan (1992) has shown the following result:

Theorem 7.5 In the CIR model the shape of the yield curve depends on the parameter values and

the current short rate as follows:

(1) If & > 0, the yield curve is decreasing for r > ¢/& and increasing for 0 < r < @/v. For
O/ <1 < @[k, the yield curve is humped, i.e. first increasing, then decreasing.
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(2) If & <0, the yield curve is increasing for 0 < r < @/~ and humped for r > $/~.

The proof of this theorem is rather complicated and is therefore omitted. Estimations of the model
typically give & > 0, so that the first case applies. (See references to estimations in Section 7.7.)

The term structure of forward rates T +— f7(r,t) is given by
fE(rt)=a' (T —t)+ (T - t)r,
which using (7.68) and (7.69) can be rewritten as

(7.72) 7Tty =R [0 =] BT — 1) - %ﬁQrb(T — 12,

7.5.4 Forwards and futures

The forward price on a zero-coupon bond in the CIR model is found by substituting the

functions b and a from (7.70) and (7.71) into the general expression
F15(r,t) = exp {~ (a(S —t) = a(T — 1)) = (0(S — ) = b(T — 1))},

which is known from (7.19). The forward price on a coupon bond follows from (7.26).
It is more complicated to determine the futures price on a zero-coupon bond in the CIR model
than it was in the models of Merton and Vasicek, due to the fact that the parameter d5 is non-zero

in the CIR model. From Theorem 7.2 we have that the futures price is of the form
@T’S(T, t) _ efA(Tft)fB(Tft)r7
where the function B is a solution to the ordinary differential equation (7.22), which in the CIR

model becomes .
§ﬁ23(7')2 +&B(t)+ B'(1)=0, 7¢€(0,7),

with the condition B(0) = b(S — T'). Then the function A can be determined from (7.24), which

in the present case is
A(F) = a(S - T) + /@9/ B(u) du.
0

The solution is

B 2b(S — T)
(7.73) BT = s =T (e = 1) 7 2
B 2k0 B(7)err

The futures price on a coupon bond follows from (7.27).

According to (7.29) the quoted Eurodollar futures price is
ET(r,t) = 500 — 400e~AT-D=BT=t)r,

where the functions A and B in the CIR model can be computed to be

o —24b(0.25)
(7.75) B(r) = —32b(0.25) (e*7 — 1) + 2keRT’

(7.76) A(1) = —a(0.25) — 260, <—W> :

32 b(0.25)
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7.5.5 Option pricing
To price European options on zero-coupon bonds we can try to compute
T
CK TS (r,t) = BT (r,t) EY, [max (B®(rr,T) — K,0)]

using the distribution of 77 under the T-forward martingale measure Q7 (given r; = r). However,
this is much more complicated in the CIR model than in the models of Merton and Vasicek.

According to Cox, Ingersoll, and Ross the price is
(777) CK)T)S(rv t) = BS(Tv t)XQ(hla fv gl) - KBT(T7 t)X2(h'27 f7 92)7

where x2(-; f, g) is the cumulative distribution function for a non-centrally x2-distributed random
variable with f degrees of freedom and non-centrality parameter g. The formula has the same
structure as in the models of Merton and Vasicek, but the relevant distribution function is no
longer the normal distribution function. The two probabilities involved in the pricing formula
are probabilities of the option finishing in the money under two different probability measures
(cf. (5.24)). The option will finish in the money if and only if the short rate prevailing at the
expiry date of the option is below a certain critical level. Since the short rate is non-centrally
x2-distributed (also under the forward martingale measures), the relevant probabilities are given
by the cumulative distribution function for the non-central y2-distribution. The parameters f, g;,

and h; are given by

4k0
. M=V ENS =T, h=2r(E ),
282pe7T—1] 282pe -1

N ervres—1) T T evy o

f=

and we have introduced the auxiliary parameters

B 2y Rty _aS-T)+InK
= —52 [e’Y[T—t] — 1]7 '(p = e —

¢ 2 b(S —T)

Note that 7 is exactly the critical interest rate, i.e. the value of the short rate for which the option
finishes at the money, since B*(7,T) = K.

To implement the formula, the following approximation of the y?-distribution function is useful:

X2 (h; f,g) ~ N(d),

() )
m—1_ 2U+9+39)

3 (f+29)2 7
k= (2m2p[1 — p(1 —m)(1 — 3m)])~/*,

where

I=1+m(m—1)p— %m(m —1)(2—m)(1 — 3m)p?,

 f+2g
- (f+9?
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This approximation was originally suggested by Sankaran (1963) and has subsequently been applied
in the CIR model by Longstaff (1993).

Because of the complexity of the formula it is difficult to evaluate how the call price depends
on the parameters and variables involved. Of course, the call price is an increasing function of the
time to maturity of the option® and a decreasing function of the exercise price. An increase in the
short rate r has two effects on the call price: the present value of the exercise price decreases, but
the value of the underlying bond also decreases. According to Cox, Ingersoll, and Ross (1985b),
numerical computations indicate that the latter effect dominates the first so that the call price is
a decreasing function of the interest rate, as we saw it in Vasicek’s model.

For the pricing of European options on coupon bonds we can again apply Jamshidian’s trick of
Theorem 7.3:

(7.78) CHTP (e t) = 3 YiBY (r, )X (hui; £, 916) — KB (r,6)x* (ha; [, 92),
T;>T

where

hyg =2r* (E+ ¥ +0(T; = T)),
he = 2r*(§ +9),

2£2rev[T7t]
Y+ -T)

and f, go, &, and ¢ are defined just below (7.77). This result was first derived by Longstaff (1993).

gii

7.6 Non-affine models

The financial literature contains many other one-factor models than those that fit into the
affine framework studied in the previous sections. In this section we will go through the non-affine
models that have attracted most attention, which are models where the future values of the short
rate are lognormally distributed.

An apparently popular model among practitioners is the model suggested by Black and Karasin-
ski (1991) and, in particular, the special case considered by Black, Derman, and Toy (1990), the

so-called BDT model. The general time homogeneous version of the Black-Karasinski model is
(7.79) d(lnry) = k[0 — Inr,) dt + 3dz2,

where x, 8, and [ are constants. Typically, practitioners replace the parameters , 6, and 3 by
deterministic functions of time which are chosen to ensure that the model prices of bonds and caps
are consistent with current market prices. We will discuss this idea in Chapter 9 and stick to the
model with constant parameters in this section. Relative to the Vasicek model r; is replaced by Inr;
in the stochastic differential equation. Since r (given ;) is normally distributed in the Vasicek
model, it follows that Inr7 (given ;) is normally distributed in the Black-Karasinski model, i.e. rp
is lognormally distributed. A pleasant consequence of this is that the interest rate stays positive.

Also this model exhibits a form of mean reversion. Assume that £ > 0. If r, < €?, the drift rate of

9There are no payments on the underlying asset in the life of the option, so a European call is equivalent to an

American call, which clearly increases in value as time to maturity is increased.
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In 7y is positive so that 7 is expected to increase. Conversely if 7, > e’. The parameter x measures

the speed with which Inr; is drawn towards 6. An application of It6’s Lemma gives that

1
dry = <[/€9 + QﬂQ] T — KTy lnrt> dt + pBry dz;Q.

There are no closed-form pricing expressions neither for bonds nor forwards, futures, and options
within this framework. Black and Karasinski implement their model in a binomial tree in which
prices can be computed by the well-known backward iteration procedure.

In the Black-Karasinski model (7.79) the future short rate is lognormally distributed. Another

model with this property is the one where the short rate follows a geometric Brownian motion
(7.80) dry =1y [a dt + ﬂdzi@} ,

where « and [ are constants. Such a model was applied by Rendleman and Bartter (1980).
However, as the Black-Karasinski model, this lognormal model does not allow simple closed-form
expressions for the prices we are interested in.'®

In addition to the lack of nice pricing formulas, the lognormal models (7.79) and (7.80) have
another very inappropriate property. As shown by Hogan and Weintraub (1993) these models

imply that, for all ¢t,T,S with t <T < S,
(7.81) EY, [(B(rr,T))7!] = oo

As noted by Sandmann and Sondermann (1997) this result has two inexpedient consequences,

which we gather in the following theorem.

Theorem 7.6 In the lognormal one-factor models (7.79) and (7.80) the following holds:

(a) An investment in the bank account over any period of time of strictly positive length is expected

to give an infinite return, i.e. fort <T < S

ol ]

(b) The quoted Eurodollar futures price is ET (r,t) = —oc.

E2,

Proof: The first part of the theorem follows by Jensen’s inequality, which gives that!!

_Be, <exp{/T rudu}> ><E9T eXp{/T T“duH)

10Dothan (1978) and Hogan and Weintraub (1993) state some very complicated pricing formulas for zero-coupon

BS(r,T) = EZ;

bonds which involve complex numbers, Bessel functions, and hyperbolic trigonometric functions! A seemingly fast
and accurate recursive procedure for the computation of bond prices in the model (7.80) is described by Hansen
and Jgrgensen (2000).

M Jensen’s inequality says that if X is a random variable and f(x) is a convex function, then E[f(X)] > f(E[X]).
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and hence

S
B3(r,T)" ! < EST lexp{/ Ty du}] .
T

Taking expectations Egt[ -] on both sides we get!?

s
exp {/ Ty du}] > Egt [(BS(TT,T))il] = o0.

T
From (5.29) we have that the quoted Eurodollar futures price is

E,

E7(1T) = 500~ 400 ER, [(B™0 %o, 7)) 1]

Inserting (7.81) with S = T'+0.25 into the expression above we get the second part of the theorem.
O

Since Eurodollar futures is a highly liquid product on the international financial markets, it is
very inappropriate to use a model which clearly misprices these contracts.

It can be shown that the problematic relation (7.81) is avoided by assuming that either the
effective annual interest rates or the LIBOR interest rates are lognormally distributed instead of
the continuously compounded interest rates. Models with lognormal LIBOR rates have become
very popular in recent years, primarily because they are consistent with practitioners’ use of Black’s
pricing formula (at least to some extent). We will study such models closely in Chapter 11.

In summary, the lognormal models (7.79) and (7.80) have the nice property that negative rates
are precluded, but they do not allow simple pricing formulas and they clearly misprice an important
class of assets. For these reasons it is difficult to see why they have gained such popularity. The
CIR model, for example, also precludes negative interest rates, is analytically tractable, and does
not lead to obvious mispricing of any contracts. Furthermore, the model is consistent with a
general equilibrium of the economy. Of course, these arguments do not imply that the CIR model
provides the best description of the movements of interest rates over time, cf. the discussion in the
next section.

Finally, let us mention some models that are neither affine nor lognormal. The model
(7.82) dry = k[0 — ) dt + Brydz2

was suggested by Brennan and Schwartz (1980) and Courtadon (1982). Despite the relatively
simple dynamics, no explicit pricing formulas have been derived neither for bonds nor derivative
assets.

Longstaff (1989), Beaglehole and Tenney (1991, 1992), and Leippold and Wu (2002) consider
so-called quadratic models where the short rate is given as 7, = 2, and x; follows an Ornstein-
Uhlenbeck process (like the r-process in Vasicek’s model). This specification ensures non-negative

interest rates. By It6’s Lemma, the dynamics of r; is of the form

dre = (o + a7 + asry) dt + By/r dz2.
The price of a zero-coupon bond is of the form

BT(T’ t) = e—a(T—t)—b(T—t)r—c(T—t)r2’

12Here we apply the law of iterated expectations: Egt [E%« T[Y]} = Egt[Y] for any random variable Y.
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where the functions a, b, and ¢ solve ordinary differential equations. Relative to the affine models,
the term ¢(T — t)r? has been added. The quadratic models thus give a more flexible relation
between zero-coupon bond prices and the short rate. Leippold and Wu (2002) and Jamshidian
(1996) obtain some rather complex expressions for the prices of European bond options and other

derivatives.

7.7 Parameter estimation and empirical tests

To implement a model, one must assume some values of the parameters. In practice, the true
values of the parameters are unknown, but values can be estimated from observed interest rates
and prices. For concreteness we will take the estimation of the Vasicek model as an example, but
similar considerations apply to other models. The parameters of Vasicek’s model are x, 8, 3, and

A. The estimation methods can be divided into three classes:

Time series estimation With this approach the parameters of the process for the short rate are
estimated from a time series of historical observations of a short term interest rate. The estimation
itself can be carried out by means of different statistical methods, e.g. maximum likelihood [see
Ogden (1987)] or various moment matching methods [see Andersen and Lund (1997) and Chan,
Karolyi, Longstaff, and Sanders (1992)]. An essential, practical problem is that no interest rates of
zero maturity are observable. Interest rates of very short maturities are set at the money market,
but due to the credit risk of the parties involved these rates are not perfect substitutes for the truly
risk-free interest rate of zero maturity, which is represented by r; in the models. Most authors use
yields on government bonds with short maturities, e.g. one or three months, as an approximation
to the short rate. However, studies by Duffee (1996) and Honoré (1998) show that this can have
a significant effect on the parameter estimates.

Another problem in applying the time series approach is that not all parameters of the model
can be identified. In Vasicek’s model only the parameters x, 6, and 8 that enters the real-world
dynamics of the short rate in (7.47) can be estimated. The missing parameter A only affects the
process for r; under the risk adjusted martingale measures, but the time series of interest rates is
of course observed in the real world, i.e. under the real-world probability measure.

A third problem is that a large number of observations are required to give reasonably certain
parameter estimates. However, the longer the observation period is, the less likely it is that the
short rate has followed the same process (with constant parameters) during the entire period.

Furthermore, the time series approach ignores the fact that the interest rate models not only

describe the dynamics of the short rate but also describe the entire yield curve and its dynamics.

Cross section estimation Alternatively, the parameters of the model can be estimated as the
values that will lead to model prices of a cross section of liquid bonds (and possibly other fixed
income securities) that are as close as possible to the currently observed prices of these assets.
Then the estimated model can be applied to price less liquid assets in a way which is consistent
with the market prices of the liquid assets. Typically, the parameter values are chosen to minimize
the sum of squared deviations of model prices from market prices where the sum runs over all the

assets in the chosen cross section. Such a procedure is very simple to implement.
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A cross section estimation cannot identify all parameters of the model either. The current
prices only depend on the parameters that affect the short rate dynamics under the risk adjusted
martingale measures. For Vasicek’s model this is the case for é, (3, and k. The parameters 6 and
A cannot be estimated separately. However, if the only use of the model is to derive current prices
of other assets, we only need the values of é, B, and k. In view of the problems connected with
observing the short rate, the value of the short rate is often estimated in line with the parameters
of the model.

A cross section estimation completely ignores the time series dimension of the data. The
estimation procedure does not in any way ensure that the parameter values estimated at different
dates are of similar magnitudes.!> The model’s results concerning the dynamics of interest rates

and asset prices are not used at all in the estimation.

Panel data estimation This estimation approach combines the two approaches described above
by using both the time series and the cross section dimension of the data and the models. Typically,
the data used are time series of selected yields of different maturities. With a panel data approach
all the parameters can be estimated. For example, Gibbons and Ramaswamy (1993) and Daves
and Ehrhardt (1993) apply this procedure to estimate the CIR model. If we want to apply a
model both for pricing certain assets and for assessing and managing the changes in interest rates
and prices over time, we should also base our estimation on both cross sectional and time series
information.

Two relatively simple versions of the panel data approach are obtained by emphasizing either
the time series dimension or the cross section dimension and only applying the other dimension
to get all the parameters identified. As discussed above the parameters k, 6, and 3 of Vasicek’s
model can be estimated from a time series of observations of (approximations of) the short rate.
The remaining parameter A can then be estimated as the value that leads to model prices (using
the already fixed estimates of x, 6, and ) that are as close as possible to the current prices on
selected, liquid assets. On the other hand, one can estimate k, 9, and ( from a cross section and
then estimate 6 from a time series of interest rates (using the already fixed estimates of x and ().
In this way an estimate of A can be determined such that the relation 6=0— AB/k holds for the

estimated parameter values.

In any estimation the parameter values are chosen such that the model fits the data to the
best possible extent according to some specified criterion. Typically, an estimation procedure will
also generate information on how well the model fits the data. Therefore, most papers referred to
above also contain a test of one or several models.

Probably the most frequently cited reference on the estimation, comparison, and test of one-
factor diffusion models of the term structure is Chan, Karolyi, Longstaff, and Sanders (1992)

[henceforth abbreviated CKLS], who consider time homogeneous models of the type
(7.83) dry = (0 — kry) dt + Br] dz.

By restricting the values of the parameters 6, x, and -, many of the models studied earlier are

3For example, Brown and Dybvig (1986) find that the parameter estimates of the CIR model fluctuate consid-

erably over time.
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obtained as special cases, for example the models of Merton (k = v = 0), Vasicek (y = 0), CIR
(v = 1/2), and the lognormal model (7.80) (y = 1, # = 0). CKLS use the one-month yield on
government bonds as an approximation to the short-term interest rate and apply a time series
approach on U.S. data over the period 1964-1989. They estimate eight different restricted models
and the unrestricted model and test how well they perform in describing the evolution in the short
rate over the given period. Their results indicate that it is primarily the value that the model
assigns to the parameter v which determines whether the model is rejected or accepted. The
unrestricted estimate of v is approximately 1.5, and models having a lower 7y-value are rejected
in their test, including the Vasicek model and the CIR model. On the other hand, the simple
lognormal model (7.80) is accepted.

Subsequently the CKLS analysis has been criticized on several counts. Firstly, the one month
yield may be a poor approximation to the zero-maturity short rate. In a one-factor model there
is a one-to-one relation between the zero-coupon rate of any given maturity and the true short
rate. For the affine models this relation is given by (7.13) where the functions a and b are known
in closed-form for some affine models (Merton, Vasicek, and CIR), and for the other affine models
they can be computed quickly and accurately by solving the Ricatti differential equations (7.8)
and (7.9) numerically. For non-affine models the relation can be found by numerically solving the
PDE (7.3) for a zero-coupon bond with the given time to maturity (one month in the CKLS case)
and transforming the price to a zero-coupon yield. In this way Honoré (1998) transforms a time
series of zero-coupon rates with a given maturity to a time series of implicit zero-maturity short
rates. Based on the transformed time series of short rates he finds estimates of the parameter « in
the interval between 0.8 and 1.0, which is much lower than the CKLS-estimate.

Another criticism, advanced by Bliss and Smith (1997), is that the data set used by CKLS
includes the period between October 1979 and September 1982, when the Federal Reserve, i.e. the
U.S. central bank, followed a highly unusual monetary policy (“the FED Experiment”) resulting
in a non-representative dynamics in interest rates, in particular the short rates. Hence, Bliss and
Smith allow the parameters to have different values in this sub-period than in the rest of the
period used by CKLS (1964-1989). Outside the experimental period the unrestricted estimate of
~ is 1.0, which is again considerably smaller than the CKLS-estimate. The only models that are
not rejected on a 5% test level are the CIR model and the Brennan-Schwartz model (7.82).

Finally, applying a different estimation method and a different data set (weekly observations of
three month U.S. government bond yields over the period 1954-1995), Andersen and Lund (1997)
estimate v to 0.676, which is much lower than the estimate of CKLS. Christensen, Poulsen, and
Sgrensen (2001) discuss some general problems in estimating a process like (7.83), and using a
maximum likelihood estimation procedure and 1982-1995 data they obtain a y-estimate of 0.78.

The tests mentioned above are based on a time series of (approximations of) the short rate.
Similar tests of the CIR model using other time series are performed by Brown and Dybvig (1986)
and Brown and Schaefer (1994). On the other hand, Gibbons and Ramaswamy (1993) test the
ability of the CIR model to simultaneously describe the evolution in four zero-coupon rates, namely
the 1, 3, 6, and 12 month rates (a panel data test). With data covering the same period as the
CKLS study, they accept the CIR model.

By now it should be clear that the extensive empirical literature cannot give a clear answer to

the question of which one-factor model fits the data best. The answer depends on the data and
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the estimation technique applied. In most tests models with constant interest rate volatility, such
as the models of Merton and Vasicek, and typically also all models without mean reversion are
rejected. The CIR model is accepted in most tests, and since it both has nice theoretical properties
and allows relatively simple closed-form pricing formulas, it is widely used both by academics and

practitioners.

7.8 Concluding remarks

In this chapter we have studied time homogeneous one-factor diffusion models of the term
structure of interest rates. They are all based on specific assumptions on the evolution of the
short rate and on the market price of interest rate risk. The models of Vasicek and Cox, Ingersoll,
and Ross are frequently applied both by practitioners for pricing and risk management and by
academics for studying the effects of interest rate uncertainty on various financial issues. Both
models are consistent with a general economic equilibrium model, although this equilibrium is
based on many simplifying and unrealistic assumptions on the economy and its agents. Both
models are analytically tractable and generate relatively simple pricing formulas for many fixed
income securities. The CIR model has the economically most appealing properties and perform
better than the Vasicek model in explaining the empirical bond market data.

The assumption of the models of this chapter that the short rate contains all relevant infor-
mation about the yield curve is very restrictive and not empirically acceptable. Several empirical
studies show that at least two and possibly three or four state variables are needed to explain the
observed variations in yield curves. As we shall see in the next chapter, many of the multi-factor
models suggested in the literature are generalizations of the one-factor models of Vasicek and CIR.

In all time homogeneous one-factor models the current yield curve is determined by the current
short rate and the relevant model parameters. No matter how the parameter values are chosen it
is highly unlikely that the yield curve derived from the model can be completely aligned with the
yield curve observed in the market. If the model is to be applied for the pricing of derivatives such
as futures and options on bonds and caps, floors, and swaptions, it is somewhat disturbing that
the model cannot price the underlying zero-coupon bonds correctly. As we will see in Chapter 9, a
perfect model fit of the current yield curve can be obtained in a one-factor model by replacing one
or more parameters by deterministic functions of time. While these time inhomogeneous versions of
the one-factor models may provide a better basis for derivative pricing, they are not unproblematic,
however. Also note that typically the current yield curve is not directly observable in the market,
but has to be estimated from prices of coupon bonds. For this purpose practitioners often use a
cubic spline or a Nelson-Siegel parameterization as outlined in Chapter 1. If one instead applies
the parameterization of the discount function 7 + BY(r,t) that comes out of an economically
better founded model, such as the CIR model, the problems of time inhomogeneous models can be

avoided.

7.9 Exercises

EXERCISE 7.1 (Parallel shifts of the yield curve) The purpose of this exercise is to find out under which

assumptions the only possible shifts of the yield curve are parallel, i.e. such that dg; is independent of 7

where 77 = y!t".
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(a) Argue that if the yield curve only changes in the form of parallel shifts, then the zero-coupon yields
at time ¢ must have the form
vl =y (re,t) = ri 4+ h(T — 1)
for some function h with A(0) = 0 and that the prices of zero-coupon bonds are thereby given as

BT (r,t) = o~ [T—t1=h(T—1)[T—1]

(b) Use the partial differential equation (7.3) on page 164 to show that
*) SOP(T = 1) = &(r)(T = ) + (T (T~ 1) + h(T ) = 0
for all (r,t) (with ¢t < T, of course).

(c) Using (*), show that 23(r)*(T —t)* — &(r)(T — t) must be independent of . Conclude that both
&(r) and B(r) have to be constants, so that the model is indeed Merton’s model.

(d) Describe the possible shapes of the yield curve in an arbitrage-free model in which the yield curve

only moves in terms of parallel shifts. Is it possible for the yield curve to be flat in such a model?

EXERCISE 7.2 (Call on zero-coupon bonds in Vasicek’s model) Figure 7.9 on page 187 shows an example
of the relation between the price of a European call on a zero-coupon bond and the current short rate r in

the Vasicek model, cf. (7.61). The purpose of this exercise is to derive an explicit expression for 9C/9r.
(a) Show that
BS(T‘, t)e*%dl(r’t>2 = KBT(T‘, t)eiécb(r’t)?.
(b) Show that
B (r,t)yn (di(r,t)) — KB” (r,t)n (da(r,t)) = 0,

where n(y) = exp(—y?/2)/v/27 is the probability density function for a standard normally dis-

tributed random variable.
(c) Show that

acK,T,S

5 (1. t) = =B(r,0b(S — )N (i (r,t) + KB (r,)b(T = )N (da(r,1))..

EXERCISE 7.3 (Futures on bonds) Show the last claim in Theorem 7.2.

EXERCISE 7.4 (CIR zero-coupon bond price) Show that the functions b and a given by (7.70) and (7.71)
solve the ordinary differential equations (7.68) and (7.69).

EXERCISE 7.5 (Comparison of prices in the models of Vasicek and CIR) Compare the prices according
to Vasicek’s model (7.47) and the CIR-model (7.65) of the following securities:

(a) 1 year and 10 year zero-coupon bonds;

(b) 3 month European call options on a 5 year zero-coupon bond with exercise prices of 0.7, 0.75, and
0.8, respectively;

(c) a 10 year 8% bullet bond with annual payments;

(d) 3 month European call options on a 10 year 8% bullet bond with annual payments for three different
exercise prices chosen to represent an in-the-money option, a near-the-money option, and an out-of-
the-money option.

In the comparisons use k = 0.3, # = 0.05, and A = 0 for both models. The current short rate is r = 0.05,
and the current volatility on the short rate is 0.03 so that 8 = 0.03 in Vasicek’s model and $+/0.05 = 0.03
in the CIR model.



Chapter 8

Multi-factor diffusion models

8.1 What is wrong with one-factor models?

The preceding chapter gave an overview over one-factor diffusion models of the term structure of
interest rates. All the models are based on an assumed dynamics in the continuously compounded
short rate, r. In several of these models we were able to derive relatively simple, explicit pricing
formulas for both bonds and European options on bonds and hence also for caps, floors, swaps, and
European swaptions, cf. Chapter 2. The models can generate yield curves of various realistic forms,
and the parameters of the models can be estimated quite easily from market data. Several of the
empirical tests described in the literature have accepted selected one-factor models. Furthermore,
particularly the CIR model is based on a dynamics of the short rate that has many realistic
properties.

However, all the one-factor models also have obviously unrealistic properties. First, they are
not able to generate all the yield curve shapes observed in practice. For example, the Vasicek and
CIR models can only produce an increasing curve, a decreasing curve, and a curve with a small
hump. While the zero-coupon yield curve typically has one of these shapes, it does occasionally
have a different shape, e.g. the yield curve is sometimes decreasing for short maturities and then
increasing for longer maturities.

Second, the one-factor models are not able to generate all the types of yield curve changes
that have been observed. In the affine one-factor models the zero-coupon yield 77 = y/*” for any
maturity 7 is of the form

- _alr) | b(r)

= — —T
t ts
T T

cf. (7.13). If b(7) > 0, the change in the yield of any maturity will have the same sign as the change
in the short rate. Therefore, these models do not allow so-called twists of the term structure of
interest rates, i.e. yield curve changes where short-maturity yields and long-maturity yields move
in opposite directions.

A third critical point, which is related to the second point above, is that the changes over
infinitesimal time periods of any two interest rate dependent variables will be perfectly correlated.
This is for example the case for any two bond prices or any two yields. This is due to the fact
that all unexpected changes are proportional to the shock to the short rate, dz;. For example, the

dynamics of the 7;-maturity zero-coupon yield in any time homogeneous one-factor model is of the
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maturity (years) | 0.25 0.5 1 2 5 10 20 30
0.25 1.00 085 0.80 0.72 0.61 0.52 046 0.46

0.50 0.85 1.00 090 085 0.76 0.68 0.63 0.62

1 0.80 090 1.00 094 087 079 073 0.73

2 0.72 0.85 094 1.00 0.95 0.88 0.82 0.82

5 0.61 0.76 0.87 095 1.00 096 092 091

10 0.52 0.68 0.79 0.88 096 1.00 0.97 0.96

20 046 063 0.73 082 092 097 1.00 097

30 0.46 0.62 0.73 082 091 096 0.97 1.00

Table 8.1: Estimated correlation matrix of weekly changes in par yields on U.S. government bonds.
The matrix is extracted from Exhibit 1 in Canabarro (1995).

form

dgy’ = py(re, 1) dt + oy (14, 75) d2ze,

where the drift rate u, and the volatility o, are model-specific functions. The variance of the

change in the yield over an infinitesimal time period is therefore
Var, (dg]") = o(re, 1) dt.
The covariance between changes in two different zero-coupon yields is
Covy (dg;*, dy;?) = oy(r, 1)y (1, T2) dt.
Hence the correlation between the yield changes is

Corr; (dgn dg'rz) _ Covy (dg;rl ) dg?) —
bom /Var, (dji")/Var; (dj;?)

This conflicts with empirical studies which demonstrate that the actual correlation between changes

in zero-coupon yields of different maturities is far from one. Table 8.1 shows correlations between
weekly changes in par yields on U.S. government bonds. The correlations are estimated by Can-
abarro (1995) from data over the period from January 1986 to December 1991. A similar pattern
has been documented by other authors, e.g. Rebonato (1996, Ch. 2) who uses data from the U.K.
bond market.

Intuitively, multi-factor models are more flexible and should be able to generate additional yield
curve shapes and yield curve movements relative to the one-factor models. Furthermore, multi-
factor models allow non-perfect correlations between different interest rate dependent variables, cf.
the discussion in Section 8.3.1.

Several empirical studies have investigated how many factors are necessary in order to obtain
a sufficiently precise description of the actual evolution of the term structure of interest rates
and the correlations between yields of different maturities. Of course, to some extent the result
of such an investigation will depend on the chosen data set, the observation period, and the
estimation procedure. However, all studies seem to indicate that two or three factors are needed.
One way to address this question is to perform a so-called principal component analysis of the

variance-covariance matrix of changes in zero-coupon yields of selected maturities. Canabarro
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(1995) finds that a single factor can describe at most 85.0% of the total variation in his data
from the period 1986-1991 on the U.S. bond market. The second-most important factor describes
an additional 10.3% of the variation, while the third-most and the fourth-most important factors
provide additional contributions of 1.9% and 1.2%, respectively. Additional factors contribute in
total with less than 1.6%. Similar results are reported by Litterman and Scheinkman (1991), who
also use U.S. bond market data, and by Rebonato (1996, Ch. 2), who applies U.K. data over the
period 1989-1992.

A principal component analysis does not provide a precise identification of which factors best
describe the evolution of the term structure, but it can give some indication of the factors. The
studies mentioned above give remarkably similar indications. They all find that the most important
factor affects yields of all maturities similarly and hence can be interpreted as a level factor. The
second-most important factor affects short-maturity yields and long-maturity yields in opposite
directions and can therefore be interpreted as a slope factor. Finally, the third-most important
factor affects yields of very short and long maturities in the same direction, but yields of inter-
mediate maturities (approx. 2-5 years) in the opposite direction. We can interpret this factor as
a curvature factor. Litterman and Scheinkman argue that alternatively the third factor can be
interpreted as a factor representing the term structure of yield volatilities, i.e. the volatilities of
the zero-coupon yields of different maturities.

Other empirical papers have studied how well specific multi-factor models can fit selected
bond market data. Empirical tests performed by Stambaugh (1988), Pearson and Sun (1991),
Chen and Scott (1993), Brenner, Harjes, and Kroner (1996), Andersen and Lund (1997), Vetzal
(1997), Balduzzi, Das, and Foresi (1998), Dai and Singleton (2000), and Boudoukh, Richardson,
Stanton, and Whitelaw (1999) all conclude that different multi-factor models provide a much better
description of the shape and movements of the term structure of interest rates than the one-factor

special cases of the models.

8.2 Multi-factor diffusion models of the term structure

In this section we review the notation and the general results in multi-factor diffusion models,
which were first discussed in Chapter 5. In a general n-factor diffusion model of the term structure
of interest rates, the fundamental assumption is that the state of the economy can be represented by
an n-dimensional vector process x = (x1,...,%,)" of state variables. In particular, the process x

follows a Markov diffusion process,
(8.1) dx; = axy,t) dt + B(x¢,t) dzq,

where z = (z1,...,2,)7 is an n-dimensional standard Brownian motion. Denote by S C R” the
value space of the process, i.e. the set of possible states. In the expression (8.1) above, a is a
function from § x Ry into R™, and 3 is a function from & x R into the set of n x n matrices
of real numbers, i.e. B(x¢,t) is an n x n matrix. The functions e and B must satisfy certain

regularity conditions to ensure that the stochastic differential equation (8.1) has a unique solution,

cf. Oksendal (1998). We can write (8.1) componentwise as

oy = ai(xe, t) dt + > Bij(Xe,t) dzje = ai(xy, t) dt + By (x1,1) T daz.

j=1
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As discussed in Chapter 5, the absence of arbitrage will imply the existence of a vector process

A= (M,...,\n)7" of market prices of risk, so that for any traded asset we have the relation

n
w(xe, t) = r(xe, t) + Zaj(xt,t))\j(xt,t),
j=1
where p denotes the expected rate of return on the asset, and o1, ..., 0, are the volatility terms,

i.e. the price process is

dVy = Vi | u(xy, t) dt + ZUj(Xt»t) dzjt
J=1

See for example (5.49) on page 126.
We also know that the n-dimensional process z¢ = (2(1@, o, 29T defined by

dzfy = dzje + Nj(xe,t)dt, j=1,....n,
is a standard Brownian motion under the spot martingale measure Q. With the notation
a(x,t) = a(x,t) — Q(Xv HA(x,1),
ie.
Gi(x,t) = a(x,t) — Zﬁth x,t),
we can write the dynamics of the state variables under Q as
dx; = &(xg,t) dt + B(x, t) dzg

or componentwise as

dziy = &;(xy,t) dt + Z Bij(x¢,t) dz%.
j=1
From the analysis in Chapter 5, we know that the price V; = V(xy,t) of a traded asset of the

European type can be found as the solution to the partial differential equation

(8.2) xt +Zalxt Xt)

;g () axzaxj Bzaz, 00 T VD =0, (1) € §x(0.T),

[\.'J\H

with the appropriate terminal condition
V(x,T)=H(x), x€S8.

Here, vij = > 1 BikBjk is the (i,7)’th element of the variance-covariance matrix §37. If p;;
denotes the correlation between changes in the ¢’th and the j’'th state variables, we have that
Yij = pij |G|l IB;]]- Alternatively, the price can be computed as an expectation under the spot

martingale measure,
Ve t) =B [e e U )]

or as an expectation under the T-forward martingale measure

(8.3) V(x,t) = BT (x,t) EY, [H(x7)],
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or as an expectation under another convenient martingale measure.
Just as in the analysis of one-factor models in Chapter 7, we focus on the time homogeneous
models in which the functions & and 3, and also the short rate 7, do not depend on time, but only

depend on the state variables. In particular,

(8.4) dx; = é(xq) dt + B(x) dz2.

8.3 Multi-factor affine diffusion models

We focus first on so-called affine models, which in a multi-factor setting were introduced by
Duffie and Kan (1996). In the affine multi-factor models the dynamics of the vector of state

variables is of the form

v1(x¢) 0 e 0

0 va(xe) ...
(8.5) dx; = (¢ — kx;) dt +T . . . dzy,

0 0 e Vn(X¢)
where .

I/j(X) =050 + 5;—X =0 + Z(sjkl'k.
k=1

Here, @ = (¢1,...,¢n)" and 8; = (dj1,...,0;,)" for j = 1,...,n are all constant vectors,
910, -+ -, 0no are constant scalars, and & and I are constant n X n matrices.

A time homogeneous multi-factor diffusion model is said to be affine if the dynamics of the state
variables under the spot martingale measure is of the form (8.5) and the short rate r, = r(x;) is an
affine function of x, i.e. a constant scalar £y and a constant n-dimensional vector € = (£1,...,&,)"

exist such that

n
(8.6) r(x) =% +€&x=&+ Y &
i=1

The condition on the short rate is trivially satisfied in the one-factor models in Chapter 7 since
they all take the short rate itself as the state variable. Similarly, the condition is satisfied in the
multi-factor models in which the short rate is one of the state variables. Note that if the vector
A(x) of market prices of risk is also an affine function of x, the drift of the state variables will also
be affine under the real-world probability measure.

We will first consider two-factor affine models, both because the notation and the statement of
results are simpler and because most of the multi-factor models studied in the literature have two

factors. Subsequently, we will briefly extend the analysis to the general n-factor models.

8.3.1 Two-factor affine diffusion models

In a two-factor affine model the dynamics of the vector of state variables is of the form

X = (@ — kX v(xi) 0 72
(8.7) dx; = (¢ t)dt+r< 0 (xt)>dt’

Vo
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which can be written componentwise as

dziy = ($1 — Rz — Rioxey) dt

+ 11V 610 + 011711 + G100y dZ% + T12V/ 020 + 021711 + So2a; d?«’%

(8.8)

dxor = (P2 — Ro1x1r — RooXay) dt

(8.9)
+ Ty \/510 + 011214 + d12%2¢ dZ% +Too \/520 + 021214 + O2222¢ dzi?t.

The short rate is given by
(8.10) re = o + §171t + S22t
To ensure that the square roots are well-defined, we require that
vj(x) =050 + 0121 + 020 >0, j=1,2

for all the values that x = (x1,22)" can have, i.e. for all x € §. Duffie and Kan state two
conditions on the parameters that imply both that the process x = (x;) is well-defined by the
stochastic differential equation above and that v;(x;) > 0 for all ¢ (with probability 1). These
conditions are satisfied in the specific models we consider in the rest of the chapter.

Under the assumption (8.5) the drift &(x) = ¢ — £x is clearly an affine function of x. Further-
more, the variance-covariance matrix §(x)3(x)" is also affine in x, in the sense that any element of
the matrix is an affine function of x. To see this, we use (8.8) and (8.9) to derive that the variance
of the instantaneous change in each of the state variables is equal to VarZ(da;s) = (@1, 22¢)2 dt,

where

Yi(w1,29)* = T3 [010 + 01121 + d1922] + T'% [020 + 02121 + d2079]
= (510F121 + 520F122) + (511F?1 + 521F122) 1 + (512F121 + 522F122) T2,

which is an affine function of the state variables. The covariance between instantaneous changes

in the two state variables is Cov? (dx1¢, dxot) = Y12(21t, 22¢), Where

M2(x1, x2) = T'11T21 [610 + d1121 + d12@2] + T'12l22 [020 + d2121 + d222]
= (T'11T21610 + T12T91020) + (T11021011 + T'12T21091) 21
+ (T11T21012 + T'12l21692) 22,

which is also an affine function of the state variables. Hence, all the elements of the variance-
covariance matrix are affine in the state variables. In this way, the class of affine multi-factor
models is a natural generalization of the class of affine one-factor models.

Analogously to the one-factor analysis, we get that the price BY of a zero-coupon bond maturing
at time T in a multi-factor affine diffusion model can be written as an exponential-affine function

of the vector of state variables. The following theorem states the precise result:

Theorem 8.1 In an affine two-factor diffusion model where the short rate is of the form (8.10)
and the state variables follow the process (8.7), the zero-coupon bond price Bl = BT (x4, w24, 1) is

given by the function

(8.11) BT (x1,29,t) = exp{—a(T —t) — by(T — t)xy — bo(T — t)aa},
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where the functions by, by, and a solve the following system of ordinary differential equations

b/1 (7’) = _kllbl(T) - /%21b2(7—) — %511 (Fllbl (T) + Fglbg(’r))2

(8.12) X
— 5521 (Ti2bi (1) + Fzzbz(T))2 + &1,
5(T) = —Ri12b1(T) — Raoba(T) — %512 (T11b1(7) + Doy ba(7))?
(8.13) )
- 5522 (T12b1 (1) + Tagba(7))” + &,
a' (1) = p1b1(7) + Paba(T) — %510 (T11b1 (1) 4 Da1ba(7))?
(8.14)

1
- 5520 (T12b1 () + Tasba (7)) + &,

with the initial conditions a(0) = b1(0) = b2(0) = 0.

The result can be demonstrated by verifying that the function BT (x1,x5,t) given by (8.11) is a
solution to the partial differential equation (8.2) in the affine model if the functions a(7), bi(7),
and by (7) solve the ordinary differential equations (8.12)-(8.14). The terminal condition on the
price, BT (z1, 29, T) = 1 for all (z1,22) € S, implies that a(0), b1(0), and b2(0) all have to be zero.
Except for the increased notational complexity, the proof is identical to the one-factor case and is
therefore omitted. Note that to determine a, by, and by, one must first solve the two differential
equations (8.12) and (8.13) simultaneously, and then a follows from the b;’s by an integration.

In the following sections we will look at specific affine models in which the Ricatti equa-
tions (8.12)-(8.14) have explicit solutions. This is the case in Gaussian models and so-called
multi-factor CIR models. For other specifications of the affine model, the Ricatti equations must
be solved numerically, see e.g. Duffie and Kan (1996). The Ricatti equations can be solved faster

numerically than the partial differential equation.

In an affine two-factor model the zero-coupon yields 77 = yi™7 = —(In B/T7) /7 take the form
b b
U (w1, 22) = alr) + 1(T)S'Sl + Q(T)I .
T T T

and the forward rates fJ = {7 = —9(In B{*7) /0T are of the form

[Ty, 2) = a/(7) + 0y (7)1 + by(7) 22
Let us also look at the volatility of the price of a zero-coupon bond with a fixed maturity
date T. Since BT /0x; (w1, 32,t) = —b;(T — t)BT (21, 22,t), Itd&’s Lemma for functions of several
variables (see Theorem 3.5 on page 66) implies that
dBf
B}

= (214, T2) dt + o7 (214, T2, t) dz% + o3 (211, T2, 1) dZ%

where

ol (w1, 20,t) = — (b1 (T — )11 + bo(T — t)T21) \/d10 + 61121 + 1272,
Jg((ﬂl, T2, t) = — (b1 (T — t)Flg —+ b2(T — t)FQQ) \/520 —+ (521.%1 —+ (5221’2.

The volatility of the zero-coupon bond price is therefore |0 (x1,z2,1)||, where
|? = of (1, 22,t)? + 08 (21, T2, )2
= (by(T = t)T11 + bo(T — t)T'1)? (810 + 61121 + S1272)

+ (bl (T — t)F12 + bQ(T — t)Fgg)Q (520 + 02121 + 522332) .

HO’T(Jil,xz,t)
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Similarly, the dynamics of the zero-coupon yield 47 will be of the form
dgtT = ... dt —+ O—yl(mlta T2t 7') dZ% —+ O'yQ(fElt, T2ty T) dZ%,

where

bo(T
oy1(21,22,7) = ( I+ 27(_ )le) V310 + 01121 + G192,
b2(7’

T

b
oy2(T1,22,7) = ( 17_ )FQQ) V020 + 2121 + G292,

and we have omitted the drift rate for clarity. We can see that, in a two-factor model, zero-coupon

yields with different maturities are not perfectly correlated since the covariance is
COV? (dg?7dﬂ?) = (Uy1($1t,$2t,71)0y1($1t,$2t, 72) + Uy2($1t7$2t,71)0y2($1t,$2t77'2)) dt,

and, hence, the correlation is

Corr (dg dg7?) = ——Tut Xt TUTyL (X1, 7o) + 0y (Xt T1) 0y (X, 72)
\/Uy1(Xt,T1)2 + O'yQ(XtaTl)z\/Uyl(XthQ)Q + 0y2(x¢, T2)?

b

which in general will be less than 1.

The above analysis was based on two unspecified state variables x; and x3. Due to the fact
that all prices, interest rates, volatilities, etc., are functions of x; and x, it is typically possible to
shift to another pair of state variables Z; and Z5 and express prices, rates, etc., in terms of the new
variables. This is convenient if the new variables Z; and Zo are easier to observe than the original
variables £ and x5 since the price expressions are then simpler to apply in practice, and it will be
easier to estimate the model parameters. Of course, we could have stated the model in terms of
Z1 and o from the beginning, but it may be easier to develop the pricing formulas using x1 and

Zo. See Section 8.5.2 for an important example.

8.3.2 n-factor affine diffusion models

In the general n-factor affine model where the vector of state variables follows the process (8.5),
and the short rate is given as in (8.6), the zero-coupon bond price B} = BT (x;,t) is given by the
function

n

(8.15)  BT(x,t)=exp{—a(T —t) = b(T —t)"x} =expq —a(T —t) = Y _b;(T —t)z; »,

j=1
where the functions a(7),b1(7),...,b,(7) solve the following system of ordinary differential equa-
tions:
2
n . 1 n n )
(816) b;(T) = _ZKJZbJ(T) - Ezékl erkbj(T) +§ia m = 1)"'7”7
=1 k=1 j=1
2
n A 1 n n

(8.17) d(1) = Z Bsbi(1) ~ 3 > ko erkbj ()| + ¢,

Jj=1 k=1 Jj=1
with the initial conditions a(0) = b1(0) = --- = b,(0) = 0. Conversely, under certain regularity

conditions, the zero-coupon bond prices are only of the exponential-affine form if &, 3 gT, and r
are affine functions of x, cf. Duffie and Kan (1996).
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In an affine n-factor model the zero-coupon yields 47 = —(In B{™7) /7 are

b;(7)

T

l‘j,

(8.18) 7 (x) = @ + Z

t+71 a

and the forward rates f/ = f} re

fr(x) =d'(r)+ Y ¥(r)z;.
j=1
The dynamics of the zero-coupon bond price B} is
dBF -

— T Q
BT r(x¢) dt + Jz::laj (xt,1) dz gy,

where the sensitivities O'jT are given by

(819) O']T(X7 t) = —\/5]'0 + (5]'1.’)3‘1 + ... 5jnl'n Z ijbk(T — t).
k=1

8.3.3 European options on coupon bonds

As demonstrated in Section 7.2.3, the price of a European call option on a coupon bond is in the
one-factor affine models given as the price of a portfolio of European call options on zero-coupon
bonds, cf. (7.30) on page 170. This is the case whenever the price of any zero-coupon bond is a
monotonic function of the short rate. The same trick cannot be applied in multi-factor models so
that the prices of options on coupon bonds (and consequently also swaptions, cf. Section 2.9.2 on
page 39) must be computed using numerical methods. However, it is possible to approximate very
accurately the price of a European option on a coupon bond by the price of a single European
option on a carefully selected zero-coupon bond. For details on the approximation, see Chapter 12
and Munk (1999). As we shall see below, several of the multi-factor models provide a closed-form
expression for the price of a European option on a zero-coupon bond so that the approximate price

of the coupon bond option is easily obtainable.

8.4 Multi-factor Gaussian diffusion models
8.4.1 General analysis

The simplest affine multi-factor term structure models are the Gaussian models, which were
first studied by Langetieg (1980). A Gaussian model is an affine model of the form (8.5) where the
volatility functions v;(x) are constant so that the vectors §; are equal to zero. Since the diagonal
matrix is multiplied by the constant matrix ', we can and will assume that all the v;(x)’s are

equal to 1, i.e. §j0 = 1. In the Gaussian models the dynamics of the state variables is therefore
(8.20) dx, = (¢ — kx;) dt + [ dz.

Analogously to the analysis for one-dimensional Ornstein-Uhlenbeck processes in Section 3.8.2 on
page 59, we get that future values of the vector of state variables are n-dimensionally normally

distributed. In particular, the individual state variables are normally distributed. Since the short
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rate is a linear combination of these state variables, it follows that future values of the short rate
are normally distributed in these models. The expressions for means, variances, and covariances of
the state variables (and hence of the short rate) will be simple only when the matrix £ is diagonal.’
In a Gaussian model the sensitivities of the zero-coupon bond prices UjT defined in (8.19) depend

only on the time to maturity of the bond,
of (t) = = Tibp(T — t).
k=1

Gaussian models are very tractable and allow closed-form expressions for both bond prices and
prices of European options on zero-coupon bonds. The bond prices follow from (8.15). According

to (8.3), the price of a European call option on a zero-coupon bond is
CKTS(x,1) = BT (x,£) EY, [max (BS (xz,T) — K,0)] .

Since the vector of state variables xp given x; = x is normally distributed, the zero-coupon bond
price is lognormally distributed. As in the Gaussian one-factor models studied in Chapter 7, we

conclude that
CETS(x,t) = BS(x,t)N (d1) — KBT (x,t)N (da),

where
1 BS(x,t) 1
21 = 1 : — T
(8.21) h MLZS)H<KBUxﬂ)+2Mt’S%
(822) dz = d1 - v(t,T7 S),
and
v(t,T,S)? = Var?T {lan’s}
n T s 9
= of (u) — ol (u))” du

(8.23) ;/t (07 (@) = o5 ()

n

n T 2
_z;/t (Zrkj[bk(S—U)—bk(T—u)O du.

k=1

Let us focus on the case of two factors. In a Gaussian two-factor diffusion model the dynamics

of the state variables is of the form

(8.24) dxlt = (951 — R11T1t — %12%’215) dt + 'y dZ% + T2 dzga
(825) dro; = ((,272 — Ro1X1t — 1%22{,132,5) dt +T'9 dZ% + oo dzg

The ordinary differential equations (8.12) and (8.13) reduce to

(8.26) Vi(1) = —R11bi(7) — Ra1ba (1) + &1, 01(0)
(8.27) by(7) = —R12b1 (T) — Raoba(T) + &2, b2(0)

0,
0,

LGenerally the moments depend on the eigenvalues and the eigenvectors of the matrix &, cf. the discussion in
Langetieg (1980).
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while the equation for the function a becomes

& (r) = paba(r) + paba(r) = 3 (Cuabr (1) + Danby(r))?
(8.28) )
— 5 (Taaby(7) + Taoba(7)) + &, a(0) = 0.

According to (8.23), the variance term in the option price is given by

(8.29)

T
o(t,T,8)* = (T1; +T1) / [b1(S — u) — by (T — w)]* du
+ (T3, +71%,) / [b2(S — w) — bo(T — u)]* du

T
+ 2 (Fnrgl + F12F22) Z [bl (S — U) — b1 (T — U)] [bg(s — U) — bQ(T — U)] du.

8.4.2 A specific example: the two-factor Vasicek model

Beaglehole and Tenney (1991) and Hull and White (1994a) have suggested a Gaussian two-

factor model, which is a relatively simple extension of the one-factor Vasicek model in which
dri = K [é—rt} dt + Bdz2 = (¢ — kry) dt + Bdz2,

cf. Section 7.4 on page 176. The extension is to let the long-term level 6 follow a similar stochastic

process. Hull and White formulate the generalized model as follows:

(8.30) dry = (p+ &1 — kpry) dt + By d22,
(8.31) de; = —kKeer dt + Bep dz% + B./1 — p? dz%.

The process € = (e¢;) exhibits mean reversion around zero and represents the deviation of the
current view on the long-term level of the short rate from the average view. Here, (. is the
volatility of the e-process, and p is the correlation between changes in the short rate and changes
in . All constant parameters are assumed to be positive except p, which can have any value in
the interval [—1,1]. This two-factor model is the special case of the general Gaussian two-factor

model which is obtained by letting

o1 =@, R11 = Ky,
k12 = —1, 'y =6,
I'io =0, P2 =0,
ko1 = 0, Roo = ke,

'y = Bep, Too = fo/1 = p2.

Since the short rate is itself the first state variable, we must in addition put £; = 1 and §; = &; = 0.

After these substitutions the ordinary differential equations for by and by become

(8.32) W(r) = —rbi(r) 41, b1(0) =0,
(8.33) by (1) = b1 (1) — Keba(T), b2(0) = 0.
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The first of these is identical to the differential equation solved in the original one-factor Vasicek
model, cf. Section 7.4.2 on page 178, so we know that the solution is

bl(T) = i (]. — e—fw‘r) .

Ry
Next, it can be verified that the solution to the equation for b, is given by
1 1 1

bo(1) = —————e T — ——————e7 T 4 .
Ko [Kr — Kl Ke[kr — Ke) KrkKe

Finally, the equation for the function a can be rewritten as
. 1 1
a' (1) = @by () — 55351 (1)* - 5552172(7')2 — pBrBebi(T)b2(7),  a(0) =0,

from which it follows that
)= a0 at0)= [t
0
- 927/0 bi(u) du — %53/ by (u)? du — %B?/ by (w)? du — pﬁrﬁg/o by (w)ba (u) du

0 0

= L-ni - (30— 22 s ) (rohi) - Sen?)

Ko K2 Kr — ke  2(Kr — Ke)?

gz - 2
o 92 _3 4o FeT _ KeT
gy T p——" (27he — 3+ 4e e )

1 — e HKeT 1— —(Krtre)T
BB <T—b1(T)— I S )

Krke(Kr — Ke) Ke Ky + Ke

The relevant variance v(t,T,S)? entering the price of an option on a zero-coupon bond follows
from (8.29):

v(t,T,S)* = @%/t [b1(S —u) — by (T — w))? du+5§/t [b2(S — ) — bo(T — w)]? du

T
+ 2085 /t [b1(S — u) — b1 (T — )] [ba(S — u) — bo(T — u)] du,

where the integrals can be computed explicitly. Hull and White (1994a) show further how to
obtain a perfect fit of the model to an observed yield curve by replacing the constant ¢ by a
suitable time-dependent function.

Other Gaussian multi-factor models have been studied by Langetieg (1980) and Beaglehole and
Tenney (1991).

8.5 Multi-factor CIR models

8.5.1 General analysis

A term structure model is said to be an n-factor CIR model if the short rate equals the sum
of the n state variables, r; = 2?21 xji, and the risk-neutral dynamics of the n state variables is of
the form

dzj, = (¢j — Rjaje) dt + ,Bj\/:c_jtdzl%, j=1,...,n,
where ¢;, &, and §; are constants. Note that the state variables are mutually independent and
that each state variable follows a square root process, just as the short rate process in the one-

factor CIR model, cf. Section 7.5 on page 188. In particular, the processes will have non-negative
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values at all points in time.?2 Also note that a multi-factor CIR model is an affine model of the
form (8.5), where (i) the matrix £ is diagonal with &1, ..., &, in the diagonal and zeros in all other
entries, (ii) the matrix L is the identity matrix, i.e. the matrix with ones in the diagonal and zeros
in all other entries, and (iii) v;(x¢) = ﬁ?scjt.

In the multi-factor CIR models the ordinary differential equations (8.16) and (8.17) can be
solved explicitly. The solutions can be computed from the known expressions for a(7) and b(7) in

the one-factor CIR model. To see this, first recall from Chapter 5 that the zero-coupon bond price

T
exp{—/ Tudu} xt:x].
t

Using the relation r, = 1, + - - - + T, and the independence of the state variables, we can rewrite

can be written as

BT (x,t) = E©

the zero-coupon bond price as

n_ T
BT(x,t) = E? | exp 72/ Tjudu p| X =X
Q E ’
=E exp f/ Ti,du p| X = X
I @

T
exp{—/ Tju du} :cjt:acjl.
t

Because each state variable x; follows a process of the same type as the short rate in the one-factor
CIR model, we get

T
EC [exp{—/ xjudu}
t

Tjr = ;vj] =exp{—a;(T —1t) —b;(T — t)z,},

where

2(en — 1)
(v + R eV = 1) + 275’

bi(t) = ]
1
2

a;(r) = _% (111(2%‘) + 5 (R + )T —In(y; + #5) (77 — 1) + 2%‘]) :

and ; = /A&7 + 207, cf. (7.67), (7.70), and (7.71). Consequently, the zero-coupon bond price is

n

BT(x,t):Hexp{faj(Tft)fbj(Tft):cj}:exp —a(T —t) =Y _bi(T —t)z; ¢,

j=1

where a(7) = >_"_, a;(7). The dynamics of the zero-coupon bond price is

j=1
d]if = r(x,) dt + é o (x4,t) dz5,
where the sensitivities ajT are given by
(8.34) o] (x,t) = —B;/;b;(T — t).

2As in the one-factor CIR model, the process x; will be strictly positive if 2¢; > ﬁ?



8.5 Multi-factor CIR models

214

8.5.2 A specific example: the Longstaff-Schwartz model

Model description

The prevalent multi-factor CIR model is the two-factor model of Longstaff and Schwartz
(1992a). As the one-factor CIR model, the Longstaff-Schwartz model is a special case of the
general equilibrium model studied by Cox, Ingersoll, and Ross (1985a). With some empirical
support Longstaff and Schwartz assume that the economy has one state variable, x;, that affects
only expected returns on productive investments and another state variable, x5, that affects both
expected returns and the uncertainty about the returns on productive investments. The two state

variables x1 and x5 are assumed to follow the independent processes

dzi = (o1 — K121¢) dt + Biy/@1e dzae,
dxor = (2 — Kawar) dt + Bar/Tat dzas

under the real-world probability measure. All the constants are positive.
Under certain specifications of preferences, endowments, etc., of the agents in the economy (and
an appropriate scaling of the two state variables), the equilibrium short rate is exactly the sum of

the two state variables,
(8.35) Tt = T1p + Tot.

Furthermore, the market price of risk associated with x1, i.e. A\1(x,t), is equal to zero, while the
market price of risk associated with x5 is of the form Ao(x,t) = A\\/xo/F2, where X is a constant.

Hence, the standard Brownian motion under the spot martingale measure Q are given by
Q Q A
(8.36) dzpy = dzy, dzgy = dzoy + ﬂ—\/l'gt dt.
2
The dynamics of the state variables under the spot martingale measure becomes

dryy = (p1 — k) dt + Br/a d22,
dxo = (P2 — Rawar) dt + Ba2v/Tas dZ%a

where (ﬁl = 1, 1%1 = K1, (,2?2 = Y2, and I%Q = K2 —|—/\

The yield curve

According to the analysis for general multi-factor CIR models, the zero-coupon bond price

BT (z1,74,t) can be written as
(8.37) BT (z1, z, t) =exp{—a(T —t) — by (T — t)xy — bo(T — t)za},

where a(7) = a1 (1) + az(7),

2(e77 — 1)

b = , 3 =1,2,
RN G T
25, 1. o _
a;j(1) = *572_3 (ln@%‘) + 5 (Rj 4 y3)T = [(y; + A5) (7T —1) + 2”Yj]) , i=12,
J
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The state variables x1 and x5 are abstract variables that are not directly observable. Longstaff
and Schwartz perform a change of variables to the short rate, r;, and the instantaneous variance
rate of the short rate, v;. Strictly speaking, these variables cannot be directly observed either, but
they can be estimated from bond market data. In addition, the new variables seem important for
the pricing of bonds and interest rate derivatives, and it is easier to relate to prices as functions of

r and v instead of functions of x1 and x5. Since r; is given by (8.35), we get dry = dx1; + dzoy, i.e.

dry = (o1 + 92 — K1T1y — Katar) dt + Biv/@1e dzig + Pan/Tor dzos.

The instantaneous variance is Vary(dr;) = v; dt, where

(8.38) v = Brane + Baxar,

so that the dynamics of v; is

dvy = (BY1 + 302 — Birim1 — Bikawar) dt + B \/T1y dz1y + B3/Ta dzag.
If 81 # (32, the Equations (8.35) and (8.38) imply that

ﬂ%rt — Ut 51 7’t

52 - = 62 g2

The dynamics of r and v can then be rewritten as

dry = (<p1 + p2 — "@lgz _Kzﬁlr - 52 ) dt
2

(8.40)
+ B %2” dz1t+ﬁ2,/ ﬂgf Az,

K K Ko — B2k
dvy = (51 w1+ 62902 ﬁ16§ ﬂl 37% 2ﬂ2 51 1Ut> dt
2 1 2 1

(8.39) Ty =

(8.41) P 7
+ 332 —= It L dee + Ot ZPire dz
61 52 51 1t 62 ,62 — 12 2t

Since both z7 and z2 stay non-negative, it follows from (8.39) that v; at any point in time will lie
between ($7r; and B3r;. It can be shown that (8.40) and (8.41) imply that changes in r; and v, are
positively correlated, which is in accordance with empirical observations of the relation between
the level and the volatility of interest rates.

Substituting (8.39) into (8.37), we can write the zero-coupon bond price as a function of r

and v:
(8.42) BT (r,v,t) = exp {—a(T ) = by (T — t)r — bo(T — t)v} ,

where

© o\ P3bi(r) — Biba(T)
pr-6t

= ba(1) —ba(7)
b0 = =g

Note that the zero-coupon bond price involves six parameters, namely 31, B2, K1, f2, Y1, and Q.

The partial derivatives 9B7 /Or and BT /0v can be either positive or negative so, in contrast to
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the one-factor models in Chapter 7, the zero-coupon bond price is not a monotonically decreasing
function of the short rate. According to Longstaff and Schwartz, the derivative BT /Or is typically
negative for short-term bonds, but it can be positive for long-term bonds. The derivative 9BT /ov
approaches zero for 7 — 0 so that very short-term bonds are affected primarily by the short rate
and only to a small extent by the variance of the short rate. If the short rate r; at some point in
time is zero (in which case v; is also zero), it will become strictly positive immediately afterwards
and, hence, BT(0,0,¢) < 1. Finally, BT (r,v,t) — 0 for r — oo (in which case v — o0).
The zero-coupon yield 77 = yi ™7 is given by g7 = §" (r¢,v;), where
a(r) | bi(7)

g (rv) = T + T T

which is an affine function of r and v. It can be shown that §7(r,v) — r for 7 — 0 and that the

asymptotic long rate is constant since
g (r,v) — (”Yl —R1)+ ( Yo — Ra) for 7 — 0.
p7 B3

According to Longstaff and Schwartz, the yield curve 7 +— §7 (r, v) can have many different shapes,
for example it can be monotonically increasing or decreasing, humped (i.e. first increasing, then
decreasing), it can have a trough (i.e. first decreasing, then increasing) or both a hump and a
trough. We can see most of these shapes in Figure 8.1. Note that for a given short rate the shape
of the yield curve may depend on the variance factor. Partial changes in » and v may imply a
significant change of the shape of the yield curve, for example a twist so that different maturity
segments of the yield curve move in opposite directions. The Longstaff-Schwartz model is therefore
much more flexible than the one-factor CIR model.

The forward rate f7 = fi*7 is given by f7 = f7(rs,v¢), where
F7(r,v0) = a'(7) + by (7)r + by()v.

All zero-coupon yields and forward rates are non-negative in this model.

The dynamics of the zero-coupon bond price is of the form

dBT
B—Tt = rydt — Bi/Trhy (T — ) dz2 — Bo/Tarbo(T — ) dz3
t

= (Tt — /\xgtbg(T — t)) dt — 61 \/thbl (T — t) let — ﬁgﬁbg(T — t) dZQt
= <7"t+ bz( —t)(Bire — vr) )

62” d2’1t B2 ﬂl tb2 d2’2t,
B3 — \/ - B

where we have applied (8.34), (8.36), and (8.39). The so-called term premium, i.e. the expected
rate of return on a zero-coupon bond in excess of the short rate, is Abo(T —t)(B3r, —v.) /(585 — 5%),
which is positive if A < 0. It is consistent with empirical studies that the term premium is affected
by two stochastic factors (r and v) and depends on the interest rate volatility. The volatility

lloT (r,v,t)|| of the zero-coupon bond price B} is in the Longstaff-Schwartz model given by

5333 9 B3bo (T — t)* — Biby (T —t)?
-5 0 et Bz

o (r,v,t)||? = (bl(T—t)2 —bo(T —

Vt.
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Figure 8.1: Zero-coupon yield curves in the Longstaff-Schwartz model. The parameter values are
01 =0.1, B2 = 0.2, k1 = 0.3, kg = 045, ;1 = w3 = 0.01, and A = 0. The asymptotic long rate is
5.20%. The very thick lines are for a high value of v, namely (0.7533 + 0.253%)r; the thin lines are for
a medium value of v, namely (0.53% + 0.53%)r; and the medium thick lines are for a low value of v,
namely (0.2533 + 0.75037)r.
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Since the function T+ ||oT (r,v,t)|| depends on both of r and v, the two-factor model is able to
generate more flexible term structures of volatilities than the one-factor models. It can be shown

that the volatility ||o7(r,v,t)|| is an increasing function of the time to maturity 7' — ¢.

Options and other derivatives

Longstaff and Schwartz state a pricing formula for a European call option on a zero-coupon

bond, which in our notation looks as follows:

CK’T,S(ra v, t) = BS(T7 v, t)XQ (eh 92a 4@1/5]?7 4902/657“}1 [B%T - U]7 w2 [U - /6]2-7,,])

(843) T 2(A A 2 2 2 ~ 2
- KB (’r)U)t)X (01792;4@1/ﬁ1,4§02/ﬁ2,u)1[ﬂ2’r—U]7WQ[U—617"]>,

where
o —492[a(S - T) + In K]
LB (eI T — 1)2h,(S —t)
b — —492[a(S —T) + In K]

; i:1527

T = = ) = a2a
BT — 135,(T — )3u(5 — T)
4 ie’y'i[T_t]éi S—t
Wi= o 72 -T7t< A> » i=L2
B2 (B3 — B7) (e T=1 — 1)b;(S — T)
ol T—tp . (T —
By = 4v,e bi(T —t) =12,
B2 (B3 — Bi)(emT=t — 1)
5 o bi(7) .
bi(T)—m, 2—1,2.

Here x%(-,-) is the cumulative distribution function for a two-dimensional non-central y2-distri-

bution. To be more precise, the value of the cumulative distribution function is

) 01 02—ubz /601
X“(01,02;¢1,c2,d1,d2) = Fx2(er,dn) (1) / Ix?(cardz)(8) ds| du,
0 0

where f,2(.q) is the probability density function for a one-dimensional random variable which is
non-centrally y2-distributed with ¢ degrees of freedom and non-centrality parameter d. Note that
the inner integral can be written as the cumulative distribution function for a one-dimensional
non-central y2-distribution evaluated in the point 8, — ufy /61. As discussed in the context of the
one-factor CIR model, see page 192, this one-dimensional cumulative distribution function can
be approximated by the cumulative distribution function of a standard one-dimensional normal
distribution. The value of the two-dimensional x2-distribution function can then be obtained by
a numerical integration. Chen and Scott (1992) provide a detailed analysis of the computation of
the two-dimensional y2-distribution function. They conclude that, despite the necessary numerical
integration, the option price can be computed much faster using (8.43) than using Monte Carlo
simulation or numerical solution of the fundamental partial differential equation. Longstaff and
Schwartz state that the partial derivatives 9C/0r and 0C/0v can be either positive or negative,
which is not surprising considering the fact that the price of the underlying bond can also be either
positively or negatively related to r and v.

In the Longstaff-Schwartz model the prices of many derivative securities can only be computed
using numerical techniques. One approach is to numerically solve the fundamental partial differ-

ential equation with the appropriate terminal conditions, cf. Chapter 16. For that purpose the
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formulation of the model in terms of the original state variables, x; and xo, is preferable. The
PDE to be solved is

ov R N ov R ~ ov
5(3?1, T2,t) + (¢1 — Fiz1) 8761(331,56270 + (P2 — haz2) 3762(331,%27@

2 2

1 oV 1 0
+ Eﬂfxl ($1,$27t) + §ﬂ§$2 (33'1, .I‘Q,t)

o3 ox3
— ((El + {,CQ)V(ZL‘l,(EQ,t) =0, ((El,xg,t) eRL xRy x [O,T)

Note that since ;1 and x5 are independent, there is no term with the mixed second-order derivative
02V /dx10x4. This fact simplifies the numerical solution. The PDE for the price function in terms of
the variables r and v will involve a mixed second-order derivative since r and v are not independent.
Furthermore, the value space for the variables 1 and x5 is simpler than the value space for r and v
since the possible values of v depend on the value of r. This will complicate the numerical solution

of the PDE involving r and v even further.

Additional remarks

To implement the Longstaff-Schwartz model the current values of the short rate and the current
variance rate of the short rate must be determined, and parameter values have to be estimated.
Longstaff and Schwartz discuss the estimation procedure both in the original article and in other
articles, cf. Longstaff and Schwartz (1993a, 1994). Clewlow and Strickland (1994) and Rebonato
(1996, Ch. 12) discuss several practical problems in the parameter estimation. Longstaff and
Schwartz (1993a) explain how to obtain a perfect fit of the model yield curve to the observed
yield curve by replacing the parameter 4o with a suitable time-dependent function. However, this
extended version of the model exhibits time inhomogeneous volatilities, which is problematic as
will be discussed in Section 9.6. In Longstaff and Schwartz (1992b) the authors consider the pricing
of caps and swaptions within their two-factor model, while in Longstaff and Schwartz (1993b) they
discuss the importance of taking stochastic interest rate volatility into account when measuring

the interest rate risk of bonds.

8.6 Other multi-factor diffusion models
8.6.1 Models with stochastic consumer prices

Cox, Ingersoll, and Ross (1985b) introduce several multi-factor versions of their famous one-
factor model. The short rate in their one-factor model is really the real short rate, the bonds
they price are real bonds promising delivery of certain prespecified consumption units, and the
prices are also stated in consumption units. To derive prices in monetary units (e.g. dollars) of
nominal securities, i.e. securities with payoff specified in monetary units, they focus on including
the consumer price index as an additional state variable. In their extensions they continue to

assume that the real short rate follows the process
dry = K[0 — ri] dt + B\/1t dz1t,

as in the one-factor model. The first extension is to let the consumer price index p; follow a
geometric Brownian motion

dpy = py [mdt + By dzay]
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where m denotes the expected inflation rate, and where the market price associated with the

consumer price uncertainty is zero. A well-known application of It6’s Lemma implies that

1
d(lnp;) = <7T - 2ﬂ§> dt + By dzat

so that the extended model is affine in r; and Inp;. The price in monetary units of a nominal

zero-coupon bond maturing at time 7' is

BT(p,r,t) = p~Lexp {— [a(T 0+ <7r _ %@%) (T - t)] b7 — t)r} 7

where the functions a(7) and b(7) are exactly as in the one-factor CIR model, cf. (7.70) and (7.71)
on page 190.

In their second extension the expected inflation rate 7 is also assumed to be stochastic so that

dpy = py [y dt + B/ dzay]
dry = kr[0r — me] dt + pBr/Te dzoy + /1 — p?Ba/Tt dzst.

The resulting model is a three-factor affine model with the state variables r;, Inp;, and 7;. For the
precise expression of the price of a nominal zero-coupon bond we refer the reader to the article,
Cox, Ingersoll, and Ross (1985b).2 Other affine models of this type have been studied by Chen
and Scott (1993).

8.6.2 Models with stochastic long-term level and volatility

The Longstaff-Schwartz model described in Section 8.5.2 is not the only model that includes

stochastic interest rate volatility. Vetzal (1997) considers the model

dry = (o1 — K17g) dt + Byr] dzys,
d(In 5?) = ((pg — Ko lnﬂf) dt + p€dzie + /1 — p?Edzas,

while Andersen and Lund (1997) study the special case where the two processes are independent,
i.e. p = 0. Both articles focus on the estimation and testing of the models. None of the models are
affine or able to produce closed-form expressions for prices on bonds or options. Also Boudoukh,
Richardson, Stanton, and Whitelaw (1999) consider a model with stochastic volatility of the short
rate, but they use a non-parametric estimation technique in order to estimate the drift of the short
rate and both the drift and the volatility of the short rate volatility.

Balduzzi, Das, Foresi, and Sundaram (1996) suggest a three-factor affine model in which the
three state variables are the short rate r;, the long-term level 8; of the short rate, and the in-

stantaneous variance vy of the short rate. They assume that the real-world dynamics is of the

3In addition, Cox, Ingersoll, and Ross (1985b) state an explicit, but very complicated, pricing formula for the

nominal bond in the case where the expected inflation rate follows the process
dmy = kr[0r — m] dt + pﬁ',rﬂ'?/Z dzot + \/1 — pQBWW?ﬂ dzs¢,

and the dynamics of r; and p: are as before. This model does not belong to the affine class.
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form

d’l"t = Iir[et — T‘t} dt + \/’U—tlet,

df; = kgl0 — 0] dt + Bp dzoy,
dvy = Ky [0 — vg] dt + pBoy/vs dz1e + /1 — p?By/vr dzss.

Here, p is the correlation between changes in the short rate level and the variance of the short rate.
Furthermore, the market prices of risk are assumed to have a form that implies that the dynamics

under the spot martingale measure is

dry = (k[0 — 14] — Aovy) dt + /vp d22,
df; = (rpl0 — 0;] — NoBs) dt + Bp dzgy,
dvg = (k[0 — ve] — Aovr) dt + pBuy/Or dzls + /1 — p2B, /0y d2g,
where A, A\g, and A, are constants. The model is affine so that the zero-coupon bond prices are
BT (r,0,v,t) = exp{—a(T —t) — by (T — t)r — bo(T — )0 — bs(T — t)v}.

The authors find explicit expressions for b; and bs, but @ and b3 must to be found by numerical
solution of the appropriate ordinary differential equations, cf. (8.16) and (8.17). The model can
produce a wide variety of interesting yield curve shapes. The estimation of the model is also
discussed.

Chen (1996) studies a three-factor model with the same three state variables ry, 6;, and v;. In
the simplest version of the model, the dynamics under the real-world probability measure is given

as

d?”t = I{T[et — Tt} dt + \/v_tdzlt,
d, = rol0 — 6] dt + 59\/@d22t»
dvy = Ky[U — vg] dt + By\/vr dz3y,

and the market prices of risk are such that the dynamics of the state variables have the same
structure under the spot martingale measure, but with different constants s, kg, 0, k,, and @.

Since the model is affine, the zero-coupon bond prices are of the form
BT (r,0,v,t) = exp{—a(T —t) — by (T — t)r — ba(T — )6 — bs(T — t)v}.

Although the model is not a multi-factor CIR model, Chen is able to find explicit, but complicated,
expressions for the functions a, b1, bs, and b3. In addition, Chen considers a more general three-
factor model, which is not included in the affine class of models.

Dai and Singleton (2000) divide the class of affine models into subclasses, and for each subclass
they find the most general model that satisfies the conditions v;(x) > 0 (j = 1,...,n) which ensure
that the process for the state variables is well-defined. They focus on the three-factor models and
show how the three-factor models suggested in the literature (e.g. the models of Chen and of
Balduzzi, Das, Foresi, and Sundaram) fit into this classification. They find that the suggested
models can be extended and, based on an empirical test using the historical evolution of zero-
coupon yields of three different maturities, they conclude that the extensions are important in
order for the models to be realistic. However, explicit expressions for the functions a, b1, by, and b3

have not been found in the extended models.
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8.6.3 A model with a short and a long rate

One of the very first two-factor term structure models was suggested by Brennan and Schwartz
(1979). They take the short rate r; and the long rate I; to be the state variables. The long rate is
the yield on a consol (an infinite maturity bond) which yields a continuous payment at a constant
rate ¢. This is in line with empirical studies since the short rate can be seen as an indicator for
the level of the yield curve, while the difference between the long and the short rate is a measure
of the slope of the yield curve. The specific long rate dynamics assumed by Brennan and Schwartz
is unacceptable, however. The problem is that the long rate is given by I, = ¢/L;, where L; is the

price of the consol, and we know that this price follows from the short rate process and the pricing

L, =E} [/ e~ Jiru d“cds} .
t

The drift and the volatility of L, and hence of [;, are therefore closely related to the short rate r;.

formula

Brennan and Schwartz assume for example that the volatility of the long rate is proportional to
the long rate and independent of the short rate. For a more detailed discussion of this issue, see
Hogan (1993) and Duffie, Ma, and Yong (1995). In addition to the model formulation problems,
the Brennan-Schwartz model does not allow closed-form pricing formulas for bonds or derivatives.
Although it should be possible to construct a theoretically acceptable model with the short and
the long rate as the state variables, no such model has apparently been suggested in the finance

literature.

8.6.4 Key rate models

In their analysis of affine multi-factor models Duffie and Kan (1996) focus on models in which
the state variables are zero-coupon yields of selected maturities, e.g. the 1-year, the 5-year, the
10-year, and the 30-year zero-coupon yield. We will refer to the selected interest rates as key
rates. A clear advantage of such a model is that it is easy to observe (or at least estimate) the
state variables from market data, much easier than the short rate volatility for example. The
yield curve obtained in these models automatically matches the market yields for the selected
maturities. Other multi-factor models tend to have difficulties in matching the long end of the
yield curve, which is problematic for the pricing and hedging of long-term bonds and options on
long-term bonds. Many practitioners measure the sensitivity of different securities towards changes
in different maturity segments of the yield curve. For that purpose it is clearly convenient to use a
model that gives a direct relation between security prices and representative yields for the different
maturity segments.

As shown in (8.18), the zero-coupon yields g7 = yi*” in a general n-factor affine diffusion model
are given by g7 = §" (x¢), where

n
7 =40y b0,

T -
j=1

Here, the functions a, by, ..., by, solve the ordinary differential equations (8.16) and (8.17) with the
initial conditions a(0) = b;(0) = 0. If each state variable z; is the zero-coupon yield for a given
time to maturity 7;, i.e.

¥ (x) = zj,
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we must have that
(844) bj(Tj)ZTj, a(Tj)Zbi(Tj)ZO, 7,77,75]

These conditions impose very complicated restrictions on the parameters in the drift and the
volatility terms in the dynamics of the state variables, i.e. the key rates. Explicit expressions for
the functions a and by, ...,b, can only be found in the Gaussian models. In general, the Ricatti
equations with the extra conditions (8.44) have to be solved numerically.

An alternative procedure is to start with an affine model with other state variables so that the
conditions (8.44) do not have to be imposed in the solution of the Ricatti equations. Subsequently,
the variables can be changed to the desired key rates. Since the zero-coupon yields are affine
functions of the original state variables, the model with the transformed state variables (i.e. the

key rates) is also an affine model.

8.6.5 Quadratic models

In Section 7.6 we gave a short introduction to quadratic one-factor models, i.e. models in which
the short rate is the square of a state variable which follows an Ornstein-Uhlenbeck process. There
are also multi-factor quadratic term structure models. The vector of state variables = follows a

multi-dimensional Ornstein-Uhlenbeck process
dx; = (¢ — kxy¢) dt + Ldz?,

and the short rate is a quadratic function of the state variables, i.e.

n n n
re=EH YT X0 = E+ ) b+ )Y Opraas.
i=1

i=1 j=1

The zero-coupon bond prices are then of the form

BT (x,t) =exp{—a(T —t) —b(T —t)"x —x"c(T — t)x}

n n

n
=expq —a(T —t) — Z bi(T —t)x; — Z Z cij (T —t)xixj o,
i=1 i=1 j=1
where the functions a, b;, and ¢;; can be found by solving a system of ordinary differential equations.
These equations have explicit solutions only in very simple cases, but efficient numerical solution
techniques exist. Special cases of this model class have been studied by Beaglehole and Tenney
(1992) and Jamshidian (1996), whereas Leippold and Wu (2002) provide a general characterization

of the quadratic models.

8.7 Final remarks

To give a precise description of the evolution of the term structure of interest rates over time,
it seems to be necessary to use models with more than one state variable. However, it is more
complicated to estimate and apply multi-factor models than one-factor models. Is the additional
effort worthwhile? Do multi-factor models generate prices and hedge ratios that are significantly
different from those generated by one-factor models? Of course, the answer will depend on the

precise results we want from the model.
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Buser, Hendershott, and Sanders (1990) compare the prices on selected options on long-term
bonds computed with different time homogeneous models. They conclude that when the model
parameters are chosen so that the current short rate, the slope of the yield curve, and some interest
rate volatility measure are the same in all the models, the model prices are very close, except when
the interest rate volatility is large. However, they only consider specific derivatives and do not
compare hedge strategies, only prices.

For a comparison of derivative prices in different models to be fair, the models should produce
identical prices of the underlying assets, which in the case of interest rate derivatives are the
zero-coupon bonds of all maturities. As we will discuss in more detail in Chapter 9, the models
studied so far can be generalized in such a way that the term structure of interest rates produced
by the model and the observed term structure match exactly. The model is said to be calibrated
to the observed term structure. Basically, one of the model parameters has to be replaced by a
carefully chosen time-dependent function, which results in a time inhomogeneous version of the
model. The models can also be calibrated to match prices of derivative securities. Several authors
assume a presumably reasonable two-factor model and calibrate a simpler one-factor model to the
yield curve of the two-factor model using the extension technique described above. They compare
the prices on various derivatives and the efficiency of hedging strategies for the two-factor and
the calibrated one-factor model. We will take a closer a look at these studies in Section 9.9. The
overall conclusion is that the calibrated one-factor models should be used only for the pricing of
securities that resemble the securities to which the model is calibrated. For the pricing of other
securities and, in particular, for the construction of hedging strategies it is important to apply
multi-factor models that provide a good description of the actual evolution of the term structure
of interest rates.

Another conclusion of Chapter 9 is that the calibrated factor models should be used with
caution. They have some unrealistic properties that may affect the prices of derivative securities.
In Chapters 10 and 11 we will consider models that from the outset are developed to match the
observed yield curve.

Just as at the end of Chapter 7 we will come to the defense of the time homogeneous diffusion
models. In practice, the zero-coupon yield curve is not directly observable, but has to be estimated,
typically by using observed prices on coupon bonds. Frequently, the estimation procedure is based
on a relatively simple parameterization of the discount function as e.g. a cubic spline or a Nelson-
Siegel parameterization described in Chapter 1. Probably, an equally good fit to the observed
market prices and an economically more appropriate yield curve estimate can be obtained by
applying the parameterization of the discount function 7'+ B} that comes from an economically
founded model such as those discussed in this chapter. Hence, it may be better to use the time
homogeneous version of the model than to calibrate a time inhomogeneous version perfectly to an

estimate of the current yield curve.



Chapter 9

Calibration of diffusion models

9.1 Introduction

In Chapters 7 and 8 we have studied diffusion models in which the drift rates, the variance
rates, and the covariance rates of the state variables do not explicitly depend on time, but only on
the current value of the state variables. Such diffusion processes are called time homogeneous. The
drift rates, variances, and covariances are simple functions of the state variables and a small set of
parameters. The derived prices and interest rates are also functions of the state variables and these
few parameters. Consequently, the resulting term structure of interest rates will typically not fit
the currently observable term structure perfectly. It is generally impossible to find values of a small
number of parameters so that the model can perfectly match the infinitely many values that a term
structure consists of. This property appears to be inappropriate when the models are to be applied
to the pricing of derivative securities. If the model is not able to price the underlying securities
(i.e. the zero-coupon bonds) correctly, why trust the model prices for derivative securities? In order
to be able to fit the observable term structure we need more parameters. This can be obtained by
replacing one of the model parameters by a carefully chosen time-dependent function. The model
is said to be calibrated to the market term structure. The resulting model is time inhomogeneous.
The calibrated model is consistent with the observed term structure and is therefore a relative
pricing model (or pure no-arbitrage model), cf. the classification introduced in Section 5.8. The
model can also be calibrated to other market information such as the term structure of interest
rate volatilities. This requires that an additional parameter is allowed to depend on time.

For time homogeneous diffusion models the current prices and yields and the distribution of
future prices and yields do not depend directly on the calendar date, only on the time to maturity.
For example, the zero-coupon yield y/*" does not depend directly on ¢, but is determined by the
maturity 7 and value of the state variables x;. Consequently, if the state variables have the same
values at two different points in time, the yield curve will also be the same. Time homogeneity
seems to be a reasonable property of a term structure model. When interest rates and prices
change over time, it is due to changes in the economic environment (the state variables) rather
than the simple passing of time. In contrast, the time inhomogeneous models discussed in this
chapter involve a direct dependence on calendar time. We have to be careful not to introduce
unrealistic time dependencies that are likely to affect the prices of the derivative securities we are
interested in.

In this chapter we consider the calibration of the one-factor models discussed in Chapter 7.
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Similar techniques can be applied to the multi-factor models of Chapter 8, but in order to focus
on the ideas and keep the notation simple we will consider only one-factor models. The approach
taken in this chapter is basically to “stretch” an equilibrium model by introducing some particular
time-dependent functions in the dynamics of the state variable. A more natural approach for
obtaining a model that fits the term structure is taken in Chapters 10 and 11, where the dynamics
of the entire yield curve is modeled in an arbitrage-free way assuming that the initial yield curve

is the one currently observed in the market.

9.2 Time inhomogeneous affine models

Replacing the constants in the time homogeneous affine model (7.6) on page 164 by deterministic

functions, we get the short rate dynamics
(9.1) dre = (p(t) — &(t)re) dt + \/01(t) + 0o (t)re dz?

under the spot martingale measure, i.e. in a hypothetical, risk-neutral world. In this extended
version of the model, the distribution of the short rate r., prevailing 7 years from now will
depend both on the time horizon 7 and the current calendar time ¢. In the time homogeneous
models the distribution of 71, is independent of ¢. Despite the extension we obtain more or less
the same pricing results as for the time homogeneous affine models. Analogously to Theorem 7.1,

we have the following characterization of bond prices:

Theorem 9.1 In the model (9.1) the time t price of a zero-coupon bond maturing at T is given

as B' = BT (ry,t), where
(9.2) BT (r,t) = e~ &) =b(T)r

and the functions a(t,T) and b(t,T) satisfy the following system of differential equations:

(9.3) %52(t)b(t, T)* + &(t)b(t, T) — %(t, T)-1=0,
(9.4) %(t,T) + ()bt T) — %51(t)b(t,T)2 =0

with the conditions a(T,T) = b(T,T) = 0.

The only difference relative to the result for time homogeneous models is that the functions a and
b (and hence the bond price) now depend separately on ¢ and T, not just on the difference T — ¢.
The proof is almost identical to the proof of Theorem 7.1 and is therefore omitted. The functions
a(t,T) and b(t,T) can be determined from the Equations (9.3) and (9.4) by first solving (9.3) for
b(t,T) and then substituting that solution into (9.4), which can then be solved for a(¢,T').

It follows immediately from the above theorem that the zero-coupon yields and the forward

rates are given by

(9.5) yT(r,t) = T ¢ + "
and
(9.6) ff(r,t) = %(t,T) + ﬁ(t,T)r.
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Both expressions are affine in r.

Next, let us look at the term structures of volatilities in these models, i.e. the volatilities on
zero-coupon bond prices P7 = B!t zero-coupon yields 57 = y/*7, and forward rates f; = f/*7
as functions of the time to maturity 7. These volatilities involve the volatility of the short rate

B(r,t) = \/1(t) + d2(t)r and the function b(t,T). The dynamics of the zero-coupon bond prices is
dPtt+T = Ptt+7— [(Tt — )\(Tt, t)ﬁ(?“t, t)b(t7 t+ T)) dt — b(t, t+ T),@(Tt, t) dZt] ,

while the dynamics of zero-coupon yields and forward rates is given by

b(t,t
(97) dyf+7— =...dt+ #ﬂ(ﬁg, t) dZt
and
T
(9.8) dfitT = ... dt+ (¢, T) Blrs, t) dzy,
or T=t+1

respectively. Focusing on the volatilities, we have omitted the rather complicated drift terms.

From (9.3) we see that if the functions d2(¢) and &(t) are constant, then we can write b(¢,T) as
b(T — t) where the function b(7) solves the same differential equation as in the time homogeneous
affine models, i.e. the ordinary differential equation (7.8) on page 165. If d1(¢) is also constant,
the short rate volatility 5(r¢,t) = \/01(f) + d2(¢)r¢ will be time homogeneous. Consequently, when
k(t), 61(t), and d2(t) — but not necessarily ¢(t) — are constants, the term structures of volatilities
of the model are time homogeneous in the sense that the volatilities of B{*7, yi*7 and fi*7
depend only on 7 and the current short rate, not on ¢. Due to the time inhomogeneity, the future
volatility structure can be very different from the current volatility structure, even for a similar
yield curve. This property is inappropriate and not realistic. Furthermore, the prices of many
derivative securities are highly dependent on the evolution of volatilities, see e.g. Carverhill (1995)
and Hull and White (1995). A model with unreasonable volatility structures will probably produce
unreasonable prices and hedge strategies.

For these reasons it is typically only the parameter ¢ that is allowed to depend on time. Below
we will discuss such extensions of the models of Merton, of Vasicek, and of Cox, Ingersoll, and
Ross. For a particular choice of the function ¢(t) these extended models are able to match the
observed yield curve exactly, i.e. the models are calibrated to the market yield curve.

Note that if only ¢ depends on time, the function b(7) is just as in the original time homogeneous

version of the model, whereas the a function will be different. Since

(T,T) —a(t,T) = T%( T)d
a(T, a(t,T) = . ou u, U

and a(T,T) = 0, Eq. (9.4) implies that
T . 51 T )
a(t,T) = P(w)o(T — u) du — 5 (T — u)* du.
t ¢

In particular,

T T
(9.9) a(0,T) = /O ST — 1) dt—% /O BT — 1)2 dt.
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We want to pick the function ¢(¢) so that the current (time 0) model prices on zero-coupon bonds,
BT (ry,0), are identical to the observed prices, P(T), i.e.

(9.10) a(0,T) = —=b(T)ro — In P(T).

We can then determine $(¢) by comparing (9.9) and (9.10). In the extensions of the models of
Merton and Vasicek we are able to find an explicit expression for ¢(t), while numerical methods

must be applied in the extension of the CIR model.

9.3 The Ho-Lee model (extended Merton)

Ho and Lee (1986) developed a recombining binomial model for the evolution of the entire
yield curve taking the currently observed yield curve as given. Subsequently, Dybvig (1988) has

demonstrated that the continuous time limit of their binomial model is a model with
(9.11) dry = §(t) dt + 5dz2,

which extends Merton’s model described in Section 7.3. The prices of zero-coupon bonds are of

the form
BT(’/‘, t) _ efa(t,T)fb(Tft)r’

where b(7) = 7 just as in Merton’s model, and

T T
(9.12) a(t,T) = /t Su)(T — u) du — %ﬁQ/f (T — u)? du,

cf. the discussion in the preceding section. The following theorem shows how to choose the function

$(t) in order to match any given initial yield curve.

Theorem 9.2 Let t — f(t) be the current term structure of forward rates and assume that this

function is differentiable. Then the term structure of interest rates in the Ho-Lee model (9.11) with

(9.13) B(t) = /(1) + B

will be identical to the current term structure. In this case we have

_ P : Lo 2
(9.14) alt,T) = =In s = (T = (1) + 30°T — 1)

Proof: Substituting b(T' —t) =T — t and §; = (32 into (9.9), we obtain

T T T
a(O,T):/O @(t)(T—t)dt—%ﬁQ/O (T—t)%zt:/o @(t)(T—t)dt—%62T3.

Computing the derivative with respect to T, using Leibnitz’ rule,! we obtain

Jda B T 1 oo
1) = [ eltd— 5T,

f h(t,T) is a deterministic function, which is differentiable in T', then

6% </0Th(t,T)dt> :h(T,T)—&-/OTg—;(t,T)dt.
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and another differentiation gives

9%a
(9.15) éfgaLT):g%T)fﬂ?F

We wish to satisfy the relation (9.10), i.e.
a(0,T) = ~Trog —In P(T).

Recall from (1.14) on page 9 the following relation between the discount function P and the term

structure of forward rates f: ~ -
Ol P(T)  P(T)

ar P T
Hence, a(0,T) must satisfy that
da -
8_T(O’T) =—ro+ f(T)
and therefore
0%a -
(9.16) W(QT) = f(T),

where we have assumed that the term structure of forward rates is differentiable. Comparing (9.15)
and (9.16), we obtain the stated result.
Substituting (9.13) into (9.12), we get

T T 1 T
a(t,T) = / F (u) (T —u) du + ﬂQ/ u(T —u) du — iﬂQ/ (T — u)? du.
t t t
Partial integration gives

T T D
| @ - wai=--ofo+ [ fwa=-c-oi0-n(5).

where we have used the relation between forward rates and zero-coupon bond prices to conclude
that

T T t B B 7(T)

(9.17) / Flu) du = / Fu) du —/ F(u)du = —n P(T) + n P(t) = —In () .

¢ 0 0 P(t)
Furthermore, tedious calculations yield that

T 1 T 1
ﬁ?/ (T — ) du — 5@/ (T — ) du= LT ~ )"
¢ ¢

Now, a(t,T) can be written as stated in the Theorem. O

In the Ho-Lee model the short rate follows a generalized Brownian motion (with a time-
dependent drift). From the analysis in Chapter 3 we get that the future short rate is normally
distributed, i.e. the Ho-Lee model is a Gaussian model. The pricing of European options is similar
to the original Merton model. The price of a call option on a zero-coupon bond is given by (7.43)
on page 175 with the same expression for the variance v(¢, T, S). As usual, the price of a call option

on a coupon bond follows from Jamshidian’s trick.
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9.4 The Hull-White model (extended Vasicek)

When we replace the parameter § in Vasicek’s model (7.50) by a time-dependent function 6(t),

we get the following short rate dynamics under the spot martingale measure:
(9.18) dry = K {é(t) - rt} dt + Bdz2.

This model was introduced by Hull and White (1990a) and is called the Hull-White model or the
extended Vasicek model. As in the original Vasicek model, the process has a constant volatility
B > 0 and exhibits mean reversion with a constant speed of adjustment £ > 0, but in the extended
version the long-term level is time-dependent. The risk-adjusted process (9.18) may be the result

of a real-world dynamics of
dry = & [0(t) — r¢] dt + B dz,

and an assumption that the market price of risk depends at most on time, A(t). In that case we

will have

0(t) = 0(t) — ﬁA(t).

K
Despite the slight extension, it follows from the discussion in Section 3.8.2 on page 59 that the
model remains Gaussian. To be more precise, the future short rate rp is normally distributed with

the same variance as in the original Vasicek model,
T 2
Var, ¢[rr] = Var®, [rr] = 52/ e 2ol =l gy = g— (1 — 6_2”[T_t]) ,
, \ P
but a different mean, namely
T ~
EY [rr] = e "M H/ e =10 (u) du
t
under the spot martingale measure and
T
E,i[rr] = e "Ity 4 Ii/ e *T=ulg(u) du
t

under the real-world probability measure.
According to Theorem 9.1 and the subsequent discussion, the zero-coupon bond prices in the

Hull-White model are given by

(9.19) BT (r,t) = e—a(tT)=b(T—0)r

where

(9.20) b(r) == (1-e "),

(9.21) a(t,T) —fi/ 0 (u —u)du+ﬁ2 (T—t)2+%(b(T—t)—(T—t)).

This expression holds for any given function 6. Now assume that at time 0 we observe the current
short rate 79 and the entire discount function 7'+ P(T) or, equivalently, the term structure of
forward rates T' +— f(T). The following result shows how to choose the function § so that the

model discount function matches the observed discount function exactly.
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Theorem 9.3 Let t — f(t) be the current (time 0) term structure of forward rates and assume
that this function is differentiable. Then the term structure of interest rates in the Hull-White
model (9.18) with

) 7 1 7 62 —2K
(922) 00) = J(t) + T (0) + 5y (1= e72)
will be identical to the current term structure of interest rates. In this case we have
P(T) con o, B 2 —ont
2 t, T)=—-In——= —b(T -t —b(T —t)* (1 —e =),
(923) oft.7) = ~In e~ T~ () + LT~ 7 (1)
Proof: From Eq. (9.21) it follows that
t g, B
.24 = — L Lz ).
(9.24) a(0,8) = 1 /0 A(u)b(t — u)du+ L b(1) + g (B(1) — 1)
Repeated differentiations yield
t
(9.25) 9a(0.1) _ / O(u)e =4 dy, — 15%@)2
ot 0 2
and
820’(()’ t) ) 2 L —K[t—u] 2 —kKt
2 = KO(t) — K O(u)e du — B°b(t)be
0
- da(0,t) (2 o
=kb(t) — Kk 5 —%(1—6275),

where we have applied Leibnitz’ rule (see footnote 1, page 228). Consequently,

32 okt 10%a(0,t)  9a(0,t)
2&2(1 © )+/<a ot2 + ot

(9.26) o(t) =
Differentiation of the expression (9.10), which we want to be satisfied, yields

da(0,t)  P'(¥)

2 —- — _ —Kl _ f _ —kt
(927) o = o = 0 e
and 82a(0.1)

a(0,t - Ck
iz = J () + Ko™,

Substituting these expressions into (9.26), we obtain (9.22).
Substituting (9.26) into (9.21), we get

a(t,T) = /T f(w) (1 _ e*n[Tfu]) du + % /T 7 (w) (1 _ efn[Tfu]) du
+%/ (1—e‘2“")(1—e‘[ )du+ﬁ—2b( t)? +2ﬁ—2(b(T—t)—(T_t)).
T
| Fwd= ) - o),

T T
%/t f/(u)e_fi[T—u] du = %f(T) - %f(t)e—n[T—t] _/t f‘(u)e—n[T—u] du.

Note that

Partial integration yields
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From (9.17) we get that

a(t,T) = —In (E) ~

P(t)
+f—2b(T—t)Q+7(b(T—t) —(T'—=1).

)

2K2

ObT — 1)+ 2 /T (1— e=2) (1 - e_’“[T_“]) du

After some straightforward, but tedious, manipulations we arrive at the desired relation (9.23).
O

Due to the fact that the Hull-White model is Gaussian, the prices of European call options
on zero-coupon bonds can be derived just as in the Vasicek model. Since the b function and the
variance of the future short rate are the same in the Hull-White model as in Vasicek’s model, we

obtain exactly the same option pricing formula, i.e.

(9.28) CETS (1 t) = BY(r,t)N (d1) — KBT (r,t)N (da),
where
1 B3 (r,t) 1
h=aTeh (KBT(T, t)) +3vt T S),

d2 = d1 — ’U(t,T, S),

(1T, S) = \/5? (1 N efm[sz]) (1 _ 672N[T7t]>1/2.

Since the zero-coupon bond price is a decreasing function of the short rate, we can apply Jamshid-

ian’s trick stated in Theorem 7.3 for the pricing of European options on coupon bonds in terms of

a portfolio of European options on zero-coupon bonds.

9.5 The extended CIR model

Extending the CIR model analyzed in Section 7.5 in the same way as we extended the models

of Merton and Vasicek, the short rate dynamics becomes?

(9.29) dry = (KO(t) — iry) dt + B/ dz2.

For the process to be well-defined 6(t) has to be non-negative. This will ensure a non-negative
drift when the short rate is zero so that the short rate stays non-negative and the square root term
makes sense. To ensure strictly positive interest rates we must further require that 2k60(t) > 32
for all ¢.

For an arbitrary non-negative function 6(t) the zero-coupon bond prices are
BT(T, t) _ e—a(t,T)—b(T—t)r7

where b(7) is exactly as in the original CIR model, cf. (7.70) on page 190, while the function a is

now given by

T
a(t,T) = n/t O(w)b(T — u) du.

2This extension was suggested already in the original article by Cox, Ingersoll, and Ross (1985b).
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Suppose that the current discount function is P(T) with the associated term structure of
forward rates given by f(T) = —P'(T)/P(T). To obtain P(T) = B (r¢,0) for all T, we have to
choose 0(t) so that

T
a(0,T) = —In B(T) — b(T)ro = H/ O(u)B(T —u)du, T > 0.
0
Differentiating with respect to T, we get
~ T
F(T) =6 (T)ro + /1/ O(u)b' (T —u)du, T > 0.
0

According to Heath, Jarrow, and Morton (1992, p. 96) it can be shown that this equation has a

unique solution 0(t), but it cannot be written in an explicit form so a numerical procedure must

be applied. We cannot be sure that the solution complies with the conditions that guarantee a

well-defined short rate process. Clearly, a necessary condition for 6(¢) to be non-negative for all ¢

is that

(9.30) F(T) > rot/(T), T >0.

Not all forward rate curves satisfy this condition, cf. Exercise 9.1. Consequently, in contrast to the

Merton and the Vasicek models, the CIR model cannot be calibrated to any given term structure.
No explicit option pricing formulas have been found in the extended CIR model. Option prices

can be computed by numerically solving the partial differential equation associated with the model,

e.g. using the techniques outlined in Chapter 16.

9.6 Calibration to other market data

Many practitioners want a model to be consistent with basically all “reliable” current market
data. The objective may be to calibrate a model to the prices of liquid bonds and derivative
securities, e.g. caps, floors, and swaptions, and then apply the model for the pricing of less liquid
securities. In this manner the less liquid securities are priced in a way which is consistent with the
indisputable observed prices. Above we discussed how an equilibrium model can be calibrated to
the current yield curve (i.e. current bond prices) by replacing the constant in the drift term with a
time-dependent function. If we replace other constant parameters by carefully chosen deterministic
functions, we can calibrate the model to further market information.

Let us take the Vasicek model as an example. If we allow s to depend on time, the short rate

dynamics becomes
dry = k(t) [é(t) - rt} dt + 3dz2
= [p(t) — k(t)ry] dt + B dz2.

The price of a zero-coupon bond is still given by Theorem 9.1 as BT (r,t) = exp{—al(t,T)—b(t,T)r}.
According to Egs. (15) and (16) in Hull and White (1990a), the functions x(t) and ¢(t) are

~9%b(0,1)/0t?
“) = =300 /0t

822420 () [ ()
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and can hence be determined from the functions ¢ — a(0,t) and ¢ — b(0,¢) and their derivatives.

From (9.7) we get that the model volatility of the zero-coupon yield y!*™ = y*+7(r;, t) is

ot T(t) = gb(m + 7).

r
Y

coupon yield volatilities is represented by the function ¢ — &,(t), we can obtain a perfect match

In particular, the time 0 volatility is ¢7(0) = £8b(0,7)/7. If the current term structure of zero-
of these volatilities by choosing

b(0,t) = %ay(t).

The function ¢ — a(0,t) can then be determined from b(0,¢) and the current discount function
t — P(t) as described in the previous sections. Note that the term structure of volatilities can be
estimated either from historical fluctuations of the yield curve or as “implied volatilities” derived
from current prices of derivative securities. Typically the latter approach is based on observed
prices of caps.

Finally, we can also let the short rate volatility be a deterministic function 3(¢) so that we get
the “fully extended” Vasicek model

(9.31) dry = k()[0(t) — ] dt + B(t) dz2.

Choosing 3(t) in a specific way, we can calibrate the model to further market data.
Despite all these extensions, the model remains Gaussian so that the option pricing for-
mula (9.28) still applies. However, the relevant volatility is now v(t, T, .S), where

T T
o(t,T,)” = / B(w)? [b(u, S) — b, T)]? du = [b(0,5) — b(0, T)) / [ab(m“) du,

2

0,u)/ 8u}
cf. Hull and White (1990a). Jamshidian’s result (7.30) for European options on coupon bonds is
still valid if the estimated b(¢,T') function is positive.

If either k or 8 (or both) are time-dependent, the volatility structure in the model becomes
time inhomogeneous, i.e. dependent on the calendar time, cf. the discussion in Section 9.2. Since
the volatility structure in the market seems to be pretty stable (when interest rates are stable),
this dependence on calendar time is inappropriate. Broadly speaking, to let x or S depend on
time is to “stretch the model too much”. It should not come as a surprise that it is hard to find a
reasonable and very simple model which is consistent with both yield curves and volatility curves.

If only the parameter 0 is allowed to depend on time, the volatility structure of the model is
time homogeneous. The drift rates of the short rate, the zero-coupon yields, and the forward rates
are still time inhomogeneous, which is certainly also unrealistic. The drift rates may change over
time, but only because key economic variables change, not just because of the passage of time.
However, Hull and White and other authors argue that time inhomogeneous drift rates are less
critical for option prices than time inhomogeneous volatility structures. See also the discussion in
Section 9.9 below.

9.7 Initial and future term structures in calibrated models

In the preceding section we have implicitly assumed that the current term structure of interest

rates is directly observable. In practice, the term structure of interest rates is often estimated from
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the prices of a finite number of liquid bonds. As discussed in Section 1.6, this is typically done by
expressing the discount function or the forward rate curve as some given function with relatively
few parameters. The values of these parameters are chosen to match the observed prices as closely
as possible.

A cubic spline estimation of the discount function will frequently produce unrealistic estimates
for the forward rate curve and, in particular, for the slope of the forward rate curve. This is
problematic since the calibration of the equilibrium models depends on the forward rate curve and
its slope as can be seen from the earlier sections of this chapter. In contrast, the Nelson-Siegel

parameterization

(9.32) f(t) =c1 + coe™ ™ 4 cste™

cf. (1.30), ensures a nice and smooth forward rate curve and will presumably be more suitable in
the calibration procedure.

No matter which of these parameterizations is used, it will not be possible to match all the
observed bond prices perfectly. Hence, it is not strictly correct to say that the calibration pro-
cedure provides a perfect match between model prices and market prices of the bonds. See also
Exercise 9.2.

Recall that the cubic spline and the Nelson-Siegel parameterizations are not based on any
economic arguments, but are simply “curve fitting” techniques. The theoretically better founded
dynamic equilibrium models of Chapters 7 and 8 also result in a parameterization of the discount
function, e.g. (7.67) and the associated expressions for a and b in the Cox-Ingersoll-Ross model.
Why not use such a parameterization instead of the cubic spline or the Nelson-Siegel parameter-
ization? And if the parameterization generated by an equilibrium model is used, why not use
that equilibrium model for the pricing of fixed income securities rather than calibrating a different
model to the chosen parameterized form? In conclusion, the objective must be to use an equi-
librium model that produces yield curve shapes and yield curve movements that resemble those
observed in the market. If such a model is too complex, one can calibrate a simpler model to
the yield curve estimate stemming from the complex model and hope that the calibrated simpler
model provides prices and hedge ratios which are reasonably close to those in the complex model.

A related question is what shapes the future yield curve may have, given the chosen parameter-
ization of the current yield curve and the model dynamics of interest rates. For example, if we use
a Nelson-Siegel parameterization (9.32) of the current yield curve and let this yield curve evolve
according to a dynamic model, e.g. the Hull-White model, will the future yield curves also be of
the form (9.32)? Intuitively, it seems reasonable to use a parameterization which is consistent with
the model dynamics, in the sense that the possible future yield curves can be written on the same
parameterized from, although possibly with other parameter values.

Which parameterizations are consistent with a given dynamic model? This question was studied
by Bjork and Christensen (1999) using advanced mathematics, so let us just list some of their

conclusions:

e The simple affine parameterization f(t) = c; +cat is consistent with the Ho-Lee model (9.11),
i.e. if the initial forward rate curve is a straight line, then the future forward rate curves in

the model are also straight lines.
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e The simplest parameterization of the forward rate curve, which is consistent with the Hull-
White model (9.18), is

ft) = cre ™ 4 cpe 2kt

e The Nelson-Siegel parameterization (9.32) is consistent neither with the Ho-Lee model nor

the Hull-White model. However, the extended Nelson-Siegel parameterization
ft)=c1 + coe M 4 egte™M 4 o e 2
is consistent with the Hull-White model.

Furthermore, it can be shown that the Nelson-Siegel parameterization is not consistent with any

non-trivial one-factor diffusion model, cf. Filipovié (1999).

9.8 Calibrated non-affine models

In Section 7.6 on page 193 we looked at some non-affine one-factor models with constant param-
eters. These models can also be calibrated to market data by replacing the constant parameters

by time-dependent functions. The Black-Karasinksi model (7.79) can thus be extended to
(9.33) d(Inry) = k(£)(0(t) — Inry) dt + B(t) dz2,

where k, 0, and § are deterministic functions of time. Despite the generalization, the future values
of the short rate remain lognormally distributed. Black and Karasinksi implement their model in
a binomial tree and choose the functions x, 8, and § so that the yields and the yield volatilities
computed with the tree exactly match those observed in the market. There are no explicit pricing
formulas, and the construction of the calibrated binomial tree is quite complicated.

The BDT model introduced by Black, Derman, and Toy (1990) is the special case of the Black-

Karasinski model where 3(t) is a differentiable function and

0
B

Still, no explicit pricing formulas have been found, and also this model is typically implemented in

K(t)

a binomial tree.® To avoid the difficulties arising from time-dependent volatilities, 3(¢) has to be

constant. In that case, k(t) = 0 in the BDT model, and the model is reduced to the simple model
1 5 0
dry = 56 re dt + Bre dz,

which is a special case of the Rendleman-Bartter model (7.80) and cannot be calibrated to the
observed yield curve.

Theorem 7.6 showed that the time homogeneous lognormal models produce completely wrong
Eurodollar-futures prices. The time inhomogeneous versions of the lognormal models exhibit the

same unpleasant property.

31t is not clear from Black, Derman, and Toy (1990) how a calibrated tree can be constructed, but Jamshidian

(1991) fills this gap in their presentation.
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9.9 Is a calibrated one-factor model just as good as a multi-factor model?

In the opening section of Chapter 8 we argued that more than one factor is needed in order
to give a reasonable description of the evolution of the term structure of interest rates. However,
multi-factor models are harder to estimate and apply than one-factor models. If there are no
significant differences in the prices and hedge ratios obtained in a multi-factor and a one-factor
model, it will be computationally convenient to use the one-factor model. But will a simple one-
factor model provide the same prices and hedge ratios as a more realistic multi-factor model? We
initiated the discussion of this issue in Section 8.7, where we focused on the time homogeneous
models. Intuitively, the prices of derivative securities in two different models should be closer when
the two models produce identical prices to the underlying assets. Several authors compare a time
homogeneous two-factor model to a time inhomogeneous one-factor model which has been perfectly
calibrated to the yield curve generated by the two-factor model.

Hull and White (1990a) compare prices of selected derivative securities in different models that
have been calibrated to the same initial yield curve. They first assume that the time homogeneous
CIR model (with certain parameter values) provides a correct description of the term structure,
and they compute prices of European call options on a 5-year bullet bond and of various caps,
both with the original CIR model and the extended Vasicek model calibrated to the CIR yield
curve. They find that the prices in the two models are generally very close, but that the percentage
deviation for out-of-the-money options and caps can be considerable. Next, they compare prices
of European call options on a 5-year zero-coupon bond in the extended Vasicek model to prices
computed using two different two-factor models, namely a two-factor Gaussian model and a two-
factor CIR model. In each of the comparisons the two-factor model is assumed to provide the
true yield curve, and the extended Vasicek-model is calibrated to the yield curve of the two-factor
model. The price differences are very small. Hence, Hull and White conclude that although the
true dynamics of the yield curve is consistent with a complex one-factor (CIR) or a two-factor
model, one might as well use the simple extended Vasicek model calibrated to the true yield curve.

Hull and White consider only a few different derivative securities and only two relatively sim-
ple multi-factor models, and they compare only prices, not hedge strategies. Canabarro (1995)
performs a more adequate comparison. First, he argues that the two-factor models used in the
comparison of Hull and White are degenerate and describe the actual evolution of the yield curve
very badly. For example, he shows that, in the two-factor CIR model they use, one of the factors
(with the parameter values used by Hull and White) will explain more than 99% of the total
variation in the yield curve and hence the second factor explains less than 1%. As discussed in
Section 8.1 on page 201, he finds empirically that the most important factor can explain only 85%
and the second-most important factor more than 10% of the variation in the yield curve. Moreover,
Hull and White’s two-factor CIR model gives unrealistically high correlations between zero-coupon
yields of different maturities. For example, the correlation between the 3-month and the 30-year
par yields is as high as 0.96 in that model, which is far from the empirical estimate of 0.46, cf.
Table 8.1. Therefore, a comparison to this two-factor model will provide very little information on
whether it is reasonable or not to use a simple calibrated one-factor model to represent the com-
plex real-world dynamics. In his comparisons Canabarro also uses a different two-factor model,

namely the model of Brennan and Schwartz (1979), which was briefly described at the end of
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Section 8.6. Despite the theoretical deficiencies of the Brennan-Schwartz model, Canabarro shows
that the model provides reasonable values for the correlations and the explanatory power of each
of the factors.

Each of the two two-factor models is compared to two calibrated one-factor models. The first
is the extended one-factor CIR model

dry = (@(t) — &(t)ry) dt + By/ry g,
and the second is the BDT model

gt
B(t)

The time-dependent functions in these models are chosen so that the models produce the same

d(lnry) = (0(t) — Inry) dt + B(t) dz2.

initial yield curve and the same prices of caps with a given cap-rate, but different maturities, as
the two-factor model which is assumed to be the “true” model. Note that both these calibrated
one-factor models exhibit time-dependent volatility structures, which in general should be avoided.

For both of the two benchmark two-factor models, Canabarro finds that using a calibrated one-
factor model instead of the correct two-factor model results in price errors that are very small for
relatively simple securities such as caps and European options on bonds. For so-called yield curve
options that have payoffs given by the difference between a short-term and a long-term zero-coupon
yield, the errors are much larger and non-negligible. These findings are not surprising since the one-
factor models do not allow for twists in the yield curve, i.e. yield curve movements where the short
end and the long end move in opposite directions. It is exactly those movements that make yield
curve options valuable. Regarding the efficiency of hedging strategies, the calibrated one-factor
models perform very badly. This is true even for the hedging of simple securities that resemble the
securities used in the calibration of the models. Both pricing errors and hedging errors are typically
larger for the BDT model than for the calibrated one-factor CIR model. In general, the errors are
larger when the one-factor models have been calibrated to the more realistic Brennan-Schwartz
model than to the rather degenerate two-factor CIR model used in the comparison of Hull and
White.

The conclusion to be drawn from these studies is that the calibrated one-factor models should
be used only for pricing securities that are closely related to the securities used in the calibration of
the model. For the pricing of other securities and, in particular, for the design of hedging strategies
it is important to apply multi-factor models that give a good description of the actual movements

of the yield curve.

9.10 Final remarks

This chapter has shown how one-factor equilibrium models can be perfectly fitted to the ob-
served yield curve by replacing constant parameters by certain time-dependent functions. However,
we have also argued that this calibration approach has inappropriate consequences and should be
used only with great caution.

Similar procedures apply to multi-factor models. Since multi-factor models typically involve
more parameters than one-factor models, they can give a closer fit to any given yield curve without

introducing time-dependent functions. In this sense the gain from a perfect calibration is less for



9.11 Exercises 239

multi-factor models. In the following two chapters we will look at a more direct way to construct

models that are consistent with the observable yield curve.

9.11 Exercises

EXERCISE 9.1 (Calibration of the CIR model) Compute ' (7) in the CIR model by differentiation
of (7.70) on page 190. Find out which types of initial forward rate curves the CIR model can be calibrated
to, by computing (using a spreadsheet for example) the right-hand side of (9.30) for reasonable values of

the parameters and the initial short rate. Vary the parameters and the short rate and discuss the effects.

EXERCISE 9.2 (The Hull-White model calibrated to the Vasicek yield curve) Suppose the observable

bond prices are fitted to a discount function of the form

(*) P(t) = e*a(t)fb(t)m7
where
1 —kt
b(t)y=—(1-—
(== (1-e™),

alt) = yeelt — b(0)] + 2000,

where Yoo, k, and [ are constants. This is the discount function of the Vasicek model, cf. (7.51)—(7.53) on

page 178.
(a) Express the initial forward rates f(t) and the derivatives f'(¢) in terms of the functions a and b.

(b) Show by substitution into (9.22) that the function 6(t) in the Hull-White model will be given by the

constant "

2K2’

when the initial “observable” discount function is of the form (*), i.e. as in the Vasicek model.

0(t) = Yoo +



Chapter 10

Heath-Jarrow-Morton models

10.1 Introduction

In Chapter 7 and Chapter 8 we discussed various models of the term structure of interest
rates which assume that the entire term structure is governed by a low-dimensional Markov vector
diffusion process of state variables. Among other things, we concluded from those chapters that a
time-homogeneous diffusion model generally cannot produce a term structure consistent with all
observed bond prices, but as discussed in Chapter 9 a simple extension to a time-inhomogeneous
model allows for a perfect fit to any (or almost any) given term structure of interest rates. A
more natural way to achieve consistency with observed prices is to start from the observed term
structure and then model the evolution of the entire term structure of interest rates in a manner
that precludes arbitrage. This is the approach introduced by Heath, Jarrow, and Morton (1992),
henceforth abbreviated HIM.! The HJM models are relative pricing models and focus on the
pricing of derivative securities.

This chapter gives an overview of the HJM class of term structure models. We will discuss
the main characteristics, advantages, and drawbacks of the general HJM framework and consider
several model specifications in more detail. In particular, we shall study the relationship between
HJM models and the diffusion models discussed in previous chapters. We take an applied per-
spective and, although the exposition is quite mathematical, we shall not go too deep into all
technicalities, but refer the interested reader to the original HIM paper and the other references

given below for details.

10.2 Basic assumptions

As before, we let fI be the (continuously compounded) instantaneous forward rate prevailing
at time t for a loan agreement over an infinitesimal time interval starting at time 7" > ¢. We shall
refer to fI as the T-maturity forward rate at time t. Suppose that we know the term structure of
interest rates at time 0 represented by the forward rate function T+ f&'. Assume that, for any

fixed T, the T-maturity forward rate evolves according to

(10.1) dff = a(t, T, (f)sz0) dt+ > 0; (06T, (ff)s2e) dzir, 0<t<T,
i=1

IThe binomial model of Ho and Lee (1986) can be seen as a forerunner of the more complete and thorough
HJM-analysis.

240
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where z1,...,z, are n independent standard Brownian motions under the real-world probability
measure. The (f7)s>; terms indicate that both the forward rate drift o and the forward rate
volatility terms (3; at time ¢ may depend on the entire forward rate curve present at time ¢.

We call (10.1) an n-factor HIM model of the term structure of interest rates. Note that n
is the number of random shocks (Brownian motions), and that all the forward rates are affected
by the same n shocks. The diffusion models discussed in Chapter 7 and Chapter 8 are based on
the evolution of a low-dimensional vector diffusion process of state variables. The general HJM
model does not fit into that framework. As discussed in Chapter 5 it is not possible to use the
partial differential equation approach for pricing in such general models, but we can still price by
computing relevant expectations under the appropriate martingale measures. However, we can
think of the general model (10.1) as an infinite-dimensional diffusion model, since the infinitely
many forward rates can affect the dynamics of any forward rate.? In Section 10.6 we shall discuss
when an HJM model can be represented by a low-dimensional diffusion model.

The basic idea of HJM is to directly model the entire term structure of interest rates. Recall
from Chapter 1 that the term structure at some time t is equally well represented by the discount
function T +— B or the yield curve T+ y! as by the forward rate function T+ fI', due to the

following relations

(10.2) BT = e~ I fids — o=/ (T-)
8111 BT 8yT
T _ _ t _ T _ t
(10.3) fe = oT ye +(T'—1) T’
(10.4) yl = 1 /T fids=— ! In BT
E A A T—t '

We could therefore have specified the dynamics of the zero-coupon bond prices or the yield curve
instead of the forward rates. However, there are (at least) three reasons for choosing the forward
rates as the modeling object. Firstly, the forward rates are the most basic elements of the term
structure. Both the zero-coupon bond prices and yields involve sums/integrals of forward rates.
Secondly, we know from our analysis in Chapter 5 that one way of pricing derivatives is to find the
expected discounted payoff under the spot martingale measure, where the discounting is in terms
of the short-term interest rate r;. The short rate is related to the forward rates, the yield curve,
and the discount function as

. . 0lnBT
o= gt =t =y 2P

Obviously, the relation of the forward rates to the short rate is much simpler than that of both the
yield curve and the discount function, so this motivates the HJIM choice of modeling basis. Thirdly,
the volatility structure of zero coupon bond prices is more complicated than that of interest rates.
For example, the volatility of the bond price must approach zero as the bond approaches maturity,
and, to avoid negative interest rates, the volatility of a zero coupon bond price must approach zero
as the price approaches one. Such restrictions need not be imposed on the volatilities of forward

rates.

2In fact, the results of Theorem 10.1, 10.2, and 10.4 are valid in the more general setting, where the drift and
volatilities of the forward rates also depend the forward rate curves at previous dates. Since no models with that
feature have been studied in the literature, we focus on the case where only the current forward rate curve affects

the dynamics of the curve over the next infinitesimal period of time.
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10.3 Bond price dynamics and the drift restriction

In this section we will discuss how we can change the probability measure in the HJM framework
to the spot martingale measure Q. As a first step, the following theorem gives the dynamics
under the real-world probability measure of the zero coupon bond prices B} under the HJM

assumption (10.1).

Theorem 10.1 Under the assumed forward rate dynamics (10.1), the price BE of a zero coupon

bond maturing at time T evolves as

(10.5) dB} = Bl |u

Tt () st dt+2a (ff s>t>dzzt],

=1

where
T 1 T 2
(106) /-LT(ta (ftS)SZt) =Tt — /t Oé(t, u, (fts)SZt) du + 5 ; (Z 6i(t7 u, (ftS)SZt) du) )

(10.7) ol (t, (f5)s>t) / Bi(t,u, (f7)s>t) du

Proof: For simplicity we only proof the claim for the case n = 1, where
dftT = a(t’ T, (fts)SZt) dt + ﬂ(tv T, (fts)SZt) dzy, 0<t<T,

for any 7. Introduce the auxiliary stochastic process

T
Yt:/ fi du.
t

Then we have from (10.2) that the zero coupon bond price is given by B = e~ Y. If we can find
the dynamics of Y;, we can therefore apply It6’s Lemma to derive the dynamics of the zero-coupon
bond price B}'. Since Y; is a function of infinitely many forward rates f* with dynamics given
by (10.1), it is however quite complicated to derive the dynamics of Y;. Due to the fact that ¢
appears both in the lower integration bound and in the integrand itself, we must apply Leibnitz’

rule for stochastic integrals stated in Theorem 3.3 on page 55, which in this case yields

T T
4y, — <—7“t n / (X(t7 u, (ftS)SZt) du) dt + (/ 6(t’ Uu, (fts)szt) du) dzy,

where we have applied that 7; = f(,t). Since B} = g(V;), where g(Y) = e~Y with ¢/(Y) = —e~Y
and ¢"(Y) = e7Y, Itd’s Lemma (see Theorem 3.4 on page 56) implies that the dynamics of the

zero coupon bond prices is

T 1 T 2
dBI ={ —e Yt —T¢ sy (ff)s>e)d —e Uy (f7)s>e) d d
: e <r+/t a(tu(f)>)U>+2e (/t ﬁ(tu(f)>)u> t
(/ B(t,u, (ff)s>t)d )dzt

Ty — /t a(t,u, (ff)s>e) du+ = (/ Bt u, (ff)s>e)d >2dt
- ( / Bt (7)) du> dzt] ,

:BtT
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which gives the one-factor version of (10.5). O

Now we turn to the behavior under the spot martingale measure Q. The forward rate will
have the same volatility terms 0;(¢,T, (ff)s>:) as under the real-world probability measure, but
a different drift. More precisely, we have from Chapter 5 that the n-dimensional process z¢ =
(22, 29)7 defined by

dz3 = dzgy + Ay dt

is a standard Brownian motion under the spot martingale measure Q, where the \; processes are

the market prices of risk. Substituting this into (10.1), we get

AT = &t T,(fF)sz) dt+ > Bilt, T, (f7)sz0) d=2,

=1

where
n

d(tv T7 (fts)sZt) = O‘(t7 T7 (fts)sZt) - Z 5i(t> T7 (fts)SZt))\it

i=1

As in Theorem 10.1 we get that the drift rate of the zero coupon bond price becomes

T n T 2
- [ a0t 53 ( | Bt du)

under the spot martingale measure Q. But we also know that this drift rate has to be equal to r;.

This can only be true if

f st eoam=53 ( s (f:>s>t>du> .

Differentiating with respect to T, we get the following key result:

Theorem 10.2 The forward rate drift under the spot martingale measure Q satisfies

n T
(10.) BT () ) = S BT ()ezn) [ At (7))

i=1
The relation (10.8) is called the HIM drift restriction. The drift restriction has important
consequences: Firstly, the forward rate behavior under the spot martingale measure Q is fully
characterized by the initial forward rate curve, the number of factors n, and the forward rate
volatility terms 3;(¢, T, (f{)s>¢). The forward rate drift is not to be specified exogenously. This is
in contrast to the diffusion models considered in the previous chapters, where both the drift and
the volatility of the state variables were to be specified.

Secondly, since derivative prices depend on the evolution of the term structure under the spot
martingale measure and other martingale measures, it follows that derivative prices depend only
on the initial forward rate curve and the forward rate volatility functions G;(¢, T, (f7)s>¢). In
particular, derivatives prices do not depend on the market prices of risk. We do not have to make
any assumptions or equilibrium derivations of the market prices of risk to price derivatives in an
HJM model. In this sense, HJM models are pure no-arbitrage models. Again, this is in contrast
with the diffusion models of Chapters 7 and 8. In the one-factor diffusion models, for example,

the entire term structure is assumed to be generated by the movements of the very short end and
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the resulting term structure depends on the market price of short rate risk. In the HJM models
we use the information contained in the current term structure and avoid to separately specify the

market prices of risk.

10.4 Three well-known special cases

Since the general HJIM framework is quite abstract, we will in this section look at three speci-

fications that result in well-known models.

10.4.1 The Ho-Lee (extended Merton) model

Let us consider the simplest possible HIM-model: a one-factor model with B(¢, T, (f)s>t) =
B > 0, i.e. the forward rate volatilities are identical for all maturities (independent of T') and
constant over time (independent of ¢). From the HJM drift restriction (10.8), the forward rate
drift under Q is

T
&wﬂuﬂga:ﬂ[/Muzfﬁ—ﬂ

With this specification the future value of the T-maturity forward rate is given by
t t
fr :fg+/ ﬁQ[T—u]du—i—/ Bdz2,
0 0

which is normally distributed with mean f& + 3%¢[T —t/2] and variance fot 32 du = B°t.

In particular, the future value of the short rate is
1 t
re=f{ =[5+ 5,6’2162 +/0 Bdz2.
By It6’s Lemma,
(10.9) dry = (t) dt + Bdzf,

where ¢(t) = Of¢t/0t + B%t. From (10.9), we see that this specification of the HJM model is
equivalent to the Ho-Lee extension of the Merton model, which was studied in Section 9.3 on
page 228. It follows that zero coupon bond prices are given in terms of the short rate by the

relation
BtT — efa(t,T) —(T—t)r:

where
T 2
a(t, T) = /t () (T — ) du — %(T )8,

K,T,S
Cy

Furthermore, the price of a European call option maturing at time 7" with exercise price K

written on the zero coupon bond maturing at S is

(10.10) clTS = BSN (dy) — KBT'N (ds),
where

1 B? 1
10.11 di = 1 ! —v(t,T,S
oty = s () + 2T
(10.12) dg :dl —’U(t,T7 S),

(10.13) o(t, T, S) = BIS — TIVT —t.
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In addition, Jamshidian’s trick for the pricing of European options on coupon bonds (see Theo-
rem 7.3 on page 170) can be applied since Bg? is a monotonic function of rp.
10.4.2 The Hull-White (extended Vasicek) model

Next, let us consider the one-factor model with the forward rate volatility function

(10.14) B, T, (f7)sze) = Be= T

for some positive constants 3 and . Here the forward rate volatility is an exponentially decaying

function of the time to maturity. By the drift restriction, the forward rate drift under Q is

T 62
Q(t T, (f7)s2e) = BT / Ge et du = B r Tt (1 = omelT )

so that the future value of the T-maturity forward rate is

t 2 t
ftT = fép +/ ﬂ—e‘“[T_“] (1 — e_”[T_“]) du+/ ﬁe_“[T_“] dzg.
o K 0

In particular, the future short rate is

t
re = fl=g(t) + /Be”‘t/ e d2Q,
0
where the deterministic function g is defined by

2
_ rt ﬂ —k[t—u] _—K[t—u]
g(t) = fo + ¢ (1 e ) du

t
0
2
_ gt B —kt)2
- fo + ﬁ (1 — e ) .
Again, the future values of the forward rates and the short rate are normally distributed.

Let us find the dynamics of the short rate. Writing R; = fg e dzQ, we have 1y = G(t, Ry),
where G(t, R) = g(t) + Be "' R. We can now apply It6’s Lemma with dG/0t = ¢'(t) — kBe "R,
OG/OR = Be~*t and 82G/OR? = 0. Since dR; = e** dz2 and

off B _« —k
gt)=237+—e " (1-e),

we get

dry = [g'(t) — kBe™ "Ry dt + Be """ dz2

t 2
(o B
K

=12 (1 - e*”t) - /fﬂe"th} dt + 6d29.

Inserting the relation 7; — g(t) = Be "Ry, we can rewrite the above expression as

dry = {%’? + %Ze*“ (1—e™) —klre — 9(’5)]} dt + fdz;

= k[O(t) — ry dt + B dz2,

where
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A comparison with Section 9.4 on page 230 reveals that the HJM one-factor model with forward
rate volatilities given by (10.14) is equivalent to the Hull-White (or extended-Vasicek) model.

Therefore, we know that the zero coupon bond prices are given by
BtT _ efat(t,T)fb(Tft)rt7
where
b(r) = 1 - 67”7) ,
B p?
tT—m/ B)b(T — u) du+ 0T 0 4 5 (6T~ 1) = (T~ 1)

The price of a European call on a zero coupon bond is again given by (10.10), but where

(10.15) o(t, T, S) = \/573 (1 - e*“[S*T}) (1 - e*z"[T*ﬂ)l/Q .
K

Again, Jamshidian’s trick can be used for European options on coupon bonds.

10.4.3 The extended CIR model

We will now discuss the relation between the HIM models and the Cox-Ingersoll-Ross (CIR)
model studied in Section 7.5 with its extension examined in Section 9.5. In the extended CIR

model the short rate is assumed to follow the process

dry = (KO(t) — iry) dt + B/ dz2
under the spot martingale measure. The zero-coupon bond prices are of the form BT (ry,t) =
exp{—a(t,T) — b(T — t)r;}, where

20e7 — 1)
(v+R) (7T —1)+2y

b(r) =

with v = /#2 4 262, and the function a is not important for what follows. Therefore, the volatility

of the zero-coupon bond price is

ol (re,t) = —b(T — ) B/

On the other hand, in a one-factor HJM set-up the zero-coupon bond price volatility is given in
terms of the forward rate volatility function 5(¢, T, (ff)s>¢) by (10.7). To be consistent with the

CIR model, the forward rate volatility must hence satisfy the relation

T
/t Bt 1, (f)s30) du = b(T — 1)B/77.

Differentiating with respect to T, we get

BT, (f7)s21) = V(T = t)By/re.
A straightforward computation of b’(7) allows this condition to be rewritten as
4,}/2 67[T7t]

10.16 B, T, (fi)s>t) =
( ) ( (f)s>t) ((’Y + &) (eIt — 1) + 2’)/)

50V

As discussed in Section 9.5, such a model does not make sense for all types of initial forward rate

curves.
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10.5 Gaussian HJM models

In the first two models studied in the previous section, the future values of the forward rates
are normally distributed. Models with this property are called Gaussian. Clearly, Gaussian models
have the unpleasant and unrealistic feature of yielding negative interest rates with a strictly positive
probability, cf. the discussion in Chapter 7. On the other hand, Gaussian models are highly
tractable.

An HJM model is Gaussian if the forward rate volatilities 3; are deterministic functions of time

and maturity, i.e.
Bit, T, (f)s>t) = Bi(t, T), i=1,2,...,n.
To see this, first note that from the drift restriction (10.8) it follows that the forward rate drift

under the spot martingale measure Q is also a deterministic function of time and maturity:
n T
a(t,T) = 3 Bi(t,T) / By(t, u) du.
i=1 t
It follows that, for any T', the T-maturity forward rates evolves according to
t nooat
= fOT+/ &(u, T) du+Z/ Gi(u,T) dz;%.
0 = Jo

Because (;(u, T) at most depends on time, the stochastic integrals are normally distributed, cf. The-
orem 3.2 on page 54. The future forward rates are therefore normally distributed under Q. The

short-term interest rate is r, = ff, i.e.

t n t
(10.17) rt=f3+/ d(u,t)du+2/ Bi(u,t)dz2, 0<t,
0 i=1 70

which is also normally distributed under ). In particular, there is a positive probability of negative
interest rates.

To demonstrate the high degree of tractability of the general Gaussian HJM framework, the
following theorem provides a closed-form expression for the price CtK TS of a European call on the

zero-coupon bond maturing at S.

Theorem 10.3 In the Gaussian n-factor HIM model in which the forward rate volatility coeffi-
cients B;(t, T, (f{)s>¢) only depend on time t and maturity T, the price of a European call option

maturing at T written with exercise price K on a zero-coupon bond maturing at S is given by

(10.18) cFTS = BSN (dy) — KBT'N (dy),
where

1 Bs 1
10.1 dy = 1 ¢ —o(t, T
(10.19) LT T, S) n(KBtT) + 20T, 5),
(1020) dg = d1 - 'U(t,T, S),

1/2

no [ 8 2
(10.21) v(t,T,S) = Z/t /Tﬁi(u,y)dy] du

30f course, this does not imply that interest rates are necessarily normally distributed under the true, real-world

probability measure P, but since the probability measures P and Q are equivalent, a positive probability of negative

rates under Q implies a positive probability of negative rates under P.
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Proof: We will apply the same procedure as we did in the diffusion models of Chapter 7, see e.g.
the derivation of the option price in the Vasicek model in Section 7.4.5. The option price is given
by

(10.22) CtK’T’S = BtT E?T [max (Bf,? - K, O)} = BtT E?T {max (F;:’S - K, 0)} ,

where Q7 denotes the T-forward martingale measure introduced in Section 5.3.1 on page 113. We
will find the distribution of the underlying bond price B at expiration of the option, which is
identical to the forward price of the bond with immediate delivery, F:,T S The forward price for
delivery at T is given at time t as F,"® = BS/BT. We know that the forward price is a Q7-
martingale, and by Ité’s Lemma we can express the volatility terms of the forward price by the
Volatility terms of the bond prices, which according to (10.7) is given by o (t) = — fts Bi(t,y) dy
and ol (t) = — ft Bi(t,y) dy. Therefore, we get that

n

dFtT’S:Z(JzS(t)_U ())FTSdet == (/ Bi(t y)dy) FTSdet

i=1

ht(t)
It follows (see Chapter 3) that

In Fp% = In B9 — Z/ du—i—Z/

From Theorem 3.2 we get that In B = In F, EAC R normally distributed with variance

v(t, T, S)? Z/ du—Z/ (/ @uydy) du.

The result now follows from an application of Theorem A.4 in Appendix A. o

Consider, for example, a two-factor Gaussian HJM model with forward rate volatilities

B, T)=p5  and  Bo(t,T) = Boe <1,

where (31, (2, and k are positive constants. This is a combination of two one-factor examples of

Section 10.4. In this model we have

v(t,T,S)Qz/tT[/TSﬁldyl du+/ [/ Boe™ y“]dy] du

— RIS - TPT — 1+ 22 (1= ) (1 eair),

cf. (10.13) and (10.15).
It is generally not possible to express the future zero coupon bond price B% as a monotonic
function of rp, not even when we restrict ourselves to a Gaussian model. Therefore, we can

generally not use Jamshidian’s trick to price European options on coupon bonds.

10.6 Diffusion representations of HJM models

As discussed immediately below the basic assumption (10.1) on page 240, the HIM models

are generally non-Markov in the sense that the interest rate processes and derived processes do
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generally not have the Markov property. For computational purposes there is a great advantage in
applying a low-dimensional Markov diffusion model as we will argue below. As discussed earlier
in this chapter, we can think of the entire forward rate curve as following an infinite-dimensional
Markov diffusion process. On the other hand, we have already seen some specifications of the HJM
model framework which imply that the short-term interest rate follows a Markov diffusion process.
In this section, we will discuss when such a low-dimensional diffusion representation of an HJM

model is possible.

10.6.1 On the use of numerical techniques for diffusion and non-diffusion models

For the purpose of using numerical techniques for derivative pricing, it is crucial whether
or not the short rate or more generally some low-dimensional vector of state variables has the
Markov property. A Markov process can be approximated by a recombining tree, whereas a non-
recombining tree must be used for non-Markov processes since the future evolution can depend
on the path followed thus far. The number of nodes in a non-recombining tree explodes. A one-
variable binomial tree with n time steps has n + 1 endnodes if it is recombining, but 2™ endnodes
if it is non-recombining. This makes it practically impossible to use trees to compute prices of
long-term derivatives in non-diffusion term structure models.

In a Markov diffusion model we can use partial differential equations (PDEs) for pricing, cf.
the analysis in Chapter 5. Such PDEs can be efficiently solved by numerical methods for both
European- and American-type derivatives as long as the dimension of the state variable vector does
not exceed three or maybe four. If it is impossible to express the model in some low-dimensional
vector of state variables, the PDE approach does not work.

The third frequently used numerical pricing technique is the Monte Carlo simulation approach.
The Monte Carlo approach can be applied even for non-diffusion models. The basic idea is to
simulate, from now and to the maturity date of the contingent claim, the underlying Brownian
motions and, hence, the relevant underlying interest rates, bond prices, etc., under an appropriately
chosen martingale measure. Then the payoff from the contingent claim can be computed for this
particular simulated path of the underlying variables. Doing this a large number of times, the
average of the computed payoffs leads to a good approximation to the theoretical value of the
claim. In its original formulation, Monte Carlo simulation can only be applied to European-style
derivatives. The wish to price American-type derivatives in non-diffusion HJM models has recently
induced some suggestions on the use of Monte Carlo methods for American-style assets, see, e.g.,
Boyle, Broadie, and Glasserman (1997), Broadie and Glasserman (1997b), Carr and Yang (1997),
Andersen (2000), and Longstaff and Schwartz (2001). Generally, Monte Carlo pricing of even
European-style assets in non-diffusion HJM models is computationally intensive since the entire

term structure has to be simulated, not just one or two variables.

10.6.2 In which HJM models does the short rate follow a diffusion process?

We seek to find conditions under which the short-term interest rate in an HJM model follows
a Markov diffusion process. First, we will find the dynamics of the short rate in the general HJM
framework (10.1). For the pricing of derivatives it is the dynamics under the spot martingale

measure or related martingale measures which is relevant. The following theorem gives the short
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rate dynamics under the spot martingale measure Q.

Theorem 10.4 In the general HIM framework (10.1) the dynamics of the short rate vy under the

spot martingale measure is given by

(10.23)

dry :{ Z/ 8@ U tatfu s>u |:/ ﬁz u, 1, 5>u dx:| du_|_Z/ ﬁl Uu, t S>u) du

+Z/ — taif ezl w}‘“*Zﬁz (1,8, (f)sze) et

i=1

Proof: For each T, the dynamics of the T-maturity forward rate under the spot martingale

measure Q is

i = (T, (f7)sz0) dt+ > Bilt, T, (F7)sze) d=2,

i=1

where & is given by the drift restriction (10.8). This implies that

fz:fg+/0 ( s>u du+2/ 6zUT s>u)d

Since the short rate is simply the “zero-maturity” forward rate, r; = ff, it follows that

(10.24)

=fé+/0t (u,t, (f3)s>u du+Z/ Bilut, (f3)su) dz2,
—fo+Z/ Bi(u, t, (f2)s>u) {/ Bi(u,z, (f2)s>u) dx] du+Z/ Biu,t, (f2)ssu) dz2.

To find the dynamics of r, we proceed as in the simple examples of Section 10.4. Let R;; =
fg Bilu,t, (f2)s>u) dz;% fori=1,2,...,n. Then

dRit _ 6i(t7t7 (fté)sZt)dzg"‘ {A aﬁz(u taif )s>u) dz Q:| dt

by Leibnitz’ rule for stochastic integrals (see Theorem 3.3 on page 55). Define the function
t) = fot Bi(u,t, (f2)s>u)Hi(u,t) du, where H;( f Bi(u,z, (f2)s>u) dz. By Leibnitz’ rule

for ordinary integrals,

G0 = B0t (7)o H00) + [ B (2D il )]

_/o {a@(u taif D), (u,t) + Bi(u,t, (f3 )s>u)aHia(:7t)] .

,/0 {351(11 tat s>u /@ U, T, f )s>u)dx+ﬂz(ut (fZ)SZu)2:| du,

where we have used the chain rule and the fact that H;(¢,t) = 0. Note that

re = fo+ ZGi(t) + ZRm
i=1 i=1
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where the G;’s are deterministic functions and R;(t) are stochastic processes. By Itd’s Lemma, we

get
afO / -
+ZG dt+Y dRy.
i=1
Substituting in the expressions for G;(t) and dR;:, we arrive at the expression (10.23). O

From (10.23) we see that the drift term of the short rate generally depends on past values of the
forward rate curve and past values of the Brownian motion. Therefore, the short rate process is
generally not a diffusion process in an HJIM model. However, if we know that the initial forward
rate curve belongs to a certain family, the short rate may be Markovian. If, for example, the initial
forward rate curve is on the form generated by the original one-factor CIR diffusion model, then
the short rate in the one-factor HIM model with forward rate volatility given by (10.16) will, of
course, be Markovian since the two models are then indistinguishable.

Under what conditions on the forward rate volatility functions 3;(¢, T, (f7)s>+) will the short
rate follow a diffusion process for any initial forward rate curve? Hull and White (1993) and

Carverhill (1994) answer this question. Their conclusion is summarized in the following theorem.

Theorem 10.5 Consider an n-factor HIM model. Suppose that deterministic functions g; and h

exist such that
ﬁi(t7T7 (fts)szt) :gl(t)h(T)7 1= 1,27...,7’L7
and h is continuously differentiable, non-zero, and never changing sign.* Then the short rate has

dynamics

(10.25) dr

K (t) ¢
+h Z/ Yaut G 1) dt+;gi(t)h(t)dz
so that the short rate follows a diffusion process for any given initial forward rate curve.

Proof: We will only consider the case n = 1 and show that r; indeed is a Markov diffusion process

when

(10.26) B, T, (f7)s=t) = g(t)h(T),

where g and h are deterministic functions and h is continuously differentiable, non-zero, and never

changing sign. First note that (10.24) and (10.26) imply that

(10.27) re= 4 h(t) /Otg(u)z Uuth(z) dl} du + h(t) /Otg(u)dzg,

and, thus,

(10.28) /Otg(u) dz9 = %(m —f6) — /Otg(u)2 Uut h(x) dx} du.

4Carverhill claims that the h function can be different for each factor, i.e., B;(t,T, (f{)s>t) = gi(t)h:(T), but

this is incorrect.
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The dynamics of r in Equation (10.23) specializes to

dry = [38_125 +h'(t) /Otg(u)2 [[j h(zx) dx] du + h(t)? /tg(u)2 du

0

+h(t) /Ot g(u) dzg} dt + g(t)h(t) dz;@,

which by applying (10.28) can be written as the one-factor version of (10.25). O

Note that the Ho-Lee model and the Hull-White model studied in Section 10.4 both satisfy the
condition (10.26).

Obviously, the HIM models where the short rate is Markovian are members of the Gaussian class
of models discussed in Section 10.5. In particular, the price of a European call on a zero-coupon
bond is given by (10.18). It can be shown that with a volatility specification of the form (10.26), the
future price Bl of a zero-coupon bond can be expressed as a monotonic function of time and the
short rate r; at time ¢. It follows that Jamshidian’s trick introduced in Section 7.2.3 on page 169
can be used for pricing European options on coupon bonds in this special setting.

The Markov property is one attractive feature of a term structure model. We also want a model
to exhibit time homogeneous volatility structures in the sense that the volatilities of, e.g., forward
rates, zero-coupon bond yields, and zero-coupon bond prices do not depend on calendar time in
itself, cf. the discussion in Chapter 9. For the forward rate volatilities in an HJM model to be time
homogeneous, 5;(t, T, (ff)s>¢) must be of the form 3;(T — ¢, (ff)s>¢). It then follows from (10.7)
that the zero coupon bond prices B will also have time homogeneous volatilities. Similarly for
the zero-coupon yields y7. Hull and White (1993) have shown that there are only two models of
the HJM-class that have both a Markovian short rate and time homogeneous volatilities, namely
the Ho-Lee model and the Hull-White model of Section 10.4.

As discussed above, the HJM models with a Markovian short rate are Gaussian models. While
Gaussian models have a high degree of computational tractability, they also allow negative rates,
which certainly is an unrealistic feature of a model. Furthermore, the volatility of the short rate
and other interest rates empirically seems to depend on the short rate itself. Therefore, we seek
to find HJM models with non-deterministic forward rate volatilities that are still computationally

tractable.

10.6.3 A two-factor diffusion representation of a one-factor HJM model

Ritchken and Sankarasubramanian (1995) show that in a one-factor HJM model with a forward

rate volatility of the form

(1029) ﬁ(t7 T’ (fts)bzt) = ﬂ(tv t7 (fts)szt)e_ ftT K(m) dz

for some deterministic function &, it is possible to capture the path dependence of the short rate
by a single variable, and that this is only possible, when (10.29) holds. The evolution of the term
structure will depend only on the current value of the short rate and the current value of this

additional variable. The additional variable needed is

t t
oo = / Blust, (f2)au)? du = / Byt (f2)az) e 2 i n@) 2 gy
0 0
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which is the accumulated forward rate variance.
The future zero coupon bond price B can be expressed as a function of 7; and ¢; in the

following way:
BtT — e—a(t7T)_bl(th)Tt_b2(taT)99t7

where

T

a(t,T) = —In (%) —bi(t,T) f,

0

T
bi(t,T) :/ e~ I dy,
t
1
ba(t,T) = by (£, T)%.

The dynamics of r and ¢ under the spot martingale measure Q is given by

dry = (8f0 + o — k(t)[ry — fé]) dt + B(t,t, (f7)s>t) dz;Q,
der = (Bt (f7)s20)* — 26(t)r) dt.

The two-dimensional process (r, ¢) will be Markov if the short rate volatility depends on, at most,

the current values of r; and ¢y, i.e. if there is a function 3, such that

5(t7t7 (ftS)SZt) = ﬁr(rh (Ptvt)'

In that case, we can price derivatives by two-dimensional recombining trees or by numerical so-
lutions of two-dimensional PDEs (no closed-form solutions have been reported).> One allowable
specification is f3,(r, ¢,t) = Br7 for some non-negative constants § and ~y, which, e.g., includes a
CIR-type volatility structure (for v = 1).

The volatilities of the forward rates are related to the short rate volatility through the deter-
ministic function k, which must be specified. If k is constant, the forward rate volatility is an
exponentially decaying function of the time to maturity. Empirically, the forward rate volatility
seems to be a humped (first increasing, then decreasing) function of maturity. This can be achieved
by letting the k(z) function be negative for small values of x and positive for large values of x.
Also note that the volatility of some T-maturity forward rate f/ is not allowed to depend on the
forward rate f! itself, but only the short rate 7, and time.

For further discussion of the circumstances under which an HJM model can be represented as
a diffusion model, the reader is referred to Jeffrey (1995), Cheyette (1996), Bhar and Chiarella
(1997), Inui and Kijima (1998), Bhar, Chiarella, El-Hassan, and Zheng (2000), and Bjérk and
Landén (2002).

10.7 HJM-models with forward-rate dependent volatilities

In the models considered until now, the forward rate volatilities are either deterministic func-
tions of time (the Gaussian models) or a function of time and the current short rate (the extended

CIR model and the Ritchken-Sankarasubramanian model). The most natural way to introduce

514, Ritchken, and Sankarasubramanian (1995) show how to build a tree for this model, in which both European-

and American-type term structure derivatives can be efficiently priced.
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non-deterministic forward rate volatilities is to let them be a function of time and the current

value of the forward rate itself, i.e. of the form

A model of this type, inspired by the Black-Scholes’ stock option pricing model, is obtained by
letting
(10.31) Bit, T, f) = v, T) f],

where v;(¢,T') is a positive, deterministic function of time. The forward rate drift will then be
n T
a(t, T, (f)s20) = > u(t, T)f / it w) f du.
i=1 t

The specification (10.31) will ensure non-negative forward rates (starting with a term structure of
positive forward rates) since both the drift and volatilities are zero for a zero forward rate. Such
models have a serious drawback, however. A process with the drift and volatilities given above
will explode with a strictly positive probability in the sense that the value of the process becomes
infinite. With a strictly positive probability of infinite interest rates, bond prices must equal zero,
and this, obviously, implies arbitrage opportunities.

Heath, Jarrow, and Morton (1992) discuss the simple one-factor model with a capped forward

rate volatility,
Bt T, f') = Bmin(f;,€),

where 8 and £ are positive constants, i.e. the volatility is proportional for “small” forward rates
and constant for “large” forward rates. They showed that with this specification the forward rates
do not explode, and, furthermore, they stay non-negative. The assumed forward rate volatility
is rather far-fetched, however, and seems unrealistic. Miltersen (1994) provides a set of sufficient
conditions for HIM-models of the type (10.30) to yield non-negative and non-exploding interest
rates. One of the conditions is that the forward rate volatility is bounded from above. This is,

obviously, not satisfied for proportional volatility models, i.e. models where (10.31) holds.

10.8 Concluding remarks

Empirical studies of various specifications of the HJM model framework have been performed
on a variety of data sets by, e.g., Amin and Morton (1994), Flesaker (1993), Heath, Jarrow, and
Morton (1990), Miltersen (1998), and Pearson and Zhou (1999). However, these papers do not
give a clear picture of how the forward rate volatilities should be specified.

To implement an HJM-model one must specify both the forward rate volatility functions
Bi(t, T, (ff)s>¢) and an initial forward rate curve u — f§ given as a parameterized function of
maturity. In the time homogeneous Markov diffusion models studied in the Chapters 7 and 8, the
forward rate curve in a given model can at all points in time be described by the same parameteri-
zation although possibly with different parameters at different points in time due to changes in the

state variable(s). For example in the Vasicek one-factor model, we know from (7.57) on page 184

6This was shown by Morton (1988).
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that the forward rates at time t are given by

2
= (1 — G’H[T’t]) <yoo + er”[Tt]) 4 e Ty,
K

B2 _ar—t B oo
:ym+(w+rt_ym e "IT t]—ﬁez[T 1,

which is always the same kind of function of time to maturity 1" — ¢, although the multiplier of

—#[T=# is non-constant over time due to changes in the short rate. As discussed in Section 9.7 time

e
inhomogeneous diffusion models do generally not have this nice property, and neither do the HJM-
models studied in this chapter. If we use a given parameterization of the initial forward curve, then
we cannot be sure that the future forward curves can be described by the same parameterization
even if we allow the parameters to be different. We will not discuss this issue further but simply
refer the interested reader to Bjork and Christensen (1999), who study when the initial forward
rate curve and the forward rate volatility are consistent in the sense that future forward rate curves
have the same form as the initial curve.

If the initial forward rate curve is taken to be of the form given by a time homogeneous diffusion
model and the forward rate volatilities are specified in accordance with that model, then the HJM-
model will be indistinguishable from that diffusion model. For example, the time 0 forward rate

curve in the one-factor CIR model is of the form
T ~ 1A 1 2 2
T =ro+ [9 - 7‘} b(T) — 55*b(T),

cf. (7.72) on page 191, where the function b(T) is given by (7.70). With such an initial forward
rate curve, the one-factor HIM model with forward rate volatility function given by (10.16) is

indistinguishable from the original time homogeneous one-factor CIR model.



Chapter 11

Market models

11.1 Introduction

The term structure models studied in the previous chapters have involved assumptions about
the evolution in one or more continuously compounded interest rates, either the short rate r;
or the instantaneous forward rates f{. However, many securities traded in the money markets,
e.g. caps, floors, swaps, and swaptions, depend on periodically compounded interest rates such
as spot LIBOR rates l?‘;, forward LIBOR rates L?’T+5, spot swap rates le , and forward swap
rates f/tT"S. For the pricing of these securities it seems appropriate to apply models that are based
on assumptions on the LIBOR rates or the swap rates. Also note that these interest rates are
directly observable in the market, whereas the short rate and the instantaneous forward rates are
theoretical constructs and not directly observable.

We will use the term market models for models based on assumptions on periodically com-
pounded interest rates. All the models studied in this chapter take the currently observed term
structure of interest rates as given and are therefore to be classified as relative pricing or pure
no-arbitrage models. Consequently, they offer no insights into the determination of the current in-
terest rates. We will distinguish between LIBOR market models that are based on assumptions
on the evolution of the forward LIBOR rates LtT’T+‘5 and swap market models that are based
on assumptions on the evolution of the forward swap rates. By construction, the market models
are not suitable for the pricing of futures and options on government bonds and similar contracts
that do not depend on the money market interest rates.

In the recent literature several market models have been suggested, but most attention has
been given to the so-called lognormal LIBOR market models. In such a model the volatilities of
a relevant selection of the forward LIBOR rates LtT’TJ”; are assumed to be proportional to the
level of the forward rate so that the distribution of the future forward LIBOR rates is lognormal
under an appropriate forward martingale measure. As discussed in Section 7.6 on page 193,
lognormally distributed continuously compounded interest rates have unpleasant consequences, but
Sandmann and Sondermann (1997) show that models with lognormally distributed periodically
compounded rates are not subject to the same problems. Below, we will demonstrate that a
lognormal assumption on the distribution of forward LIBOR rates implies pricing formulas for
caps and floors that are identical to Black’s pricing formulas stated in Chapter 5. Similarly,
lognormal swap market models imply European swaption prices consistent with the Black formula

for swaptions. Hence, the lognormal market models provide some support for the widespread use
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of Black’s formula for fixed income securities. However, the assumptions of the lognormal market
models are not necessarily descriptive of the empirical evolution of LIBOR rates, and therefore we

will also briefly discuss alternative market models.

11.2 General LIBOR market models

In this section we will introduce a general LIBOR market model, describe some of the model’s
basic properties, and discuss how derivative securities can be priced within the framework of the
model. The presentation is inspired by Jamshidian (1997) and Musiela and Rutkowski (1997,
Chs. 14 and 16).

11.2.1 Model description

As described in Section 2.8, a cap is a contract that protects a floating rate borrower against
paying an interest rate higher than some given rate K, the so-called cap rate. We let T1,...,T),
denote the payment dates and assume that 7; —7; 1 = 0 for all . In addition we define Ty = T7 —6.
At each time T; (i = 1,...,n) the cap gives a payoff of

Ci. = Homax (Z%‘_ s — K, o) — Homax (L%:g’Tf _ K, 0) :

where H is the face value of the cap. A cap can be considered as a portfolio of caplets, namely
one caplet for each payment date.

The definition of the forward martingale measure in Chapter 5 implies that the value of the
above payoff can be found as the product of the expected payoff computed under the T;-forward

martingale measure and the current discount factor for time 7; payments, i.e.
; T - )
(11.1) ¢i = HoBI BY" [max (LT 25" — K,0)], t<Ti-s

The price of a cap can therefore be determined as

n
(11.2) ¢, =HsY BIEY [max (L%:?Ti - K, 0)] . t< T
i=1
For ¢ > Ty the first-coming payment of the cap is known so that its present value is obtained by
multiplication by the riskless discount factor, while the remaining payoffs are valued as above. For

more details see Section 2.8. The price of the corresponding floor is

n
(11.3) Fo=05Y BIE [max (K - L%:gvTi,o)} , t<T.

i=1

In order to compute the cap price from (11.2), we need knowledge of the distribution of L%:?Ti

under the Tj-forward martingale measure Q7 for each i = 1,...,n. For this purpose it is natural
to model the evolution of LtT"fé’T’" under Q7¢. The following argument shows that under the Q7

T T;—6,T;

probability measure the drift rate of LtTi_é’ ‘ is zero, i.e. L} is a QTi-martingale. Remember

from Eq. (1.9) on page 8 that

sp 1 (BE?
11.4 ph=ot _ — (2t g,
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Under the Tj-forward martingale measure Q7 the ratio between the price of any asset and the zero-
coupon bond price B}" is a martingale. In particular, the ratio B?"_a/Bfi is a QT:-martingale so
that the expected change of the ratio over any time interval is equal to zero under the Q7% measure.
From the formula above it follows that also the expected change (over any time interval) in the

T,—96,T;

periodically compounded forward rate L;° is zero under Q7. We summarize the result in the

following theorem:

T, —68,T;

Theorem 11.1 The forward rate L;* is a QT -martingale.

Consequently, a LIBOR market model is fully specified by the number of factors (i.e. the
number of standard Brownian motions) that influence the forward rates and the forward rate

volatility functions. For simplicity, we focus on the one-factor models

(11.5) dLTi=0T — g (tT 5T, (L?‘*‘S)szt) dzT, i=1,...,n,
where z7¢ is a one-dimensional standard Brownian motion under the T;-forward martingale measure

Q7. The symbol (LtTj’d)szt indicates (as in Chapter 10) that the time ¢ value of the volatility
function 3 can depend on the current values of all the modeled forward rates.! In the lognormal

LIBOR market models we will study in Section 11.3, we have
06 v —8,T;
ﬂ (tv ﬂ - 65 ﬂv (LtTJ )szt) = ’Y(t7 Ti - 67 Tz)LtT 5T

for some deterministic function . However, until then we continue to discuss the more general
specification (11.5).

We see from the general cap pricing formula (11.2) that the cap price also depends on the current
discount factors BtT ', B;T SO BtT". According to (11.4) these discount factors can be determined

To, Ty 7 T1,T: Too1, T a
ORI L Ly Sim-

by BtT ° and the current values of the modeled forward rates, i.e. L;
ilarly to the HJM models in Chapter 10, the LIBOR market models take the currently observable

values of these rates as given.

11.2.2 The dynamics of all forward rates under the same probability measure

The basic assumption (11.5) for the LIBOR market model involves n different forward martin-
gale measures. In order to better understand the model and to simplify the computation of some
security prices we will describe the evolution of the relevant forward rates under the same common
probability measure. As discussed in the next subsection, Monte Carlo simulation is often used to
compute prices of certain securities in LIBOR market models. It is much simpler to simulate the
evolution of the forward rates under a common probability measure than to simulate the evolution
of each forward rate under the martingale measure associated with the forward rate. One possibil-
ity is to choose one of the n different forward martingale measures used in the assumption of the
model. Note that the T;-forward martingale measure only makes sense up to time 7;. Therefore,
it is appropriate to use the forward martingale measure associated with the last payment date,
i.e. the T),-forward martingale measure Q™ since this measure applies to the entire relevant time

period. In this context Q7» is sometimes referred to as the terminal measure. Another obvious

1 As for the HIM models in Chapter 10, the general results for the market models hold even when earlier values

of the forward rates affect the current dynamics of the forward rates, but such a generalization seems worthless.
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candidate for the common probability measure is the spot martingale measure. Let us look at

these two alternatives in more detail.

The terminal measure

We wish to describe the evolution in all the modeled forward rates under the T, -forward
martingale measure. For that purpose we shall apply the following theorem which outlines how to

shift between the different forward martingale measures of the LIBOR market model.

Theorem 11.2 Assume that the evolution in the LIBOR forward rates LtTi_é’Ti fori=1,...,n,

T;—6

where T; = T;—1 + 6, is given by (11.5). Then the processes z and 2T are related as follows:

5B (t,ﬂ —6,T;, (LtTj"é)T,-Zt)

dt.
oLl T

(11.6) dzli = dzl =0 +

Proof: From Section 5.3.1 we have that the Tj-forward martingale measure Q7% is characterized

T,

by the fact that the process z7¢ is a standard Brownian motion under Q7¢, where

A2 = dzy + ()\t - atT) dt.

Here, atT * denotes the volatility of the zero-coupon bond maturing at time 7T;, which may itself be
stochastic. Similarly,
dzTi=% — dzy + ()\t - afi—é) dt.

A simple computation gives that
1.7 027 = 450 4 [0 T .
t t t t

As shown in Theorem 11.1, LtT”’fé’T"' is a QT'-martingale and, hence, has an expected change of

zero under this probability measure. According to (11.4) the forward rate LtTif‘s’Ti is a function

T;

of the zero-coupon bond prices BtT =% and B, " so that the volatility follows from It6’s Lemma. In

total, the dynamics is

st BUT (s 1 T,
N (oF=" = o) azf
t
1 ST ) ) )
— 5(1 +§Lf1 J’Tl) (JtT‘_‘S — crtTl) dth‘.

Comparing with (11.5), we can conclude that

(11.8) T,—6 T o (t7 T; — 6,15, (Lzﬂjﬁ)szt)
. 0‘ T —_ O— k2 — .
t t 1oLl

Substituting this relation into (11.7), we obtain the stated relation between the processes z7¢ and
T, =6
zr o O

Using (11.6) repeatedly, we get that

0
n=14p (thjvTjJrlv (L )szt)
dzIn = dzl + Z

¢ t L+ 0fs(t, T;, Tjs1)

i=i

dt.
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Consequently, for each ¢ = 1,...,n, we can write the dynamics of LtTi_é’Ti under the Q»-measure
as
AT = g (t, T, — 6,1, (LtT""S)Tth) dzTi
n-154 (t T;, T (LT’“(S)T >t>
B o o Tes T, v L dj+1, Uy >
- /6 (t, Tz 57 Tzz (Lt )Tth) dZt ; 1+ 5L?j’Tj+1 dt
(11.9)

w106 (6T = 0.1, (L))o ) B (675 Ty, ()t
T dt
1 + 5Lt J J

i=i

+ 5 (tv T; — 57ITZ'7 (L?k’é)Tth) dZtT”'

Note that the drift may involve some or all of the other modeled forward rates. Therefore, the vector
of all the forward rates (L°"", ... L") will follow an n-dimensional diffusion process so that
a LIBOR market model can be represented as an n-factor diffusion model. Security prices are
hence solutions to a partial differential equation (PDE), but in typical applications the dimension
n, i.e. the number of forward rates, is so big that neither explicit nor numerical solution of the PDE
is feasible.? For example, to price caps, floors, and swaptions that depend on 3-month interest
rates and have maturities of up to 10 years, one must model 40 forward rates so that the model is
a 40-factor diffusion model!

Next, let us consider an asset with a single payoff at some point in time T € [Ty, T},]. The payoff
Hp may in general depend on the value of all the modeled forward rates at and before time 7.
Let V; denote the time ¢ value of this asset (measured in monetary units, e.g. dollars). From the

definition of the T},-forward martingale measure Q™ it follows that

Vi QT Hr
—m =B ||
BT B
and hence _ _
Vo=BIEY ||
| Br" |

In particular, if T is one of the time points of the tenor structure, say T" = T}, we get

Hr,

k
Thn | °
_BTk i

Tn
V.= B/"E}

From (11.4) we have that

Ty Trt1 Thn-1
1 _ BTk BTk BTk
Tn — pTrtr pTrt2 ~°° T,
BT}« BTk BTk BTk

[+ org o] [isngirfoes] L]

n

I
-

14 o1 ]
k

<.
Il

2However, Andersen and Andreasen (2000) introduce a trick that may reduce the computational complexity

considerably.



11.2 General LIBOR market models 261

so that the price can be rewritten as
- n—1
(11.10) V=Bl ES" (Hy ] [1 +or3 T
j=k

The right-hand side may be approximated using Monte Carlo simulations in which the evolution
of the forward rates under Q" is used, as outlined in (11.9).

If the security matures at time T),, the price expression is even simpler:
Tn
(11.11) Vi =B EX " [Hr,).

In that case it suffices to simulate the evolution of the forward rates that determine the payoff of

the security.

The spot LIBOR martingale measure

The spot martingale measure QQ, which we defined and discussed in Chapter 5, is associated
with the use of a bank account earning the continuously compounded short rate as the numeraire,
cf. the discussion in Section 5.3. However, the LIBOR market model does not at all involve the
short rate so the traditional spot martingale measure does not make sense in this context. The
LIBOR market counterpart is a roll over strategy in the shortest zero-coupon bonds. To be more
precise, the strategy is initiated at time Ty by an investment of one dollar in the zero-coupon bond
maturing at time 77, which allows for the purchase of 1/ B% units of the bond. At time T} the

payoff of 1/ Bqué dollars is invested in the zero-coupon bond maturing at time 75, etc. Let us define
I(t) =min{i € {1,2,...,n} : T; > t}

so that T (;) denotes the next payment date after time ¢. In particular, I (T;) = isothat Tty =T;.
At any time ¢ > Ty the strategy consists of holding

1 1 1

= o pz Tty
Br, B BTI“/)?1

t

units of the zero-coupon bond maturing at time T7(;). The value of this position is

I(t)—1 1 I(t)—1
N T Trce - Tie T;,T;
(11.12) Ar=B,""N,=B,"" ] Bl B, 11 {1 + 0Ly +1} :
j=0 T; 7=0

where the last equality follows from the relation (11.4). Since A7 is positive, it is a valid numeraire.
The corresponding martingale measure is called the spot LIBOR martingale measure and is
denoted by Q*.

Let us look at a security with a single payment at a time T' € [Ty, T,,]. The payoff Hr may
depend on the values of all the modeled forward rates at and before time T'. Let us by V; denote

the dollar value of this asset at time ¢. From the definition of the spot LIBOR martingale measure

Q* it follows that
Vi B |:HT:|
L _gY | =1,

Af Ak
and hence
v, —EY Ay
t t A; T -
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From the calculation

Trey 7pI(t)—1 Ty,T;
A B] 1(t) Hj(:z) [1 + 5LTj +1}

By [T [1 + 5L§;’TJ‘+1}

Ty I(T)-1

_ B ;. T4 7
- 1I [+ )
T j=I(t)

N*

we get that the price can be rewritten as

. 1D .
(11.13) ve=p[ET | T [reers ]
By i

In particular, if T' is one of the dates in the tenor structure, say T = T}, we get
k—1 B
(11.14) Vi= BBy |Hy, T [1+017 "]
J=I(t)
since I(Ty) = k and B,/ = BIF — 1.
In order to compute (typically by simulation) the expected value on the right-hand side, we need
to know the evolution of the forward rates L;’*** under the spot LIBOR martingale measure Q*.

It can be shown that the process z* defined by
dzj = dzf' = o' — o] at

is a standard Brownian motion under the probability measure Q*. As usual, of denotes the

volatility of the zero-coupon bond maturing at time 7. Repeated use of (11.8) yields

=1 g <t7Tj’Tj+1’ (L?k,é)Tth)

Tre T; _
o, —opt = g 1 4_6LtT],Tj+1
so that
=1 op (t,Tj,ZFj+1, (LtTk’é)Tkzt)
(11.15) dzf =dzf' = ) 7 dt.
P 1oLt

Substituting this relation into (11.5), we can rewrite the dynamics of the forward rates under the
spot LIBOR martingale measure as
dLZ—‘i_é,Ti = ﬂ (ta ﬂ - 6a Ti7 (sz76)Tth> dZ;fTL
izl (Sﬁ (t7 T]7 Tj+17 (L?k76>Tk>t>
= ﬁ (taﬂ - 57 Ti7 (LTk’(s)T~>t> dZ* + N —
t k=2 t ]_;(t) 1 +6L?J1T]+1

izl 6f (thi - 0,13, (LtTk76)Tk2t> B (t;Tj,Tj-i-h (LtTk’é)Tkzt)
T3, Tj+1 dt
14+ (SLt] J

dt

(11.16)

+ B (tv TIL - 5, Cr’ia (L?k’(S)Tth) dZ:

Note that the drift in the forward rates under the spot LIBOR martingale measure follows from
the specification of the volatility function 8 and the current forward rates. The relation between
the drift and the volatility is the market model counterpart to the drift restriction of the HJM
models, cf. (10.8) on page 243.
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11.2.3 Consistent pricing

As indicated above, the model can be used for the pricing of all securities that only have payment
dates in the set {T1,Ts,...,T,}, and where the size of the payment only depends on the modeled
forward rates and no other random variables. This is true for caps and floors on d-period interest
rates of different maturities where the price can be computed from (11.2) and (11.3). The model
can also be used for the pricing of swaptions that expire on one of the dates Ty, T1,...,T,_1, and
where the underlying swap has payment dates in the set {T4,...,T,} and is based on the é-period
interest rate. For European swaptions the price can be written as (11.14). For Bermuda swaptions
that can be exercised at a subset of the swap payment dates {71, ...,T,}, one must maximize the
right-hand side of (11.14) over all feasible exercise strategies. See Andersen (2000) for details and
a description of a relatively simple Monte Carlo based method for the approximation of Bermuda
swaption prices.

The LIBOR market model (11.5) is built on assumptions about the forward rates over the
time intervals [Ty, T1], [T1, T3], -, [Tn—1,Ts]. However, these forward rates determine the forward
rates for periods that are obtained by connecting succeeding intervals. For example, we have from
Eq. (1.9) on page 8 that the forward rate over the period [Tp, T3] is uniquely determined by the
forward rates for the periods [Ty, T1] and [T}, T5] since

T
LT07T2 _ 1 Bto 1
k - T,—T, \ B

(11.17) __ v (BB |
T, - Ty \ B B

= L (o] [eaznm) -1),

where 6 = Ty — Ty = To — T as usual. Therefore, the distributions of the forward rates L?O’Tl and
LTvT2 |, implied by the LIBOR market model (11.18), determine the distribution of the forward rate
L{>™. A LIBOR market model based on three-month interest rates can hence also be used for the
pricing of contracts that depend on six-month interest rates, as long as the payment dates for these
contracts are in the set {7, T, ..., T, }. More generally, in the construction of a model, one is only
allowed to make exogenous assumptions about the evolution of forward rates for non-overlapping

periods.

11.3 The lognormal LIBOR market model
11.3.1 Model description

The market standard for the pricing of caps is Black’s formula, i.e. formula (5.72) on page 132.
As discussed in Chapter 5, the traditional derivation of Black’s formula is based on inappropriate
assumptions. The lognormal LIBOR market model provides a more reasonable framework in which
the Black cap formula is valid. The model was originally developed by Miltersen, Sandmann, and
Sondermann (1997), while Brace, Gatarek, and Musiela (1997) sort out some technical details
and introduce an explicit, but approximative, expression for the prices of European swaptions in
the lognormal LIBOR market model. Whereas Miltersen, Sandmann, and Sondermann derive the

cap price formula using PDEs, we will follow Brace, Gatarek, and Musiela and use the forward
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martingale measure technique discussed in Chapter 5 since this simplifies the analysis considerably.

In the development of Black’s cap price formula in Chapter 5, we assumed among other things
that the forward rate LZWF(S’Ti was a martingale under the spot martingale measure QQ and that the
future value L%:?T’" was lognormally distributed under Q. However, as shown in Theorem 11.1
this forward rate is a martingale under the T;-forward martingale measure and will therefore not
be a martingale under the Q-measure. (Remember: a change of measure corresponds to changing
the drift rate.) Looking at the general cap pricing formula (11.2), it is clear that we can obtain
a pricing formula of the same form as Black’s formula by assuming that L%:?T’" is lognormally
distributed under the Tj-forward martingale measure Q7¢. This is exactly the assumption of the
lognormal LIBOR market model:

(11.18) dLl =0T = BTy T — 6, T)) d2l, i =1,2,...,n,

where v(t, T; — 9, T;) is a bounded, deterministic function. Here we assume that the relevant forward
rates are only affected by one Brownian motion, but below we shall briefly consider multi-factor
lognormal LIBOR market models.

A familiar application of It6’s Lemma implies that
) ) 1
d(InLi* ") = _57@7 T, = 6,Ti)%dt +~(t, T — 6, T;) dz ",

from which we see that

1

T;—96 T;—6
5 / Y(u, Ty = 6,T;)* du + / V(u, T; = 6, T;) dz)".
¢ t

In L570T = 0T
T;,—6 t 9

Because 7 is a deterministic function, it follows from Theorem 3.2 on page 54 that

/ Y(u, Ty — 6,T;) dzl ~ N (0,/ y(u, T; — 6, T;)? du)
t t

under the T;-forward martingale measure. Hence,

1

T;—6 T;—6
- / v(u, T; — 0, Ti)2 du,/ v(u, T; — 0, Ti)2 du
t t

In Ly =37 ~ N <1nLtTi5’Ti —5

so that L%:?Ti is lognormally distributed under Q7. The following result should now come as

no surprise:

Theorem 11.3 Under the assumption (11.18) the price of the caplet with payment date T; at any
time t < T; — 0 is given by

(11.19) Ci=HiBl [Lfi_é’TiN(du) - KN(d2i)} ;
where
In (LtTi*‘*Ti /K)
(11.20) di; = T =0T +ou(t, T = 6,Th),
(11.21) do; = di; —vr(t, T — 0,T;),

T—5 1/2
(11.22) v (t, Ty — 6, T;) = (/ v(u, T; — 6,T;)? du> :
t
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Proof: It follows from Theorem A.4 in Appendix A that
T; - X T; .
EY {max (L%_?T” _ K, o)] — E? [L;;_gﬂ N(dy;) — K N(do;)
= LT N(dy;) — KN(dy),

where the last equality is due to the fact that Lgﬁi*g’Ti is a QT*-martingale. The claim now follows
from (11.1). a

Note that vy, (t, T;—d, T;)? is the variance of In L% :g’Ti under the T;-forward martingale measure
given the information available at time ¢. The expression (11.19) is identical to Black’s formula
(5.68) if we insert o; = vp(¢,T; — 6, T;)/v/T; — 0 —t. An immediate consequence of the theorem

above is the following cap pricing formula in the lognormal one-factor LIBOR market model:

Theorem 11.4 Under the assumption (11.18) the price of a cap at any time t < Ty is given as

(11.23) C,=H§Y Bl [L?"S’T"N(du) - KN(in)} :
=1

where di; and da; are as in (11.20) and (11.21).

For t > Ty the first-coming payment of the cap is known and is therefore to be discounted with
the riskless discount factor, while the remaining payments are to be valued as above. For details,
see Section 2.8.

Analogously, the price of a floor under the assumption (11.18) is

(11.24) Fi=H5Y Bl [KN (—dy;) — LT OTiN (=dyy)|, t<Tp.
i=1
The deterministic function v(¢,T; — §, T;) remains to be specified. We will discuss this matter
in Section 11.6.
If the term structure is affected by n exogenous standard Brownian motions, the assump-
tion (11.18) is replaced by

(1.2 LT LIS 0,7, 6T

j=1

where all v;(¢,T; — 0,T;) are bounded and deterministic functions. Again, the cap price is given
by (11.23) with the small change that vy (¢t,T; — 6,7T;) is to be computed as
1/2

n T;,—6
(11.26) v (t, Ty — 6,T;) = Z/ y;(u, Ty — 6, T;)? du
j=1"t

11.3.2 The pricing of other securities

No exact, explicit solution for European swaptions has been found in the lognormal LIBOR
market setting. In particular, Black’s formula for swaptions is not correct under the assump-
tion (11.18). The reason is that when the forward LIBOR rates have volatilities proportional to
their level, the volatility of the forward swap rate will not be proportional to the level of the for-

ward swap rate. As described in Section 11.2, the swaption price can be approximated by a Monte
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Carlo simulation, which is often quite time-consuming. Brace, Gatarek, and Musiela (1997) derive
the following Black-type approximation to the price of a European payer swaption with expiration

date Ty and exercise rate K under the lognormal LIBOR market model assumptions:
(11.27) P, =HS§Y Bl [L?"S’TiN(d’{i) ~ KN( ;i)} < Ty,
i=1

where dj, and d; are quite complicated expressions involving the variances and covariances of the
time Ty values of the forward rates involved. These variances and covariances are determined by
the y-function of the assumption (11.18). This approximation delivers the price much faster than
a Monte Carlo simulation. Brace, Gatarek, and Musiela provide numerical examples in which the
price computed using the approximation (11.27) is very close to the correct price (computed using
Monte Carlo simulations). Of course, a similar approximation applies to the European receiver
swaption.

Under the assumptions of the lognormal LIBOR market model Miltersen, Sandmann, and
Sondermann (1997) derive an explicit pricing formula for European options on zero-coupon bonds,
but only for options expiring at one of the time points Ty, 771, ...,Th—_1, and where the underlying
zero-coupon bond matures at the following date in this sequence. In other words, the time distance
between the maturity of the option and the maturity of the underlying zero-coupon bond must be
equal to §. Representing the exercise price by K, the pricing formula for a European call option

is:

(11.28) CETi=0T — (1 — K)BI'N(ey;) — K[BI' ™ — BI'|N(ey;)
where
1 (1- K)B} 1
i = 1 —vp(t, Ty — 6,Ty),
“ v (t,T; — 6,T;) n(K[BtTi_‘SBtTi] * QUL( )

eg; = ey, —ur(t,T; —6,T5),

and, as above, v (¢t,T; — 4, T;) is given by (11.22) in the one-factor setting and by (11.26) in the
multi-factor setting. The price of the corresponding European put option follows from the put-call

parity (2.9) on page 29:
(11.29) 7m0 T — K[BE=9 — BTN (—ey;) — (1 — K)BE N (—eq,).

These formulas can be derived from the caplet formula (11.19) and the relations between caplets,
floorlets, and European bond options known from Chapter 2, cf. Exercise 11.1.

As argued in Section 11.2, in any LIBOR market model based on the §-period interest rates
one can also price securities that depend on interest rates over periods of length 24, 34, etc., as
long as the payment dates of these securities are in the set {Tp,T1,...,T,}. Of course, this is also
true for the lognormal LIBOR market model. For example, let us consider contracts that depend
on interest rates covering periods of length 2§. From (11.17) we have that

1
i = L ([ o] e ocmm] 1),

According to the assumption (11.18) of the lognormal d-period LIBOR market model, each of the

forward rates on the right-hand side has a volatility proportional to the level of the forward rate.
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An application of It6’s Lemma to the above relation shows that the same proportionality does not
hold for the 24-period forward rate LtTO’TQ. Consequently, Black’s cap formula cannot be correct
both for caps on the 3-month rate and caps on the 6-month rate. To price caps on the 6-month
rate consistently with the assumptions of the lognormal LIBOR market model for the 3-month
rate one must resort to numerical methods, e.g. Monte Carlo simulation.

It follows from the above considerations that the model cannot justify practitioners’ frequent
use of Black’s formula for both caps and swaptions and for contracts with different frequencies 9.
Of course, the differences between the prices generated by Black’s formula and the correct prices
according to some reasonable model may be so small that this inconsistency can be ignored, but

so far this issue has not been satisfactorily investigated in the literature.

11.4 Alternative LIBOR market models

The lognormal LIBOR market model specifies the forward rate volatility in the general LIBOR
market model (11.5) as

B (6T = 8T (L0 )1,z ) = LT Ty (e, Ty = 0,T0),
where 7 is a deterministic function. As we have seen, this specification has the advantage that the
prices of (some) caps and floors are given by Black’s formula. However, other volatility specifica-
tions may be more realistic (see Section 11.6), which makes it worthwhile to look at alternative
specifications. Below we will consider a tractable and empirically relevant alternative LIBOR
market model.

European stock option prices are often transformed into implicit volatilities using the Black-
Scholes-Merton formula. Similarly, for each caplet we can determine an implicit volatility for the
corresponding forward rate as the value of the parameter o; that makes the caplet price computed
using Black’s formula (5.68) identical to the observed market price. Suppose that several caplets
are traded on the same forward rate and with the same payment date, but with different cap rates
(i.e. exercise rates) K. Then we get a relation o;(K) between the implicit volatilities and the cap
rate. If the forward rate has a proportional volatility, Black’s model will be correct for all these
caplets. In that case all the implicit volatilities will be equal so that o;(K) corresponds to a flat
line. However, according to Andersen and Andreasen (2000) o;(K) is typically decreasing in K,
which is referred to as a volatility skew. Such a skew is inconsistent with the volatility assumption
of the LIBOR market model (11.18).3

Andersen and Andreasen consider a so-called CEV LIBOR market model where the forward

rate volatility is given as
0 i—0, T\ & .
6(t,Ti ~ 8, T3, (L )T,.Zt) = (LI, T, - 8,Ty), i=1,...,n,

where 7 is a bounded, deterministic function, and « is a positive constant.* For oo = 1, the model
is identical to the lognormal LIBOR market model. Andersen and Andreasen derive a closed
form expression for the price of caps. The pricing formula is very similar to Black’s formula, but

the relevant probabilities are given by the distribution function for a non-central x2-distribution.

3Hull (2003, Ch. 15) has a detailed discussion of the similar phenomenon for stock and currency options.

4CEV is short for Constant Elasticity of Variance. This term arises from the fact that the elasticity of the
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They show that a CEV model with a@ < 1 can generate the volatility skew observed in practice.
In addition, they give an explicit approximation to the price of a European swaption in their CEV
LIBOR market model. Also this pricing formula is of the same form as Black’s formula, but involves

the distribution function for the non-central x2-distribution instead of the normal distribution.

11.5 Swap market models

Jamshidian (1997) introduced the so-called swap market models that are based on assumptions
about the evolution of certain forward swap rates. Under the assumption of a proportional volatility
of these forward swap rates, the models will imply that Black’s formula for European swaptions,
i.e. (5.74) on page 132, is correct, at least for some swaptions.

Given time points Ty, Ty, ..., Ty, where T; = T;_1 + 6 for all i = 1,...,n. We will refer to a
payer swap with start date Ty and final payment date 7;, (i.e. payment dates Ty41,...,1,) as a
(k,n)-payer swap. Here we must have 1 < k < n. Let us by Efk"‘ denote the forward swap rate

prevailing at time ¢t < T}, for a (k,n)-swap. Analogous to (2.30) on page 38, we have that

_ BTx _ BTn
(11.30) L = St
0Gy
where we have introduced the notation
(11.31) G/ =Y B,
i=k+1
which is the value of an annuity bond paying 1 dollar at each date Tky1,...,T,.

A European payer (k,n)-swaption gives the right at time T} to enter into a (k,n)-payer swap
where the fixed rate K is identical to the exercise rate of the swaption. From (2.33) on page 39 we

know that the value of this swaption at the expiration date T}, is given by
(11.32) Py = Gi Homax (L1 - K,0) .

As discussed in Section 5.3.2 on page 114, it is computationally convenient to use the annuity
as the numeraire. We refer to the corresponding martingale measure Q%" as the (k,n)-swap

. . Kk 1 T
martingale measure. Since G} = B,

, we have in particular that the (k,k + 1)-swap
martingale measure Q¥*+1 is identical to the T} 1-forward martingale measure Q7k+1.

By the definition of Q" the time ¢ price V; of a security paying Hr, at time T} is given by

‘/t o Qk,n HTk
kn — Tt kmn |
Gt GTk

volatility with respect to the forward rate level is equal to the constant « since

08 (4.5 = 8.0, (L )2,20) /8 (60 = 6.0, (L)1, 1)

T;—6,T; T;—6,T;
8Lt i L/Lt i i

T:,6
ap (t, T; — 6,15, (Lt J )Tj Zt) LZ‘i*&qTi
= T, —0,1; T:.0
oL B(tTi 6.0 (L )z, 1)
oy a—1 L Ti—=8,T;
=« (L? 5’T1)a y(t, T — 0, T;) ¢ =a.

B (t,Ti —0,T;, (ij’é)Tth)

Cox and Ross (1976) study a similar variant of the Black-Scholes-Merton model for stock options.



11.5 Swap market models

269

and hence
om | H
1 Ve gl [n
GT’k

The pricing formula (11.33) is particularly convenient for the (k, n)-swaption. Inserting the payoff

from (11.32), we obtain a price of
(11.34) phn = b s EY [max (zs;g& - K, o)} .
To price the swaption it suffices to know the distribution of the swap rate INJ;: 9 under the (k,n)-

swap martingale measure Q™. Here the following result comes in handy:
Theorem 11.5 The forward swap rate ifk’é is a QF"-martingale.

Proof: According to (11.30), the forward swap rate is given as

ETIMS B BtTk _ BtTn B 1 (BtTk BtT" >
t - _'5 .

%, kn — Ak,
3Gy Gy" OGPt

By definition of the (k, n)-swap martingale measure the price of any security relative to the annuity
is a martingale under this probability measure. In particular, both BtT k/ Gf " and BtT "~/ Gf ™ are
Q" "-martingales. Therefore, the expected change in these ratios is zero under Q*™. It follows from
the above formula that the expected change in the forward swap rate INJtT’“’(S is also zero under Q%"

so that itT’“‘s is a Q% -martingale. ]

Consequently, the evolution in the forward swap rate itTk’é is fully specified by (i) the number
of Brownian motions affecting this and other modeled forward swap rates and (ii) the volatility
functions that show the sensitivity of the forward swap rates to changes in each of the Brown-
ian motions. Let us again focus on a one-factor model. A swap market model is based on the
assumption

difk’é _ ﬂk,n (t, (E?jﬁs)Tth) devTL,

where z%™ is a Brownian motion under the (k,n)-swap martingale measure Q"™ and the volatility
function %™ through the term (i?j’é)szt can depend on the current values of all the modeled
forward swap rates.

Under the assumption that 3% is proportional to the level of the forward swap rate, i.e.
(11.35) dLTe® = LTe0~kn () dzFn

where v%"(¢) is a bounded, deterministic function, we get that the future value of the forward
swap rate is lognormally distributed. This model is therefore referred to as the lognormal swap

market model. In such a model the swaption price in formula (11.34) can be computed explicitly:

Theorem 11.6 Under the assumption (11.35) the price of a European (k,n)-payer swaption is
given by

(11.36) Pim = ( > BtTi> Ho [if’“"SN(dl) — KN(dy)|, t<Tg,
i=k+1
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where

In (E?ﬁé /K) )
N A O]
en @) + 5 Uk, (t)

do = di — v (1),

Tk
g (t) = (/t 7’“’"(u)2 du)

The proof of this result is analogous to the proof of Theorem 11.3 and is therefore omitted. The

dy =

1/2

pricing formula is identical to Black’s formula (5.74) with o given by 02T}, — t] = v, (t)?. Hence,
the lognormal swap market model provides some theoretical support of the Black swaption pricing
formula.

In a previous section we concluded that in a LIBOR market model it is not justifiable to
exogenously specify the processes for all forward rates, only the processes for non-overlapping

periods. In a swap market model Musiela and Rutkowski (1997, Section 14.4) demonstrate that the

5 ~T2,5 ~Tn,7176
N

processes for the forward swap rates f/fl can be modeled independently. These

)

are forward swap rates for swaps with the same final payment date T),, but with different start dates

T1,...,T,—1 and hence different maturities. In particular, the lognormal assumption (11.35) can
hold for all these forward swap rates, which implies that all the swaption prices ’Ptl Py —Ln

are given by Black’s swaption pricing formula. However, under such an assumption neither the
forward LIBOR rates LtTifl’Ti

can have proportional volatilities. Consequently, Black’s formula cannot be correct neither for

nor the forward swap rates for swaps with other final payment dates

caps, floors nor swaptions with other maturity dates. The correct prices of these securities must
be computed using numerical methods, e.g. Monte Carlo simulation. Also in this case it is not
clear by how much the Black pricing formulas miss the theoretically correct prices.

In the context of the LIBOR market models we have derived relations between the different
forward martingale measures. For the swap market models we can derive similar relations be-
tween the different swap martingale measures and hence describe the dynamics of all the forward

Ty,6 7T2,8
swap rates L; ", L;*°,.

..,i?"l’é under the same probability measure. Then all the relevant

processes can be simulated under the same probability measure. For details the reader is referred
to Jamshidian (1997) and Musiela and Rutkowski (1997, Section 14.4).

11.6 Further remarks

De Jong, Driessen, and Pelsser (2001) investigate the extent to which different lognormal LIBOR,
and swap market models can explain empirical data consisting of forward LIBOR interest rates,
forward swap rates, and prices of caplets and European swaptions. The observations are from the
U.S. market in 1995 and 1996. For the lognormal one-factor LIBOR market model (11.18) they
find that it is empirically more appropriate to use a y-function which is exponentially decreasing

in the time-to-maturity 7; — 0 — ¢ of the forward rates,
Nt Ty — 6,T;) = ye ™=t G =1 ... n,

than to use a constant, v(¢,T; — §,T;) = . This is related to the well-documented mean reversion

of interest rates that makes “long” interest rates relatively less volatile than “short” interest rates.
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They also calibrate two similar model specifications perfectly to observed caplet prices, but find
that in general the prices of swaptions in these models are further from the market prices than
are the prices in the time homogeneous models above. In all cases the swaption prices computed
using one of these lognormal LIBOR market models exceed the market prices, i.e. the lognormal
LIBOR market models overestimate the swaption prices. All their specifications of the lognormal
one-factor LIBOR market model give a relatively inaccurate description of market data and are
rejected by statistical tests. De Jong, Driessen, and Pelsser also show that two-factor lognormal
LIBOR market models are not significantly better than the one-factor models and conclude that
the lognormality assumption is probably inappropriate. Finally, they present similar results for
lognormal swap market models and find that these models are even worse than the lognormal
LIBOR market models when it comes to fitting the data.

11.7 Exercises

EXERCISE 11.1 (Caplets and puts on zero-coupon bonds) Show that the formula (11.29) for the price of
a European put option on a zero-coupon bond follows from the caplet formula (11.19) and formula (2.12)

on page 32.



Chapter 12

The measurement and management of

interest rate risk

12.1 Introduction

The primary reason for the fluctuations in the values of bonds and other fixed income securities
is changes in the term structure of interest rates. Most investors want to measure and compare the
sensitivities of different securities to term structure movements. The interest rate risk measures of
the individual securities are needed in order to obtain an overview of the total interest rate risk of
the investors’ portfolio and to identify the contribution of each security to this total risk. Many
institutional investors are required to produce such risk measures for regulatory authorities and for
publication in their accounting reports. In addition, such risk measures constitute an important
input to the portfolio management.

In this chapter we will discuss how to quantify the interest rate risk of bonds and how these
risk measures can be used in the management of the interest rate risk of portfolios. We will
first describe the traditional, but still widely used, duration and convexity measures and discuss
their relations to the dynamics of the term structure of interest rates. Then we will consider risk
measures that are more directly linked to the dynamic term structure models we have analyzed
in the previous chapters. Here we focus on diffusion models and emphasize models with a single
state variable. We will compare the different risk measures and their use in the construction of
so-called immunization strategies. Finally, we will show how the duration measure can be useful

for the pricing of European options on bonds and hence the pricing of European swaptions.

12.2 Traditional measures of interest rate risk
12.2.1 Macaulay duration and convexity

The Macaulay duration of a bond was defined by Macaulay (1938) as a weighted average of the
time distance to the payment dates of the bond, i.e. an “effective time-to-maturity”. As shown by
Hicks (1939), the Macaulay duration also measures the sensitivity of the bond value with respect to
changes in its own yield. Let us consider a bond with payment dates T4, ...,T,, where we assume
that 77 < --- < T,,. The payment at time T; is denoted by Y;. The time t value of the bond
is denoted by B;. We let yP denote the yield of the bond at time ¢, computed using continuous

272
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compounding so that
B; = Z yie*th(Ti*t)7
T;>t
where the sum is over all the future payment dates of the bond.
The Macaulay duration D}?° of the bond is defined as
1dBy  Yorsi(Ti— t)Yie_th(Ti_t)

(12.1) Dyte = "B duE — B = > WM, T)(T; - 1),
¢ Yt ¢ Ti>t

where wMac(t, T;) = Yie_yf3 (Ti=t) / B;, which is the ratio between the value of the 7’th payment and
the total value of the bond. Note that for a bond with only one remaining payment the Macaulay
duration is equal to the time-to-maturity. A simple manipulation of the definition of the Macaulay

duration yields
dBy

By

so that the relative price change of the bond due to an instantaneous, infinitesimal change in its

= Dy dyf

yield is proportional to the Macaulay duration of the bond.
Frequently, the Macaulay duration is defined in terms of the bond’s annually computed yield
9P . By definition,
Bi= Y Yi(l+gf) (T
Ty >t

so that

dB CB\—(Ts—t)—
B SN@ i ) O
dyt T, >t

The Macaulay duration is then often defined as

1+gP dBy 2T —0)Yi(1+ §B)~(Ti=t)

12.2 DMac — _ =
( ) t Bt d:l]iB Bt

=Y WM T - ),

T; >t

where the weights wMa¢(¢,T;) are the same as before since eV = (14 98). Therefore the two
definitions provide precisely the same value for the Macaulay duration. Because dyZ/djf =
1/(1 + §P), we have that

@ - _ DMaCﬁ'

B, Col+gP
For bullet bonds, annuity bonds, and serial bonds an explicit expression for the Macaulay duration
can be derived.! In many newspapers the Macaulay duration of each bond is listed next to the
price of the bond.

The Macaulay duration is defined as a measure of the price change induced by an infinitesimal

change in the yield of the bond. For a non-infinitesimal change, a first-order approximation gives

that
az,
dyP

AB; = Ay?,

and hence
AB,;

B,

~ —Div[aCAyf .

IThe formula for the Macaulay duration of a bullet bond can be found in many textbooks, e.g. Fabozzi (2000)
and van Horne (2001).
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An obvious way to obtain a better approximation is to include a second-order term:

dB; . 5 1 d*B; B\ 2
AB; ~ —A — A .
gt aagpy ()
Defining the Macaulay convexity by
1 d?’B; 1
12.3 KMac _ - = 7t _ wMac t,T)(T; —t 2,

we can write the second-order approximation as

AB,
B,

~ —D%\/IaCAth + Ki\/[ac (Ay?)Q .

Note that the approximation only describes the price change induced by an instantaneous change in
the yield. In order to evaluate the price change over some time interval, the effect of the reduction
in the time-to-maturity of the bond should be included, e.g. by adding the term aafzt At on the
right-hand side.

The Macaulay measures are not directly informative of how the price of a bond is affected by a

change in the zero-coupon yield curve and are therefore not a valid basis for comparing the interest
rate risk of different bonds. The problem is that the Macaulay measures are defined in terms of
the bond’s own yield, and a given change in the zero-coupon yield curve will generally result in
different changes in the yields of different bonds. It is easy to show (see e.g. Ingersoll, Skelton, and
Weil (1978, Thm. 1)) that the changes in the yields of all bonds will be the same if and only if the
zero-coupon yield curve is always flat. In particular, the yield curve is only allowed to move by
parallel shifts. Such an assumption is not only unrealistic, it also conflicts with the no-arbitrage

principle, as we shall demonstrate in Section 12.2.3.

12.2.2 The Fisher-Weil duration and convexity

Macaulay (1938) defined an alternative duration measure based on the zero-coupon yield curve
rather than the bond’s own yield. After decades of neglect this duration measure was revived by
Fisher and Weil (1971), who demonstrated the relevance of the measure for constructing immu-
nization strategies. We will refer to this duration measure as the Fisher-Weil duration. The

precise definition is

(12.4) DIV =" w(t, Th)(Ti — t),
T;>t

where w(t, T;) = Yie_ytTi (T'i_t)/Bt. Here, ytT is the zero-coupon yield prevailing at time ¢ for the
period up to time T;. Relative to the Macaulay duration, the weights are different. w(¢,T;) is
computed using the true present value of the i’th payment since the payment is multiplied by
the market discount factor for time 7; payments, BtT = e (Timt)

. In the weights used in the
computation of the Macaulay measures the payments are discounted using the yield of the bond.
However, for typical yield curves the two set of weights and hence the two duration measures will
be very close, see e.g. Table 12.1 on page 282.

If we think of the bond price as a function of the relevant zero-coupon yields y;T LI ,ytT "

By = Z Yie—ui (Timt),

T;>t
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we can write the relative price change induced by an instantaneous change in the zero-coupon

yields as

dB 1 0B , _
t ZB aTt tlz_zw(t7ﬂ)(Tz_t)dy?1

T;>t T;>t

If the changes in all the zero-coupon yields are identical, the relative price change is proportional to
the Fisher-Weil duration. Consequently, the Fisher-Weil duration represents the price sensitivity
towards infinitesimal parallel shifts of the zero-coupon yield curve. Note that an infinitesimal paral-
lel shift of the curve of continuously compounded yields corresponds to an infinitesimal proportional
shift in the curve of yearly compounded yields. This follows from the relation y; ¢ = In(1+4g;*) be-
tween the continuously compounded zero-coupon rate y? “ and the yearly compounded zero-coupon
rate §7 ¢, which implies that dy]* = dg/" /(1 + §7").

We can also define the Fisher-Weil convexity as

1
FW _ N2
(12.5) K™ =3 > w(t, T)(Ti - t).
T; >t
The relative price change induced by a non-infinitesimal parallel shift of the yield curve can then

be approximated by
AB; _

B,
where Ay; is the common change in all the zero-coupon yields. Again the reduction in the time-

~DiV Ay + K7V (Ay;)?,

to-maturity should be included to approximate the price change over a given period.

12.2.3 The no-arbitrage principle and parallel shifts of the yield curve

In this section we will investigate under which assumptions the zero-coupon yield curve can
only change in the form of parallel shifts. The analysis follows Ingersoll, Skelton, and Weil (1978).
If the yield curve only changes in form of infinitesimal parallel shifts, the curve must have exactly
the same shape at all points in time. Hence, we can write any zero-coupon yield /™" as a sum of
the current short rate and a function which only depends on the “time-to-maturity” of the yield,
ie.

ytT =r+ h(T —t),

where h(0) = 0. In particular, the evolution of the yield curve can be described by a model where

the short rate is the only state variable and follows a process of the type
dry = a(ry, t) dt + B(re, t) dz

in the real world and hence
dry = &(re, t) dt + B(re, t) dz%2

in a hypothetical risk-neutral world.

In such a model the price of any fixed income security will be given by a function solving the
fundamental partial differential equation (7.3) on page 164. In particular, the price function of any
zero-coupon bond BT (r,t) satisfies

T T 2 T
O ) +alr) (1) + 58P D ()~ rBT () =0, (18 €S x [0,7),
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and the terminal condition BY (r,T) = 1. However, we know that the zero-coupon bond price is

of the form

BT(T’ t) = efytT(Tft) — o [T t]=h(T—t)[T~1]
Substituting the relevant derivatives into the partial differential equation, we get that
1
(T —t)(T —t) + T —t) = &(r,t)(T —t) — 5ﬁ(r, AT —t)?,  (r,t) €S x[0,T).

Since this holds for all r, the right-hand side must be independent of r. This can only be the case
for all ¢ if both & and 3 are independent of r. Consequently, we get that

(T —t)(T —t) + WT —t) = &(t)(T —t) — %6(t)2(T —1)? tel0,T]

The left-hand side depends only on the time difference 7' — ¢ so this must also be the case for the
right-hand side. This will only be true if neither & nor 8 depend on ¢. Therefore & and (§ have to
be constants.

It follows from the above arguments that the dynamics of the short rate is of the form
dry = adt + Bdz2,

otherwise non-parallel yield curve shifts would be possible. This short rate dynamics is the basic
assumption of the Merton model studied in Section 7.3. There we found that the zero-coupon
yields are given by
YT =r 4 %dT - éﬂ%j,

which corresponds to h(1) = %d’]’ - %5272. We can therefore conclude that all yield curve shifts
will be infinitesimal parallel shifts if and only if the yield curve at any point in time is a parabola
with downward sloping branches and the short-term interest rate follows the dynamics described
in Merton’s model. These assumptions are highly unrealistic. Furthermore, Ingersoll, Skelton,
and Weil (1978) show that non-infinitesimal parallel shifts of the yield curve conflict with the
no-arbitrage principle. The bottom line is therefore that the Fisher-Weil risk measures do not
measure the bond price sensitivity towards realistic movements of the yield curve. The Macaulay

risk measures are not consistent with any arbitrage-free dynamic term structure model.

12.3 Risk measures in one-factor diffusion models
12.3.1 Definitions and relations

To obtain measures of interest rate risk that are more in line with a realistic evolution of the
term structure of interest rates, it is natural to consider uncertain price movements in reasonable
dynamic term structure models. In a model with one or more state variables we focus on the
sensitivity of the prices with respect to a change in the state variable(s). In this section we
consider the one-factor diffusion models studied in Chapters 7 and 9.

We assume that the short rate r; is the only state variable, and that it follows a process of the
form

dry = a(re, t) dt + B(re, t) dz,.
For an asset with price B; = B(r¢,t), Itd’s Lemma implies that

2

0B 0B 1 0°B 0B
dBt = (E(’I},t) —|— oz(rt,t)a—r(rt,t) + Qﬁ(rt’t)QW(rt’t)> dt —|— 8—T(Tt,t)6(’l"t,t) dZt,
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and hence
dB; 1 0B 1 0B 1 , 1 0°B
o (it e (1, ) + =B 1) =——— = (re, ) | dt
B, (B(rt,t) gr o)+ ol prs gy e D 38 0 5= e ()
1 0B
—_— t t) dz.
B(r,, 1) or (re,t)B(re,t) dz
For a bond the derivative %—f(r, t) is negative in the models we have considered so the volatility
of the bond is given by? — B(Tlt ) %—f(n, t)B(rs, t). Tt seems evident to use the asset-specific part of

the volatility as a risk measure. Therefore we define the duration of the asset as

By
B(r,t) Or b

(12.6) D(r,t) = —

Note the similarity to the definition of the Macaulay duration. The unexpected return on the asset
is equal to the product of its duration and the unexpected change in the short rate, i.e. B(r¢,t) dz;.
Furthermore, we define the convexity as
1 0°B

(12.7) K(rt) = WW(“ t)

and the time value as

1 OB

(12.8) O 1) = Zr ar 1)

Consequently, the rate of return on the asset over the next infinitesimal period of time can be
written as

dB
Ft = (@(rta t) - CY(’I"t7 t)D(Tta t) + ﬁ(rh t)2K(T7 t)) dt — D(Tt, t)ﬂ(rh t) dzt'
t
The duration of a portfolio of interest rate dependent securities is given by a value-weighted
average of the durations of the individual securities. For example, let us consider a portfolio of two
securities, namely N7 units of asset 1 with a unit price of B;(r,t) and Ny units of asset 2 with a
unit price of By(r,t). The value of the portfolio is II(r,t) = N1 Bq(r,t) + NaBa(r,t). The duration

Dri(r,t) of the portfolio can be computed as

Du(r,t) = = (7{7 5 Z—E(r, 0
i (42een)
' _ NiBi(r 1) 1 9B NoBa(r, 1) 1 9B,
= im0 <_B1(r,t) or (T’t)) HTIE) <_Bz(r,t) o “””)

i (r,t)D1(r,t) + na(r, t) Da(r, t),

where n;(r,t) = N;B;(r,t)/II(r,t) is the portfolio weight of the i’th asset, and D;(r,t) is the
duration of the i’th asset, ¢ = 1,2. Obviously, we have n;(r,t) + n2(r,t) = 1. Similarly for the
convexity and the time value. In particular, the duration of a coupon bond is a value-weighted

average of the durations of the zero-coupon bonds maturing at the payment dates of the coupon
bond.

2Recall that the volatility of an asset is defined as the standard deviation of the return on the asset over the next

instant.
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From Chapter 7 we know that the function B(r,t) must satisfy the partial differential equation

OB . OB 1. 0B B
E(rv t) + OZ(’I", t)ﬁ(ra t) + iﬁ(ra t) W(Ta t) - TB(Ta t) - 07

where &(r,t) = a(r,t) — B(r,t)\(r,t) and A(r,t) is the market price on risk. After a division by
B(r,t) and a substitution of the definitions, we obtain the following relation between the duration,

the convexity, and the time value:3
(12.10) O(r,t) — a(r,t)D(r,t) + B(r,t)2 K (r,t) = r.

This relation between the time value, the duration, and the convexity holds for all interest rate
dependent securities and hence also for all portfolios of interest rate dependent securities.
Note that the rate of return on the security over the next instant can be rewritten as

4B,

B, = (r¢ — A(re, 1) B(re, 1) D(re, 1)) dt — D(re,t)B(re,t) dzy,

which only involves the duration, not the convexity or the time value. We also know that in order
to replicate a given fixed income security in a one-factor model, one must form a portfolio that, at
any point in time, has the same volatility and therefore the same duration as that security. This
is a consequence of the proof of the fundamental partial differential equation, cf. Theorem 5.10 on
page 121 and the subsequent discussion of hedging on page 122. However, a perfect hedge requires
continuous rebalancing of the portfolio. Due to transaction costs and other practical issues such a

continuous rebalancing is not implementable. Straightforward differentiation implies that

(12.11) %—f(r, t) = D(r,t)> — 2K(r,t)

so that the convexity can be seen as a measure of the interest rate sensitivity of the duration. If,
at each time the portfolio is rebalanced, the convexities of the portfolio and of the position to be
hedged are matched, their durations will probably stay close until the following rebalancing of the
portfolio. The convexity is therefore also of practical use in the interest rate risk management.

The duration, the convexity, and the time value can also be used for speculation, i.e. for setting
up a portfolio which will provide a high return if some specific expectations of the future term
structure are realized. For example, by constructing a portfolio with a zero duration and a large
positive convexity, one will obtain a high return over a period with a large change (positive or
negative) in the short rate. It follows from the relation (12.10) that for such a portfolio the time
value will be negative. Consequently, the portfolio will give a negative return over a period where
the short rate does not change significantly.

The Macaulay duration, defined in (12.1), and the Fisher-Weil duration, defined in (12.4), are
measured in time units (typically years) and can be interpreted as measures of the “effective” time-
to-maturity of a bond. The duration defined in (12.6) is not measured in time units, but it can

be transformed into a time-denominated duration. Following Cox, Ingersoll, and Ross (1979), we

3In the Black-Scholes-Merton model the time value and the so-called A and I" values are related in a similar way,
cf. Hull (2003, Section 14.7). Apparently, Christensen and Sgrensen (1994) were the first to discover this relation in
the context of term structure models and the importance of taking the time value into account in the construction

of interest rate risk hedging strategies.
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define the time-denominated duration of a coupon bond as the time-to-maturity of the zero-
coupon bond that has the same duration as the coupon bond. If we denote the time-denominated

duration by D*(r,t), the defining relation can be stated as

1 8B 1 oBttD (rt)
_ t) =
B(r,t) or (r,?) Bt+D* (1) () ) or

(r,t).

For bonds with only one remaining payment the time-denominated duration is equal to the time-
to-maturity, just as for the Macaulay-duration and the Fisher-Weil duration.

Cox, Ingersoll, and Ross (1979) used the term stochastic duration for the time-denominated
duration D*(r,t) to indicate that this duration measure is based on the stochastic evolution of the
term structure. Other authors use the term stochastic duration for the original duration D(r,t).
Note that both these duration concepts are defined in relation to a specific term structure model,
and the duration measures therefore indicate the sensitivity of the bond price to the yield curve
movements consistent with the model. The traditional Macaulay and Fisher-Weil durations can
be computed without reference to a specific model, but, on the other hand, they only measure
the price sensitivity to a particular type of yield curve movements that is not consistent with
any reasonable interest rate dynamics. Another advantage of the risk measures introduced in this
section is that they are well-defined for all types of interest rate dependent securities, whereas the
Macaulay and Fisher-Weil risk measures are only meaningful for bonds.* For the risk management
of portfolios of many different fixed income securities we need risk measures for all the individual

securities, e.g. futures, caps/floors, and swaptions.

12.3.2 Computation of the risk measures in affine models

In the time homogeneous affine one-factor diffusion models, e.g. the Vasicek model and the CIR

model, the zero-coupon bond prices are of the form

BTi (7,7 t) — e—a(Ti—t)—b(Ti—t)'r.

The price of a coupon bond with payment Y; at time T3, 1 =1,...,n, is

B(r,t) =Y Y;B"i(r,t).

T;>t
Consequently, the duration of the coupon bond is

1 0B 1
D(r,t) = ————F—(nt) = =—— b(T; — t)Y;BTi(r,t) = t, T;)b(T; —
(0) = =57 50 ) = By 2o WT — OVBT (00 = 3 w(r £ TOT ~ ),
T;>t T;>t
where w(r,t,T;) = Y;BTi(r,t)/B(r,t) is the i’th payment’s share of the total present value of the
bond. Note that the duration of a zero-coupon bond maturing at time T is b(T — t), which is
different from T — ¢ (except in the unrealistic Merton model). The convexity can be computed as
1
K(T’, t) =35 Z w(r7 ta Tz)b(n - t)2'

2
T; >t

4The duration D(r,t) is well-defined by (12.6) for any security. Since the volatilities of zero-coupon bonds are
bounded from above in many models, the time-denominated duration can only be defined for securities with a

volatility below that upper bound. This is always true for coupon bonds, but not for all derivative securities.
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The time value of the coupon bond is given by

O(r,t) = Y w(rt,To) (a (T, — ) + U/ (Ti = t)r) = > w(r,t, T,) f1 (r, 1),

T, >t Ty >t

where f7i(r,t) is the forward rate at time ¢ for the maturity date T;. The time-denominated

duration D*(r,t) is the solution to the equation

> w(r,t, T)b(T; — t) = b(D*(r,1)).

T;>t

If b is invertible, we can write the time-denominated duration of a coupon bond explicitly as

(12.12) D*(r,t) =b""! (Z w(r,t, T;)b(T; — t)) :

T; >t

Example 12.1 In the Vasicek model we know from Section 7.4 that the b-function is given by
b(r)==(1—¢")

so that the duration of a coupon bond is

D(r7 t) = Z w(T,t,Ti)% (1 — e_K[T%_t]) —

T; >t
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Since

—(l-e")=y & T:—%ln(l—/@y),

we have that )
b y) = (1~ sy),

and hence the time-denominated duration of a coupon bond is

D*(r,t) = f% In (1 — kY w(r t, T)b(T; — t))

T; >t
1
= n (1 — 3wt 1)1 - e”m”))
k T; >t
1
-7 N, — k[T —t] )
~ln (Z w(r,t,T;)e
T; >t

For the extended Vasicek model (the Hull-White model) we get the same expression since the

b-function in that model is the same as in the original Vasicek model. ]

Example 12.2 In the CIR model studied in Section 7.5 the b-function is given by

2(e7 — 1)

o) = (v+R)(e7™ —1) + 2y

so that the duration of a coupon bond is

2(eTi=t — 1)
(v + /) (Tt — 1) + 2y

D(Tv t) = Z w(rvthi)

T; >t
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Since

the time-denominated duration of a coupon bond is

-1

2
ZTi>t w(r, t, Ti)b(Ti - t)

1
(12.13) D*(r,t) = 5 In|1+2y

12.3.3 A comparison with traditional durations

Munk (1999) shows analytically that for any bond the time-denominated duration in the Vasicek
model is smaller than the Fisher-Weil duration. This is also true for the CIR model if the parameter
k = K+ A is positive, which is consistent with typical parameter estimates. Therefore the Fisher-
Weil duration over-estimates the interest rate risk of coupon bonds. Except for extreme yield
curves, the Macaulay duration and the Fisher-Weil duration will be very, very close so that the
above conclusion also applies to the Macaulay duration.

Table 12.1 shows the different duration measures for bullet bonds of different maturities under
the assumption that the yield curve and its dynamics are consistent with the CIR model with given,
realistic parameter values. It is clear from the table that, for all bonds, the Macaulay duration and
the Fisher-Weil duration are very close. For relatively short-term bonds the time-denominated
duration is close to the traditional durations, but for longer-term bonds the time-denominated
duration is significantly lower than the Macaulay and Fisher-Weil durations. In particular, we
see that the interest rate sensitivity, and therefore also the time-denominated duration, for bullet
bonds first increases and then decreases as the time-to-maturity increases.

What is the explanation for the differences in the duration measures? As discussed in Sec-
tion 12.2.3, the Fisher-Weil duration is only a reasonable interest rate risk measure if the yield
curve evolves as in the Merton model where both the drift and the volatility of the short rate
are assumed to be constant. In the Merton model the volatility of a zero-coupon bond is pro-
portional to the time-to-maturity of the bond, cf. (7.17) and (7.37). On the other hand, in the
CIR model the volatility of a zero-coupon bond with time-to-maturity = equals b(7)3+/r, where
the b-function is given by (7.70) on page 190. It can be shown that b is an increasing, concave
function with b'(7) < 1 for all 7. Hence, the volatility of the zero-coupon bonds increases with the
time-to-maturity, but less than proportionally. It can also be shown that the b-function in the CIR
model is a decreasing function of the speed-of-adjustment parameter k so the stronger the mean-
reversion, the further apart the bond volatilities in the two models. Consequently, the distance
between the time-denominated duration D and the Fisher-Weil duration will typically increase
with the speed-of-adjustment parameter, although this probably cannot be proved analytically due
to the complicated expression for D} in (12.13).
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time-to-maturity in years price yield DMac | DFW | D D
1 100.48 | 4.50% 1.00 1.00 | 1.00 | 0.89
2 100.31 | 4.84% 1.95 1.95 | 1.95 | 1.56
3 99.70 | 5.11% 2.86 2.86 | 2.83 | 2.05
4 98.81 | 5.34% 3.72 3.72 | 3.63 | 2.41
5 97.75 | 5.53% || 4.54 | 4.54 | 4.34 | 2.67
6
8

96.60 | 5.68% || 5.32 | 5.31 | 4.95 | 2.86
94.24 | 5.93% || 6.74 | 6.72 | 5.86 | 3.09

10 91.96 | 6.10% 8.01 7.97 | 6.40 | 3.21
12 89.87 | 6.22% 9.14 | 9.07 | 6.68 | 3.26
15 87.15 | 6.35% || 10.57 | 10.45 | 6.83 | 3.28
20 83.63 | 6.48% || 12.39 | 12.16 | 6.80 | 3.28
25 81.13 | 6.56% || 13.65 | 13.30 | 6.71 | 3.26

Table 12.1: A comparison of duration measures for different bonds under the assumption that the
CIR model with the parameters k = 0.36, § = 0.05, 5 = 0.1185, and A = —0.1302 provides a
correct description of the yield curve and its dynamics. The current short rate is 0.04. The bonds
are bullet bonds with a coupon rate of 5%, a face value of 100, one annual payment date, and

exactly one year until the next payment date.

12.4 Immunization
12.4.1 Construction of immunization strategies

In many situations an individual or corporate investor will invest in the bond market either
in order to ensure that some future liabilities can be met or just to obtain some desired future
cash flow. For example, a pension fund will often have a relatively precise estimate of the size and
timing of the future pension payments to its customers. For such an investor it is important that
the value of the investment portfolio remains close to the value of the liabilities. Some financial
institutions are even required by law to keep the value of the investment portfolio at any point in
time above the value of the liabilities by some percentage margin.

A cash flow or portfolio is said to be immunized (against interest rate risk) if the value of
the cash flow or portfolio is not negatively affected by any possible change in the term structure
of interest rates. An investor who has to pay a given cash flow can obtain an immunized total
position by investing in a portfolio of interest rate dependent securities that perfectly replicates
that cash flow. For example, if an investor has to pay 10 million dollars in 5 years, he can make
sure that this will be possible by investing in 5-year zero-coupon bonds with a total face value of
10 million dollars. The present value of his total position will be completely immune to interest
rate movements. An investor who has a desired cash flow consisting of several future payments
can obtain perfect immunization by investing in a portfolio of zero-coupon bonds that exactly
replicates the cash flow. In many cases, however, all the necessary zero-coupon bonds are neither
traded on the bond market nor possible to construct by a static portfolio of traded coupon bonds.
Therefore, the desired cash flow can only be matched by constructing a dynamically rebalanced

portfolio of traded securities.
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We know from the discussion in Chapter 5 that if the term structure follows a one-factor
diffusion model, any interest rate dependent security (or portfolio) can be perfectly replicated by a
particular portfolio of any two other interest rate dependent securities. The portfolio weights have
to be adjusted continuously so that the volatility of the portfolio value will always be identical to
the volatility of the value of the cash flow which is to be replicated. In other words, the duration
of the portfolio must match the duration of the desired cash flow at any point in time. If we let
n(r,t) denote the value weight of the first security in the immunizing portfolio, the second security

will have a value weight of 1 — n(r,t). According to (12.9), the duration of the portfolio is
Dr(r,t) = n(r, ) Di(r,t) + (1 = n(r, 1)) Da(r, 1),

where Dj(r,t) and Dy(r,t) are the durations of each of the securities in the portfolio. If D(r,t)

denotes the duration of the cash flow to be matched, we want to make sure that
77(7"7 t)Dl(r? t) + (1 - 7](7"7 t))D2(Ta t) = D(ﬁ t)

for all r and ¢. This relation will hold if the portfolio weight n(r,t) is chosen so that

D(r,t) — Dy(r,t)

(12.14) ) = B ) = Da(rt)”

If (i) the portfolio is initially constructed with these relative weights and scaled so that the total
amount invested is equal to the present value of the cash flow to be matched, and (ii) the portfolio
is continuously rebalanced so that (12.14) holds at any point in time, then the desired cash flow will
be matched with certainty, i.e. the position is perfectly immunized against interest rate movements.

Of course, continuous rebalancing of a portfolio is not practically implementable (or desirable
considering real-world transaction costs). If the portfolio is only rebalanced periodically, a perfect
immunization cannot be guaranteed. The durations may be matched each time the portfolio is
rebalanced, but between these dates the durations may diverge due to interest rate movements
and the passage of time. With different durations the portfolio and the desired cash flow will not
have the same sensitivity towards another interest rate change.

The convexity can be interpreted as a measure of the sensitivity of the duration towards changes
in the term structure of interest rates. If both the durations and the convexities of the portfolio
and the cash flow are matched each time the portfolio is rebalanced, the durations are likely to stay
close even after several interest rate changes. Therefore, matching the convexities should improve
the effectiveness of the immunization strategy. Note that when both durations and convexities are
matched, it follows from (12.10) that the time values are also identical. Matching both durations
and convexities requires a portfolio of three securities. Let us write the durations and convexities
of the three securities in the portfolio as D;(r,t) and K;(r,t), respectively. The value weights of
the three securities are denoted by 7;(r,t), and the convexity of the desired cash flow is denoted by
K(r,t). Since n3(r,t) = 1 —ny(r,t) — n2(r,t), durations and convexities will be matched if 7y (r,t)

and 72(r,t) are chosen such that

Il
]

771(7“7 t)Dl('rv t) + 772(7‘, t)DQ(rv t) + [1 - 771(7"7 t) - 772(Ta t)] DS(T7 t)
m(r, ) Ky (r,t) 4+ n2(r, £) Ka(r,t) 4 [L = mu(r, t) — na2(r,t)] Ks(r, 1)

(r 1),

(r, 1)

Il
=
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This equation system has the unique solution

(12.15)

m(r.t) = (D1(r,1) — Dy(r, ) (K2 (r,t) — K3(r,t)) — (Da(r,t) — D3 (r, ) (K1 (r,t) — K3(r,1))’
(12.16)

(D1 (r,t) — D3(r,t))(K (r,t) — K3(r,t)) — (D(r,t) — D3(r, 1)) (K (r,t) — K3(r,t))
Dy (r,t) — D3(r,t))(Ka(r,t) — K3(r,t)) — (Da(r,t) — D3(r, t)) (K1 (r, t) — K3(r,t))’

na(r,t) = (

If only durations are matched, the convexity of the portfolio and hence the effectiveness of the
immunization strategy will be highly dependent on which two securities the portfolio consists of.
If the convexity of the investment portfolio is larger than the convexity of the cash flow, a big
change (positive or negative) in the short rate will induce an increase in the net value of the total
position. On the other hand, if the short rate stays almost constant, the net value of the position
will decrease since the time value of the portfolio is then lower than the time value of the cash
flow, cf. (12.10). The converse conclusions hold in case the convexity of the portfolio is less than
the convexity of the cash flow.

Traditionally, immunization strategies have been constructed on the basis of Macaulay durations
instead of the stochastic durations as above. The Macaulay duration of a portfolio is typically very
close to, but not exactly equal to, the value-weighted average of the Macaulay durations of the
securities in the portfolio. We will ignore the small errors induced by this approximation, just as
practitioners seem to. The immunization strategy based on Macaulay durations is then defined by
Eq. (12.14) where Macaulay durations are used on the right-hand side. Immunization strategies
based on the Fisher-Weil duration can be constructed in a similar manner. In earlier sections of
this chapter we have argued that the Macaulay and Fisher-Weil risk measures are inappropriate for
realistic yield curve movements. Consequently, immunization strategies based on those measures
are likely to be ineffective. Below we perform an experiment that illustrates how far off the mark

the traditional immunization strategies are.

12.4.2 An experimental comparison of immunization strategies

For simplicity, let us consider an investor who seeks to match a payment of 1000 dollars exactly

10 years from now. We assume that the CIR model
dry = k[0 — ] dt + B/Tr dzy = (K0 — [k + Nry) dt + B/T7 dz2

with the parameter values k = 0.3, # = 0.05, 3 = 0.1, and A = —0.1 provides a correct description
of the evolution of the term structure of interest rates. The asymptotic long-term yield y, is
then 6.74%. The zero-coupon yield curve will be increasing if the current short rate is below 6.12%
and decreasing if the current short rate is above 7.50%. For intermediate values of the short rate,

the yield curve will have a small hump.

Duration matching immunization

In the following we will compare the effectiveness of duration matching immunization strategies
based on the Macaulay duration, the Fisher-Weil duration, and the stochastic duration derived

from the CIR model. In addition to the duration measure applied, the immunization strategy
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is characterized by the rebalancing frequency and by the securities that constitute the portfolio.
We will consider strategies with 2, 12, and 52 equally spaced annual portfolio adjustments. We
consider only portfolios of two bullet bonds of different maturities. The bonds have a coupon rate
of 5%, one annual payment date, and exactly one year to the next payment date. We assume
that the investor is free to pick two such bonds among the bonds that have time-to-maturities in
the set {1,2,...} at the time when the strategy is initiated. We apply two criteria for the choice
of maturities. One criterion is to choose the maturity of one of the bonds so that the Macaulay
duration of the bond is less than, but as close as possible to, the Macaulay duration of the liability
to be matched. The other bond is chosen to be the bond with Macaulay duration above, but as
close as possible to, the Macaulay duration of the liability. This criterion has the nice implication
that the Macaulay convexities of the portfolio and the liability will be close, which should improve
the effectiveness of periodically adjusted immunization portfolios. We will refer to this criterion
as the Macaulay criterion. The other criterion is to choose a short-term bond and a long-term
bond so that the convexity of the portfolio will be significantly higher than the convexity of the
liability. The short-term bond has a time-to-maturity of one year at the most, while the long
bond matures five years after the liability is due. We will refer to this criterion as the short-long
criterion. Irrespective of the criterion used, we assume that one year before the liability is due, the
portfolio is replaced by a position in the bond with only one year to maturity. Consequently, the
strategies are not affected by interest rate movements in the final year.

The effectiveness of the different immunization strategies is studied by performing 30000 sim-
ulations of the evolution of the yield curve in the CIR model over the 10-year period to the due
date of the liability. In the simulations we use 360 time steps per year. Table 12.2 illustrates the
effectiveness of the different immunization strategies. The left part of the table contains results
based on the Macaulay bond selection criterion, whereas the right part is based on the short-long
bond second criterion. In order to explain the numbers in the table, let us take the right-most
column as an example. The numbers in this column are from an immunization strategy based on
matching CIR durations using a portfolio of a short-term and a long-term bond. For two annual
portfolio adjustments the average of the 30000 simulated terminal portfolio values was 1000.01,
which is very close to the desired value of 1000. The average absolute deviation was 0.124% of the
desired portfolio value. In 29.1% of the 30000 simulated outcomes the absolute deviation was less
than 0.05%. In 53.3% of the simulated outcomes the absolute deviation was less than 0.1%, etc.?

The strategies based on the Macaulay and the Fisher-Weil durations generate very similar
results due to the fact that these duration measures typically are very close. The effectiveness of
these strategies seems independent of the rebalancing frequency. The choice of bonds applied in
the strategy is more important. The deviations from the target are generally significantly larger
for a portfolio of a short and a long bond (a high convexity portfolio) than for a portfolio of bonds
with very similar maturities (a low convexity portfolio). The high convexity strategy deviates by
more than five percent in more than half of all cases.

The CIR strategy of matching stochastic durations is far more effective than matching Macaulay

or Fisher-Weil durations. This can be seen both from the average terminal portfolio value, the

5Even with 30000 simulations the specific fractiles are quite uncertain, but the averages are quite reliable.
Experiments with other sequences of random numbers and a larger number of simulations have resulted in very

similar fractiles.
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2 portfolio adjustments per year

Macaulay criterion

short-long criterion

Macaulay | Fisher-Weil CIR Macaulay | Fisher-Weil CIR

Avg. terminal value 994.41 994.42 999.99 968.32 968.41 1000.01
Avg. absolute deviation 1.28% 1.27% 0.072% 5.65% 5.60% 0.124%
Dev. < 0.05% 2.2% 2.2% 45.2% 0.4% 0.4% 29.1%
Dev. < 0.1% 4.3% 4.3% 76.2% 0.9% 0.8% 53.3%
Dev. < 0.5% 21.5% 21.5% 99.7% 4.5% 4.5% 98.6%
Dev. < 1.0% 42.4% 42.6% 100.0% 8.9% 8.9% 99.9%
Dev. < 5.0% 99.6% 99.6% 100.0% 45.9% 46.2% 100.0%

12 portfolio adjustments per year
Macaulay criterion short-long criterion
Macaulay | Fisher-Weil CIR Macaulay | Fisher-Weil CIR
Avg. terminal value 994.54 994.43 1000.00 968.62 968.53 1000.01
Avg. absolute deviation 1.28% 1.27% 0.032% 5.61% 5.59% 0.053%
Dev. < 0.05% 2.2% 2.2% 80.5% 0.4% 0.4% 59.6%
Dev. < 0.1% 4.5% 4.4% 97.1% 0.9% 0.8% 86.0%
Dev. < 0.5% 21.7% 21.5% 100.0% 4.5% 4.5% 100.0%
Dev. < 1.0% 42.7% 42.7% 100.0% 9.0% 9.0% 100.0%
Dev. < 5.0% 99.6% 99.6% 100.0% 46.4% 46.3% 100.0%
52 portfolio adjustments per year
Macaulay criterion short-long criterion

Macaulay | Fisher-Weil CIR Macaulay | Fisher-Weil CIR
Avg. terminal value 994.50 994.47 1000.00 968.55 968.53 1000.01
Avg. absolute deviation 1.27% 1.26% 0.015% 5.61% 5.58% 0.026%
Dev. < 0.05% 2.1% 2.2% 97.3% 0.4% 0.4% 87.1%
Dev. < 0.1% 4.3% 4.4% 99.9% 0.9% 0.9% 98.6%
Dev. < 0.5% 21.2% 21.3% 100.0% 4.3% 4.3% 100.0%
Dev. < 1.0% 42.7% 42.8% 100.0% 8.7% 8.6% 100.0%
Dev. < 5.0% 99.7% 99.7% 100.0% 46.8% 47.0% 100.0%

Table 12.2: Results from the immunization of a 10-year liability based on 30000 simulations of the
CIR model. The current short rate is 5%.
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average absolute deviation, and the listed fractiles from the distribution of the absolute deviations.
Even with just two annual portfolio adjustments the CIR strategy will miss the target by less than
0.5 percent in more than 98% of all outcomes, no matter which bond selection criterion is used. The
Macaulay and Fisher-Weil strategies miss the mark by more than one percent in more than 50%
of all outcomes, even when the bonds are selected according to their Macaulay durations. Clearly,
the effectiveness of the CIR strategy increases with the frequency of the portfolio adjustments.
In particular, frequent rebalancing is advantageous if the immunization portfolio has a relatively
high convexity. However, the effectiveness of the CIR strategy seems to depend less on the bonds
chosen than does the effectiveness of the traditional strategies.

Simulations using other initial short rates and therefore different initial yield curves have shown
that the average terminal value of the Macaulay strategy is highly dependent on the initial short
rate. For a nearly flat initial yield curve the average terminal value is very close to the targeted
value of 1000, but the average absolute deviation is not smaller than for other initial yield curves.
The CIR strategy is far more effective than the Macaulay strategy, also for a nearly flat initial
yield curve. The effectiveness of the strategies decreases with the current interest rate level due
to the fact that the interest rate volatility is assumed to increase with the level in the CIR model.
Furthermore, the accuracy of the immunization strategies will typically be decreasing in 3 and 6

and increasing in k.

Duration and convexity matching immunization strategies

In the following we consider the case where both the duration and the convexity of the liability
are matched by the investment portfolio. In our experiment we assume that the portfolio consists
of a bond with a time-to-maturity of at most one year, a bond maturing two years after the liability
is due, and a bond maturing ten years after the liability is due. Table 12.3 illustrates the gain
in efficiency by matching both duration and convexity instead of just matching duration using
a portfolio of the short and the long bond. For the Macaulay strategy the average deviation is
reduced by a factor 10. The Fisher-Weil strategy generates almost identical results and is therefore
omitted. For the CIR strategy the relative improvement is even more dramatic and in all of the
30000 simulated outcomes the deviation is less than 0.05% although the portfolio is only rebalanced

once a month! The numbers under the column heading Hull-White are explained below.

Model uncertainty

The results above clearly show that if the CIR model gives a correct description of the term
structure dynamics, an immunization strategy based on the CIR risk measures is far more effective
than strategies based on the traditional risk measures. However, if the CIR model does not provide
a good description of the evolution of the term structure, an immunization strategy based on the
stochastic durations computed using the CIR model will be less successful. Since the CIR model
in any case is closer to the true dynamics of the short rate than the Merton model underlying
the Fisher-Weil duration, the CIR strategy is still expected to be more effective than traditional
strategies.

Our analysis indicates that for immunization purposes it is important to apply risk measures
that are related to the dynamics of the term structure. Therefore, it is important to identify an

empirically reasonable model and then to implement immunization strategies (and hedge strategies
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12 portfolio adjustments per year

Identical durations Identical durations and convexities

Macaulay CIR Hull-White || Macaulay CIR Hull-White
Avg. terminal value 968.62 1000.01 1005.39 997.11 1000.00 999.78
Avg. absolute deviation 5.61% 0.053% 0.98% 0.57% 0.0002% 0.33%
Dev. < 0.05% 0.4% 59.6% 2.5% 4.7% 100.0% 10.1%
Dev. < 0.1% 0.9% 86.0% 5.0% 9.5% 100.0% 19.7%
Dev. < 0.5% 4.5% 100.0% 26.1% 47.6% 100.0% 77.6%
Dev. < 1.0% 9.0% 100.0% 53.4% 86.9% 100.0% 97.5%
Dev. < 5.0% 46.4% 100.0% 100.0% 100.0% 100.0% 100.0%

Table 12.3: Results from the immunization of a 10-year liability of 1000 dollars based on 30000

simulations of the CIR model. The current short rate is 5%.

in general) based on the relevant risk measures associated with the model.

How effective is an immunization strategy based on risk measures associated with a model
which does not give a correct description of the yield curve dynamics? To investigate this issue,
we assume that the CIR model is correct, but that the immunization strategy is constructed using
risk measures from the Hull-White model (the extended Vasicek model). Just before each portfolio
adjustment the Hull-White model is calibrated to the true yield curve, i.e. the yield curve of the
CIR model. Table 12.3 shows the results of such an immunization strategy. As expected the
strategy is far less effective than the strategy based on the true yield curve dynamics, but the Hull-
White strategy is still far better than the traditional Macaulay strategy. So even though we base
our immunization strategy on a model which, in some sense, is far from the true model, we still
obtain a much more effective immunization than we would by using the traditional immunization

strategy.

12.5 Risk measures in multi-factor diffusion models
12.5.1 Factor durations, convexities, and time value

In multi-factor diffusion models it is natural to measure the sensitivity of a security price with
respect to changes in the different state variables. Let us consider a two-factor diffusion model

where the state variables 1 and x5 are assumed to develop as

(12.17) dz1y = aq(T1e, Tor) At + Pr1(@1e, Tor) dzag + Fra(@1e, Tor) dzoy,
(12.18) dzor = ag (w1, T2r) dt + Bo1(T1e, ¥2t) dz1e + B2 (w14, T21) d2ar

For a security with the price By = B(x14, 22, t), 1t6’s Lemma implies that

dBy

(12.19) B = dt — D1 (x1¢, Tar, t) [Bi1 (14, Tot) dz1y + Pra(@1e, Tar) d2zoy]
) t

— Do(z14, T2, t) [Bo1 (14, Tor) dzag + Bz (T1e, Tor) dzay)
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where we have omitted the drift and introduced the notation

1
D =2 ¢
1(1‘1,.%2, ) B($1,$2,t) axl (.131,.’1}2, )a
1 0B
D t=———— t).
2(1‘1,5132, ) B(:El,xQ,t) 61'2 (x17x2a )

We will refer to D1 and D> as the factor durations of the security. In such a two-factor model
any interest rate dependent security can be perfectly replicated by a portfolio that always has the
same factor durations as the given security. Again continuous rebalancing is needed.

In the practical implementation of hedge strategies it is relevant to include second-order deriva-
tives just as we did in the one-factor models above. In a two-factor model we have three relevant

second-order derivatives that lead to the following factor convexities:

1 0’B
K t) = t
1(.171,.’1)2, ) QB(xl,xQ,t) 8‘%% (.’1,'171'2, )7
1 0’B
K. t) = t
2(.171,.’1)2, ) 2B($1,$2,t) ax% (.’IJ]_,.TL'Q, )7
1 0’B
Kio(xy,20,t) = (w1, 22,1).

B(l’l, Za, t) axl&vg
Defining the time value as

1 0B
@(5171, zQat) = Wﬁ(xl’xz’t)’

we get the following relation:

O(z1,x2,t) — &1 (w1, x2) D1 (21,22, t) — Go(z1, 22)Da(x1, 22, 1)

+ 71 (w1, 22)2 K1 (w1, 29, 1) + Yo (21, 22) 2 Ko (21, 2, t) + 12(21, 22) K19(21, 29, 1) = 7(1, T2).

Here the terms 42 = 8% + 3%, and 73 = 32, + 32, are the variance rates of changes in the first and
the second state variables, and 1o = (311821 + $12/322 is the covariance rate between these changes.

In a two-factor affine model the prices of zero-coupon bonds are of the form

BT<.’171, o, t) _ e—a(T—t)—In(T—t)xl—bz(T—t)xz.

Therefore, the factor durations of a zero-coupon bond are given by Dj(z1,z2,t) = b;(T —t)
for j = 1,2. For a coupon bond with the price B(x1,x2,t) = ZTiNYZBTi (21, 22,t) the factor
durations are

1 0B
D; t)= - t:E t,T;)b; (T; —
](1’171'2, ) B(.’I]h.’)i'g,t) 8xj (lEl,IQ, ) T.>tw($la'r2a ) Z) ]( 2 )7

where w(z1,22,t,T;) = Y; BTi(21, x9,t)/B(x1,22,t). The convexities and the time value are

Kj(l‘laant): Zw(x17$25t7Ti)bj(n_t)27 j:172a
T;>t

Kia(z1,22,1) = Z w(z1, 22,1, Ti)b1 (T; — t)ba (T — 1),
T; >t

O(z1,22,t) = Z w(zy, e, t,T;) (@' (T; — t) + b1 (T; — t)ay + b5 (T; — t)as) .
T; >t
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The factor durations defined above can be transformed into time-denominated factor durations
in the following manner. For each state variable or factor j we define the time-denominated factor
duration D} = D;f(ml, x9,t) as the time-to-maturity of the zero-coupon bond with the same price

sensitivity and hence the same factor duration relative to this state variable:

1 OB 1 oB!*+D;

— (21, 29,t) = ¥
B(xl,xQ,t)amj( 1o2:1) Bt+Dj(9c1,x27t) Ox;

(@1, x2,1).

In an affine model this equation reduces to

Z w(wy, 2, t,T;)bi(T; — t) = b; (D7)

T, >t
so that
D} = Dj(x1,22,t) = b;'! (Z w(zy, w2, t,T)b;(T; — t))
T;>t

under the assumption that b; is invertible.

12.5.2 One-dimensional risk measures in multi-factor models

For practical purposes it may be relevant to summarize the risks of a given security in a single
(one-dimensional) risk measure. The volatility of the security is the most natural choice. By
definition the volatility of a security is the standard deviation of the rate of return on the security
over the next instant. In the two-factor model given by (12.17) and (12.18) the variance of the

rate of return can be computed from (12.19):

dB
Var; (#) = Var; ([D111 + D2f21] dzi + [D1 512 + D2 fas] dzayr)
t

= ([D1ﬁ11 + Dofo1)? + [D1fi2 + D2522]2) dt

= (D47 + D373 + 2D1 Do) dt,

where we for notational simplicity have omitted the arguments of the D- and (-functions. The

volatility is thus given by
op(z1,x2,t) = <D1($1, T2, 1)%v1 (1, 22)% 4+ Da(21, 72,t) 72 (21, 2)?
1/2
+2D1(!E1,$27t)D2($17$2,f)’712(9€17$2)) .

Also this risk measure can be transformed into a time-denominated risk measure, namely the
time-to-maturity of the zero-coupon bond having the same volatility as the security considered.
Letting o7 (1, x2,t) denote the volatility of the zero-coupon bond maturing at time 7', the time-

denominated duration D*(x1,x9,t) is given as the solution D* = D*(z1, 22,t) to the equation

t+D*(

op(xy,x2,t) =0 x1,x2,1)

or, equivalently,

2 t+D*(

op(r1,x2,t)" =0 xl,xg,t)Q.
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maturity, years || price | yield DMac | DFW | Dx D3 D*
1 99.83 | 5.18% 1.00 1.00 | 1.00 | 1.00 | 1.00
2 98.94 | 5.58% 1.95 195 | 1.94 | 1.21 | 1.94
3 97.60 | 5.90% 2.86 2.86 | 2.81 | 1.21 | 2.81
4 96.01 | 6.16% 3.72 3.71 | 3.59 | 1.21 | 3.59
5 94.30 | 6.37% || 4.53 | 4.52 | 4.25 | 1.21 | 4.25
6
8

92.56 | 6.54% || 5.30 | 529 | 4.79 | 1.21 | 4.79
89.20 | 6.79% || 6.70 | 6.68 | 5.52 | 1.20 | 5.52

10 86.15 | 6.97% 794 | 7.89 | 5.87 | 1.20 | 5.87
12 83.45 | 7.09% || 9.01 8.94 | 599 | 1.20 | 5.99
15 80.07 | 7.22% || 10.36 | 10.23 | 6.00 | 1.20 | 6.00
20 75.88 | 7.34% || 11.99 | 11.75 | 5.89 | 1.19 | 5.89

Table 12.4: Duration measures for 5% bullet bonds with one annual payment date assuming the
Longstaff-Schwartz model with the parameter values 37 = 0.005, 33 = 0.0814, k1 = 0.3299,
ko = 14.4277, ¢1 = 0.020112, and @2 = 0.26075 provides a correct description of the yield curve

dynamics. The current short rate is r = 0.05 with an instantaneous variance rate of v = 0.002.

This equation can only be solved numerically. For an affine two-factor model the equation is of

the form
2 2
<Z wib (T; — t)) i+ (Z w;bo (T, — t)) 342 <Z w;b (T; — t)) (Z w;ba (T, — t)) Y12
T; >t T; >t T; >t T; >t

= b1(D*)*7F + ba(D*)*%3 + 2b1(D*)ba (D" )1z,

where we again have simplified the notation, e.g. w; represents w(x1,x2,t,T;). Some basic proper-
ties of the time-denominated duration were derived by Munk (1999). The time-denominated dura-
tion is a theoretically better founded one-dimensional risk measure than the traditional Macaulay
and Fisher-Weil durations. Furthermore, the time-denominated duration is closely related to the
volatility concept, which most investors are familiar with.

Table 12.4 lists different duration measures based on the two-factor model of Longstaff and
Schwartz (1992a) studied in Section 8.5.2 on page 214. The parameters of the models are fixed at
the values estimated by Longstaff and Schwartz (1992b), which generates a reasonable distribution
of the future values of the state variables r and v. For 5% bullet bonds of different maturities
the table shows the price, the yield, the Macaulay duration DM?¢_ the Fisher-Weil duration D¥W,
the time-denominated factor durations D} and Dj, and the one-dimensional time-denominated
duration D*. Also in this case the traditional duration measures are overestimating the risk of
long-term bonds. Also note that with the parameter values applied in the computations, the first
time-denominated factor duration D7 and the one-dimensional time-denominated duration D* are
basically identical. The reason is that the sensitivity to the second factor depends very little on

the time-to-maturity. This is not necessarily the case for other parameter values.
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12.6 Duration-based pricing of options on bonds
12.6.1 The general idea

In the framework of one-factor diffusion models Wei (1997) suggests that the price of a Euro-
pean call option on a coupon bond can be approximated by the price of a European call option
on a particular zero-coupon bond, namely the zero-coupon bond having the same (stochastic) du-
ration as the coupon bond underlying the option to be priced. According to Section 2.9.2, this
approximation can also be applied to the pricing of European swaptions. As usual, we let CtK T8
be the time ¢ price of a European call option with expiration time T and exercise price K, written
on a zero-coupon bond maturing at time S > T. Furthermore, C/*7*P™ is the time ¢ price of
a European call option with expiration time T and exercise price K, written on a given coupon
bond. We denote by B; the time ¢ value of the payments of the coupon bonds after expiration of
the option, i.e. By = ZTi>T YiBtTi where Y; is the payment at time T;. Wei’s approximation is

then given by the following relation:

= By k*TtiDr
(12.20) CoTern O = ol
t t t+D; t ’

By

where K* = K BE+D: /B¢, and where D} denotes the time-denominated duration of the cash flow

of the underlying coupon bonds after expiration of the option.

Wei does not motivate the approximation, but shows by numerical examples in the one-factor
models of Vasicek (1977) and Cox, Ingersoll, and Ross (1985b) that the approximation is very
accurate. The advantage of using the approximation in these two models is that only the price
of one call option on a zero-coupon bond needs to be computed. To apply Jamshidian’s trick
(see Section 7.2.3 on page 169) we have to compute a zero-coupon bond option price for each of
the payment dates of the coupon bond after the expiration date of the option. In addition, one
equation in one unknown has to be solved numerically to determine the critical interest rate r*.
Nevertheless, the exact price can be very quickly computed by Jamshidian’s formula, but if many
options on coupon bonds (or swaptions) have to priced, the slightly faster approximation may be
relevant to use.

The intuition behind the accuracy of the approximation is that the underlying zero-coupon
bond of the approximating option is chosen to match the volatility of the underlying coupon bond
for the option we want to price. Since we know that the volatility of the underlying asset is an
extremely important factor for the price of an option, this choice makes good sense.

Munk (1999) studies the approximation in more detail, gives an analytical argument for its
accuracy, and illustrates the precision in multi-factor models in several numerical examples. Note
that the computational advantage of using the approximation is much bigger in multi-factor models
than in one-factor models since no explicit formula for European options on coupon bonds has
been found for any multi-factor model. Whereas the alternative to the approximation in the
one-factor models is a slightly more complicated explicit expression, the alternative in the multi-
factor models is to use a numerical technique, e.g. Monte Carlo simulation or numerical solution
of the relevant multi-dimensional partial differential equation. Below we go through the analytical
argument for the applicability of the approximation. After that we will illustrate the accuracy of

the approximation in numerical examples.



12.6 Duration-based pricing of options on bonds 293

It should be noted that several other techniques to approximating prices of European options
on coupon bonds have been suggested in the literature. For example, in the framework of affine
models Collin-Dufresne and Goldstein (2001) and Singleton and Umantsev (2002) introduce two
approximations that appear to dominate (with respect to accuracy and computational speed) the

duration-based approach discussed here, but these approximations are much harder to understand.

12.6.2 A mathematical analysis of the approximation

Let us first study the error in using the approximation
K. Topn _ Bt kg1,
(12.21) C, R~ ﬁC’t ,

where S is any given maturity date of the underlying zero-coupon bond of the approximating
option, and where Ks = KBy /B;. Afterwards we will argue that the error will be small when
S =t + Dy, which is exactly the approximation (12.20).

Both the correct option price and the price of the approximating option can be written in terms
of expected values under the S-forward martingale measure Q°. Under this measure the price of
any asset relative to the zero-coupon bond price By is by definition a martingale. Hence, the

correct price of the option can be written as

Br — K,0
cierem — gy | 2B R0,

By

while the price of the approximating option is

S
Ko T.S s | Hax (B’}S“_ Kgft 50) s KB?
cfs TS — BtSE;Q 5S = BtSE;Qg [max (1 — —ts,0>} .
T

The dollar error incurred by using the approximation (12.21) is therefore equal to

K Tepn DBt ks s (oS [max(Br — K,0) By o8 KBS
Ct p 7B7§Cts :Bt Et B—¥ *7E max 17@’0

Br K B, K
(12.22) — BSEY [max (—g —~ —S,0> — max (—; —~ —S,0>] :
BT BT Bt BT

From the definition of the S-forward martingale measure it follows also that

s BT Bt
(12.23) E7 [} =_c
©|Bs] T B
and that
K1 KBT
(12.24) jonll [S} -t
B3 B;

For deep-in-the-money call options both max-terms in (12.22) will with a high probability
return the first argument, and it follows then from (12.23) that the dollar error will be close to
zero. Since the option price in this case is relatively high, the percentage error will be very close to
zero. For deep-out-of-the-money call options both max-terms will with a high probability return
zero so that the dollar error again is close to zero. The option price will also be close to zero, so

the percentage error may be substantial.
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The error is due to the outcomes where only one and not both max-terms is different from zero.
This will be the case when the realized values of By and B3 are such that the ratio K/B3 lies
between By /B3 and B;/B;. As indicated by (12.23) and (12.24) this affects the value of forward
near-the-money options where B; ~ K B]. We will therefore expect the dollar pricing errors to be
largest for such options.

The considerations above are valid for any S. In order to reduce the probability of ending up
in the outcomes that induce the error, we seek to choose S so that Br/B; and B3 /By are likely
to end up close to each other. As a first attempt to achieve this we could try to pick .S such that
the variance Var?s [Br/B; — Bf/B?] is minimized, but this idea is not implementable due to the
typically very complicated expressions for B? and, in particular, for By. Alternatively, we can
choose S so that the relative changes in B; and B} over the next instant are close to each other.
This is exactly what we achieve by using S =t + D}.

Another promising choice is S = T™" which is the value of S that minimizes the variance of

the difference in the relative price change over the next instant, i.e. Var?s {dgt — dég’s}. This idea
also gives rise to an alternative time-denominated duration measure, D;*¥ = T™ — ¢, which we
could call the variance-minimizing duration. It can be shown (see Munk (1999)) that for one-
factor models the two duration measures are identical, D} = D{*". In multi-factor models the two
measures will typically be close to each other, and consequently the accuracy of the approximation
will typically be the same no matter which duration measure is used to fix the maturity of the
zero-coupon bond. In the extreme cases where the measures differ significantly, the approximation
based on D} seems to be more accurate.

Note that the analysis in this subsection applies to all term structure models. We have not
assumed that the evolution of the term structure can be described by a one-factor diffusion model.
Therefore we can expect the approximation to be accurate in all models. Below we will investigate
the accuracy of the approximation in a specific term structure model, namely the two-factor model
of Longstaff and Schwartz discussed in Section 8.5.2. These results are taken from Munk (1999),
who also presents similar results for a two-factor Gaussian Heath-Jarrow-Morton model (see Chap-
ter 10 for an introduction to these models). Wei (1997) studies the accuracy of the approximation

in the one-factor models of Vasicek and of Cox, Ingersoll, and Ross.

12.6.3 The accuracy of the approximation in the Longstaff-Schwartz model

According to (8.43), the price of a European call option on a zero-coupon bond in the Longstaff-

Schwartz model can be written as
K,T,S
Cl =BPxt - KBl 3,

where x7 and Y3 are two probabilities taken from the two-dimensional non-central y2-distribution.
No explicit formula for the price of a European call option on a coupon bond has been found.
Consequently, an approximation like (12.20) will be very valuable if it is sufficiently accurate.

~K,T,cpn

To estimate the accuracy, we will compare the approximate price C, to a “correct”

price CtK Tepn computed using Monte Carlo simulation.® Of course, in the practical use of the

6The results shown are based on simulations of 10000 pairs of antithetic sample paths of the two state variables
r and v. The time period until the expiration date of the option is divided into approximately 100 subintervals per

year.
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H two-month options H six-month options H
K | appr. price | abs. dev. | rel. dev. | std. dev. K | appr. price | abs. dev. | rel. dev. | std. dev.
86 5.08407 0.1.10=% | 0.000% | 1.8-10~% 91 4.45364 2.0-107% | 0.000% | 4.8-10~*
87 4.10368 0.2-107° | 0.000% | 1.7-10* 92 3.53250 4.9-107° | 0.001% | 4.0-10~*
88 3.12553 0.7-107° | 0.000% | 1.5-104 93 2.63434 8.2:107° | 0.003% | 3.4-10*
89 2.16242 2.1:107° | 0.001% | 1.2-107* 94 1.79287 9.6-107° | 0.005% | 3.2-10~*
90 1.26608 3.2:107° | 0.003% | 1.0-10~* 95 1.06678 5.5:107° | 0.005% | 3.1-10~*
91 0.56030 0.7-107° | 0.001% | 0.9-10* 96 0.52036 -3.3-107° | -0.006% | 2.4-10~*
92 0.15992 -2.7-107° | -0.017% | 0.7-10~% 97 0.19074 -9.6:107° | -0.050% | 2.0-10~*
93 0.02442 -2.0-107° | -0.083% | 0.7-10~* 98 0.04576 -7.7-107° | -0.168% | 2.0-10~*
94 0.00163 -0.4-107% | -0.253% | 0.4-10~* 99 0.00576 -2.7-107° | -0.474% | 1.5-107*
95 0.00001 -0.0-107% | -1.545% | 0.1-10=* || 100 0.00021 -0.2-107° | -1.051% | 0.5-10~*

Table 12.5: Prices of two- and six-month European call options on a two-year bullet 8% bond in
the Longstaff-Schwartz model. The underlying bond has a current price of 89.3400, a two-month
forward price of 91.2042, a six-month forward price of 95.7687, and a time-denominated stochastic

duration of 1.9086 years.

approximation the approximate price will be computed using the explicit formula for the price of the
option on the zero-coupon bond. But to make a fair comparison, we will compute the approximate
price using the same simulated sample paths as used for computing the correct option price. In
this way our evaluation of the approximation is not sensitive to a possible bias in the correct price
induced by the simulation technique.

We will consider European call options with an expiration time of two or six months written
on an 8% bullet bond with a single annual payment date and a time-to-maturity of two or ten
years. The parameters in the dynamics of the state variables, see (8.40) and (8.41), are taken to
be 32 = 0.01, 82 = 0.08, ¢; = 0.001, o = 1.28, k; = 0.33, kg = 14, and A\ = 0. These values
are close to the parameter values estimated by Longstaff and Schwartz in their original article.
The current short rate is assumed to be r = 0.08 with an instantaneous variance of v = 0.002.
The accuracy of the approximation does not seem to depend on these values in any systematic
way. Table 12.5 lists results for options on the two-year bond for various exercise prices around
the forward-at-the-money value of K, i.e. By/B}. The corresponding results for options on the
ten-year bond are shown in Table 12.6. The absolute deviation shown in the tables is defined as
the approximate price minus the correct price, whereas the relative deviation is computed as the
absolute deviation divided by the correct price. The tables also show the standard deviation of
the simulated difference between the correct and the approximate price.

All the approximate prices are correct to three decimals, and the percentage deviations are
also very, very small. In all cases the absolute deviation is considerably smaller than the standard
deviation of the Monte Carlo simulated differences. Based on the mathematical analysis of the
approximation we expect the errors to be smaller for shorter maturities of the option and the
underlying bond than for longer maturities. This expectation is confirmed by our examples. Also

in line with our discussion, we see that the absolute deviation is largest for forward-near-the-money
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H two-month options H six-month options H
K | appr. price | abs. dev. | rel. dev. | std. dev. || K | appr. price | abs. dev. | rel. dev. | std. dev.
74 4.42874 1.2:107% | 0.003% | 1.9-1073 || 78 4.27344 1.1-:107% | 0.027% | 4.4-1073
75 3.46569 2.5-107% | 0.007% | 1.6:10=3 || 79 3.42836 1.3-107% | 0.037% | 4.3-1073
76 2.53643 3.9.107* | 0.015% | 1.4-1072 || 80 2.64289 1.2.1072 | 0.045% | 4.3-1073
7 1.69005 4.0-107* | 0.024% | 1.4-1072 || 81 1.93654 0.8-1073 | 0.042% | 4.2-1073
78 0.98799 1.8-107% | 0.018% | 1.3-1073 || 82 1.33393 0.2-107% | 0.015% | 3.8-1073
79 0.48542 -1.7-107% | -0.036% | 1.0-1073 || 83 0.85064 -0.5-1073 | -0.063% | 3.1-1073
80 0.19080 -3.9-107% | -0.202% | 0.9-1072 || 84 0.49430 -1.1-1073 | -0.220% | 2.8-1073
81 0.05666 -3.2:107%* | -0.570% | 0.9-1072 || 85 0.25641 -1.3:1073 | -0.508% | 2.6:1073
82 | 0.01267 | -1.6-10"* | -1.263% | 0.8-107 || 86 | 0.11491 | -1.2:1073 | -1.001% | 2.7-1073
83 0.00185 -0.5-107% | -2.424% | 0.5-1073 || 87 0.04372 -0.8:1073 | -1.786% | 2.6:1073

Table 12.6: Prices on two- and six-month European call options on a ten-year bullet 8% bond in
the Longstaff-Schwartz model. The underlying bond has a current price of 76.9324, a two-month
forward price of 78.5377, a six-month forward price of 82.4682, and a time-denominated stochastic

duration of 4.8630 years.

options and smallest for deep-in- and deep-out-of-the-money options.

Figure 12.1 illustrates how the precision of the approximation depends on the exercise price
for different time-to-maturities of the zero-coupon bond underlying the approximating option.
The figure is based on two-month options on the two-year bullet bond, but a similar picture can
be drawn for the other options considered. For deep-out-of- and deep-in-the-money options the
approximation is very accurate no matter which zero-coupon bond is used in the approximation,
but for near-the-money options it is important to choose the right zero-coupon bond, namely the
zero-coupon bond with a time-to-maturity equal to the time-denominated stochastic duration of
the underlying coupon bond. Also these results are consistent with the analytical arguments and

the discussion in the preceding subsection.

12.7 Alternative measures of interest rate risk

In this chapter we have focused on measures of interest rate risk in arbitrage-free dynamic
diffusion models of the term structure. Similar risk measures can be defined in Heath-Jarrow-
Morton (HJM) models and market models which, as discussed in Chapters 10 and 11, do not
necessarily fit into the diffusion setting. In an HJM model where all the instantaneous forward

rates are affected by a single Brownian motion,

dff" = a(t, T, () sz0) db + BT, (f )sze) dae,

the price of any fixed income security will have a dynamics of the form

dBy

B pB(t, (ff)s>t) dt +op(t, (ff)s>t) dzt.
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Figure 12.1: The absolute price errors for two-month options on two-year bullet bonds in the
Longstaff-Schwartz-model for different maturities of the zero-coupon bond underlying the approx-
imating option. The time-denominated stochastic duration of the underlying coupon bond is

D} = 1.9086 years, and the two-month forward price of the coupon bond is 91.2042.

Here the volatility op is an obvious candidate for measuring the interest rate risk of the security,

and the time-denominated duration D* = D*(¢, (ff)s>:) can be defined implicitly by the equation

( (ft )S> ) H_D*( 7(f:)82t)5

where ol (t, (f)s>t) = — ft B(t,u, (f7)s>t) du is the volatility of the zero-coupon bond maturing
at time T, cf. Theorem 10.1 on page 242.7 Similar risk measures can be defined for HJM models
involving more than one Brownian motion.

In the more practically oriented part of the literature several alternative measures of interest
rate risk have been suggested. A seemingly popular approach is to use the so-called key rate
durations introduced by Ho (1992). The basic idea is to select a number of key interest rates, i.e.
zero-coupon yields for certain representative maturities, e.g. 1, 2, 5, 10, and 20 years. A change
in one of these key rates is assumed to affect the yields for nearby maturities. For example, with
the key rates listed above, a change in the two-year zero-coupon yield is assumed to affect all
zero-coupon yields of maturities between one year and five years. The change in those yields is
assumed to be proportional to the maturity distance to the key rate. For example, a change of 0.01
(100 basis points) in the two-year rate is assumed to cause a change of 0.005 (50 basis points) in the
1.5-year rate since 1.5 years is halfway between two years and the preceding key rate maturity of
one year. Similarly, the change in the two-year rate is assumed to cause a change of approximately
0.0033 (33 basis points) in the four-year rate. A simultaneous change in several key rates will
cause a piecewise linear change in the entire yield curve. With sufficiently many key rates, any

yield curve change can be well approximated in this way. It is relatively simple to measure the

7If B is positive, the volatility of the zero-coupon bond is strictly speaking —o T .
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sensitivities of zero-coupon and coupon bonds with respect to changes in the key rates. These
sensitivities are called the key rate durations. When different bonds and positions in derivative
securities are combined, the total key rate durations of a portfolio can be controlled so that the
investor can hedge against (or speculate in) specific yield curve movements.

The key rate durations are easy to compute and relate to, but there are several practical
and theoretical problems in applying these durations. The individual key rates do not move
independently, and hence we have to consider which combinations of key rate changes that are
realistic and do not conflict with the no-arbitrage principle. Furthermore, to evaluate the interest
rate risk of a security or a portfolio, we must specify the probability distribution of the possible key
rate changes. Practitioners often assume that the changes in the different key rates can be described
by a multi-variate normal distribution and estimate the means, variances, and covariances of the
distribution from historical data. While the normal distribution is very tractable, empirical studies
cannot support such a distributional assumption.

An investor who believes that the yield curve dynamics can be represented by the evolution
of some selected key rates should use a theoretically better founded model for pricing and risk
management, e.g. an arbitrage-free dynamic model using these key rates as state variables, cf.
the short discussion in Section 8.6.4 on page 222. In such a model all yield curve movements are
consistent with the no-arbitrage principle. Furthermore, for the points on the yield curve that lie
in between the key rate maturities, such a model will give a more reasonable description than does
the simple linear interpolation assumed in the computation of the key rate durations. Furthermore,
the model can be specified using relatively few parameters and still provide a good description of
the covariance structure of the key rates.

Other authors suggest duration measures that represent the price sensitivity towards changes
in the level, the slope, and the curvature of the yield curve, see e.g. Willner (1996) and Phoa and
Shearer (1997). This seems like a good idea since these factors empirically provide a good descrip-
tion of the shape and movements of the yield curve, cf. the discussion in Section 8.1. However, also
these duration measures should be computed in the setting of a realistic, arbitrage-free dynamics
of these characteristic variables. This can be ensured by constructing a term structure model using

these factors as state variables.



Chapter 13

Mortgage-backed securities

Standard mortgage-backed bonds: Dunn and McConnell (1981), Schwartz and Torous (1989, 1992),
Boudoukh, Whitelaw, Richardson, and Stanton (1997), LeRoy (1996), Deng, Quigley, and Van Or-

der (2000)
Collateralized Mortgage Obligations (CMO’s): McConnell and Singh (1994), Childs, Ott, and

Riddiough (1996)
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Chapter 14

Credit risky securities

Bonds issued by corporations are credit risky. Two types of models are used for pricing corporate
bonds.

Structural models that are based on assumptions about the specific issuing firm, e.g. an un-
certain flow of earnings and a given or optimally derived capital structure: Merton (1974), Black
and Cox (1976), Shimko, Tejima, and van Deventer (1993), Leland (1994), Longstaff and Schwartz
(1995), Goldstein, Ju, and Leland (2001), Christensen, Flor, Lando, and Miltersen (2002).

Reduced form models: Jarrow, Lando, and Turnbull (1997), Lando (1998), Duffie and Singleton
(1999).
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Chapter 15

Stochastic interest rates and the pricing

of stock and currency derivatives

15.1 Introduction

In the preceding chapters we have focused on securities with payments and values that only
depend on the term structure of interest rates, not on any other random variables. However, the
shape and the dynamics of the yield curve will also affect the prices of securities with payments
that depend on other random variables, e.g. stock prices and currency rates. The reason is that
the present value of a security involves the discounting of the future payments, and the appropriate
discount factors depend on the interest rate uncertainty and the correlations between interest rates
and the random variables that determine the payments of the security.

We will in this chapter first consider the pricing of stock options when we allow for the uncer-
tain evolution of interest rates, in contrast to the classical Black-Scholes-Merton model. We show
that for Gaussian term structure models the price of a European stock option is given by a sim-
ple generalization of the Black-Scholes-Merton formula. This generalized formula corresponds to
the way which practitioners often implement the Black-Scholes-Merton formula. In the Gaussian
interest rate setting we will also derive similar pricing formulas for European options on forwards
and futures on stocks. Subsequently, we consider securities with payments related to a foreign
exchange rate. With a lognormal foreign exchange rate and Gaussian interest rates we obtain sim-
ple expressions for currency futures prices and European currency option prices. Throughout the
chapter we focus on European call options. The prices of the corresponding European put options
follow from the relevant version of the put-call parity. As always, to price American options we

generally have to resort to numerical methods.
15.2 Stock options

15.2.1 General analysis

Let us look at a European call option that expires at time 7" > ¢, is written on a stock with
price process (S;), and has an exercise price on K. We know from Chapter 5 that the time ¢ price

of this option is given by

(15.1) ¢, = BTEY [max (Sr — K,0)],
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where Q7 is the T-forward martingale measure. For simplicity we assume that the underlying
asset does not provide any payments in the life of the option. The forward price of the underlying
asset for delivery at date T is given by F = S;/B{. In particular, F}. = Sz so that the option
price can be rewritten as

Cy = BI'EY [max (FY — K,0)] .

Recall that, by definition of the T-forward martingale measure, we have that E2" [FE = Fl' =
S;/BY'. To compute the expected value either in closed form or by simulation, we have to know
the distribution of Sy = F under the T-forward martingale measure. This distribution will follow
from the dynamics of the forward price FI'. But first we will set up a model for the price of the
underlying stock and for the relevant discount factors, i.e. the zero-coupon bond prices.

As usual, we will stick to models where the basic uncertainty is represented by one or several
standard Brownian motions. In a model with a single Brownian motion, all stochastic processes
will be instantaneously perfectly correlated, cf. the discussion in the introduction to Chapter 8.
To price stock options in a setting with stochastic interest rates, we have to model both the stock
price and the appropriate discount factor. Since these two variables are not perfectly correlated,
we have to include more than one Brownian motion in our model.

Under the spot martingale measure Q the drift of the price of any traded asset (in time intervals
with no dividend payments) is equal to the short-term interest rate, r;. The dynamics of the price

of the underlying asset is assumed to be of the form
(15.2) as, = Sy [redt+ (53)" a2,

where 2@ is a multi-dimensional standard Brownian motion under the spot martingale measure

Q, and where of' is a vector representing the sensitivity of the stock price with respect to the

t as the sensitivity vector of the stock price. In general, o5t

exogenous shocks. We will refer to o®
may itself be stochastic, e.g. depend on the level of the stock price, but we will only derive explicit
option prices in the case where %' is a deterministic function of time and then we will use the
notation o®t(¢). It is hard to imagine that the volatility of a stock will depend directly on calendar
time, so the most relevant example of a deterministic volatility is a constant sensitivity vector. We

can also write (15.2) as

n
Sy = Sy |rpdt + > oSidal |
j=1
where n is the number of independent one-dimensional Brownian motions in the model, and
o5t, ..., 05" are the components of the sensitivity vector.
Similarly, we will assume that the price of the zero-coupon bond maturing at time T will evolve

according to
(15.3) dBT = BT [rt dt+ (oF)" dz;@} :

where the sensitivity vector of of the bond may depend on the current term structure of interest
rates (and in theory also on previous term structures). Equivalently, we can write the bond price
dynamics as

dB} = B} |redt+ Y o}, dz5

j=1
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In the model given by (15.2) and (15.3) the variance of the instantaneous rate of return on the

stock is given by

n

Var? (dS;/S;) = Var? Zaet dz _ Z (022)2 it

j=1

so that the volatility of the stock is equal to the length of the vector 03", i.e. [lo3*[| = {/3°7_, (02";)2
Similarly, the volatility of the zero-coupon bond is given by ||o7||. The covariance between the rate
of return on the stock and the rate of return on the zero-coupon bond is (¢35t)" o7 = Z?Zl crjsgoﬁ
Consequently, the instantaneous correlation is (o5*)" of / [[lo5t]| - [|of [1]-

Note that if we just want to model the prices of this particular stock and this particular bond,
a model with n = 2 is sufficient to capture the imperfect correlation. For example, if we specify

the dynamics of prices as

(15.4) S, = S, [rt dt + vt dz?;} ,
(15.5) dBT = BT [rt dt + poT dz2 + /1= p2T dzgﬂ ,

the volatilities of the stock and the bond are given by v5' and v, respectively, while p € [~1,1]
is the instantaneous correlation. However, we will stick to the more general notation introduced
earlier.

Given the dynamics of the stock price and the bond price in Equations (15.2) and (15.3), we
obtain the dynamics of the forward price FI = S;/B] under the QT probability measure by an
application of It6’s Lemma for functions of two stochastic processes, cf. Theorem 3.5 on page 66.
Knowing that Fl' is a QT-martingale so that its drift is zero, we do not have to compute the drift
term from It6’s Lemma. Therefore, we just have to find the sensitivity vector, which we know
is the same under all the martingale measures. Writing F/' = g(S;, B ), where g(S, P) = S/P,
the relevant derivatives are dg/dS = 1/P and dg/0P = —S/P? so that we obtain the following
forward price dynamics:

9g

S
=F (o} - otT)T dz.

22 (Se, BY) S (o54) T dzT+@(st,BT)BT(at) dzf

dF} = 5P

A standard calculation yields
1
A FY) = — |03t — oF | di + (o3t — oF) 7 daf.

and hence

u u

1 /7T T
(15.6) InSr=nFf=InF’ — 5/ 058 — o L2 du +/ (o3 — 05)-r dzT.
t t

In general, ot and o7 will be stochastic, in which case we cannot identify the distribution of

In St and hence St, but Equation (15.6) provides the basis for Monte Carlo simulations of St

st

and thus an approximation of the option price. Below, we discuss the case where o5 and ¢ are

deterministic. In that case we can obtain an explicit option pricing formula.
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15.2.2 Deterministic volatilities

If we assume that both of' and of are deterministic functions of time ¢, it follows from (15.6)
and Theorem 3.2 on page 54 that In S7 = In F£' is normally distributed, i.e. S = FZ is lognormally
distributed, under the T-forward martingale measure. Theorem A.4 in Appendix A implies that

the price of the stock option given in Equation (15.1) can be written in closed form as
Ci = B {EY [FFIN(d1) — KN(da)}

where

“O
N

1 E
di = 1
! 'UF(taT) " (

do =di —vp(t,T),

ve(t,T)2 = Var? [In FZ).

By the martingale property, E?T [F1]=FI = S,/Bl'. We can compute the variance as

vp(t,T)* = Var?T [InFi] = Var?T

T T
/t (0% (u) — UT(u)) dzf]
T Tz
—var” | [1 3" (05 w) - of ()
et
= z”: Var,; ’
J:l . 2
-3 [ o - o7 ) i
J—T . 2
= [ e - oF )

— [l ) = o7 @)

t

=L@n&%dew+[TWTwm%w—zlwa“wWaWwdw

/tT (o5t (u) — O'JT(U)) dzﬁ]

where the third equality follows from the independence of the Brownian motions z7,..., 2zl and

the fourth equality follows from Theorem 3.2. Clearly, the first term in the final expression for the
variance is due to the uncertainty about the future price of the underlying stock, the second term
is due to the uncertainty about the discount factor, and the third term is due to the covariance of

the stock price and the discount factor. The price of the option can be rewritten as

(15.7) C; = S;N(dy) — KBI'N(dy),
where
1 S, 1
dl UF(t,T) n(KBtT>+2UF(t7 )a

d2 = dl — UF(t,T).
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If the sensitivity vector of the stock is constant, we get

T T
(15.8) vp(t, T)? = ||aSt||2(T—t)—|—/t ||UT(u)||2du—2/t (aSt)TJT(u)du.

The Black-Scholes-Merton model is the special case in which the short-term interest rate r
is constant, which implies a constant, flat yield curve and deterministic zero-coupon bond prices
of B' = e="T= with ¢ (u) = 0. Under these additional assumptions, the option pricing for-

mula (15.7) reduces to the famous Black-Scholes-Merton formula
(15.9) C(t) = S;N(dy) — Ke "IN (dy),

where
dy = ! In < St
1= ||O.st||\/z"—_t Ke—rlT—t]
dg = d1 — ||0’St||\/T —t.

1
)+ Sl VT

The more general formula (15.7) was first shown by Merton (1973). It holds for all Gaussian
term structure models, e.g. in the Vasicek model and the Gaussian HJM models, because the
sensitivity vector and hence the volatility of the zero-coupon bonds are then deterministic functions
of time. In a reduced equilibrium model as Vasicek’s the bond price B} entering the option
pricing formula is given by the well-known expression for the zero-coupon bond price in the model,
e.g. (7.51) on page 178 in the one-factor Vasicek model. For the extended Vasicek model and the
Gaussian HJM models the currently observed zero-coupon bond price is used in the option pricing
formula. This latter approach is consistent with practitioners’ use of the Black-Scholes-Merton
formula since, instead of a fixed interest rate r for options of all maturities, they use the observed
zero-coupon yield y7 until the maturity date of the option. However, also the relevant variance
vp(t,T)? in Merton’s formula (15.9) differs from the Black-Scholes-Merton formula. The first of
the three terms in (15.8) is exactly the variance expression that enters the Black-Scholes-Merton
formula. The other two terms have to be added to take into account the variation of interest rates
and the covariation of interest rates and the stock price. Practitioners seem to disregard these
two terms. For typical parameter values the two latter terms will be much smaller than the first
term so that the errors implied by neglecting the two last terms will be insignificant. Therefore
Merton’s generalization supports practitioners’ use of the Black-Scholes-Merton formula. However,
the assumptions underlying Merton’s extension are problematic since Gaussian term structure
models are highly unrealistic.

For other term structure models one must resort to numerical methods for the computation
of the stock option prices. One possibility is to approximate the expected value in (15.1) by an
average of payoffs generated by Monte Carlo simulations of the terminal stock price under the
T-forward martingale measure, e.g. based on (15.6). Note that if, for example, ol depends on
the short rate r,, the evolution in the short rate over the time period [t,T] has to be simulated
together with the stock price. Alternatively, the fundamental partial differential equation can be
solved numerically. Apparently, the effects of stochastic interest rates on stock option pricing and
hedge ratios have not been subject to much research. Based on the analysis of a model allowing for
both a stochastic stock price volatility and stochastic interest rates, Bakshi, Cao, and Chen (1997)

conclude that typical option prices are more sensitive to fluctuations in stock price volatilities than
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to fluctuations in interest rates. Whether this conclusion generalizes to other model specifications

and stock options with other contractual terms remains an unanswered question.

15.3 Options on forwards and futures

In this section we will discuss the pricing of options on forwards and futures on a security
traded at the price S;. As before, we assume that this underlying asset has no dividend payments.
We will derive explicit formulas for European call options in the case where all price volatilities
are deterministic. Amin and Jarrow (1992) obtain similar results for the special case where the
dynamics of the term structure is given by a Gaussian HJM model, which implies that the volatili-
ties of the zero-coupon bonds are deterministic. We will let T denote the expiry time of the option
and let T denote the time of delivery (or final settlement) of the forward or the futures contract.
Here, T < T.

15.3.1 Forward and futures prices

As shown in Section 5.4, the forward price for delivery at time T is given by FtT =S/ BtT ,

while the futures price thT for final settlement at time 7T is characterized by
of =BY (57 = E7 [FF].
As in the preceding section, we assume that the dynamics under the spot martingale measure Q
is
dSt = St |:Tt dt + (U?t)-r d29:|
for the price of the security underlying the forward and the futures and
— — -\ T
dBT = BT {n dt + (a;f ) dz?}
for the price of the zero-coupon bond maturing at 7. Ité’s Lemma yields first that
— — -\ T — -\ T
(15.10) dFT = FT { ( T) (a? - otT) dt + (th - atT) dz?} ,
and, subsequently, that
T Lo s T2 N\ (st T s T\ ;0
d(lnFy) = —§||0t —o; ||F— (O’ ) (Jt fat) dt + (O’t -0 ) dz;.
It follows that

_ i, Tr _ T _ T T
lanzlnFtT—i—/ [—2|02t—0;‘f||2— (0’;{) (Jff—a:f)] du+/ (Uff—aff) dz;(}).
t t

Equivalently,

T T N N\ (st T T/ e T Q
ST :FT :Ft exp / _5”02 _UuH - (Uu> (Ui _0u> du+/ (O-TS,L _Gu) dZu :
t t

Therefore the futures price can be written as

T 1 _ N _ T \NT
exp / {2”03} —ol? - (05) <O’Zt - 05)} dqu/ (aff - 0’5) dz2 3 |.
¢ ¢

of = Fl'E?
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For the case where the volatilities o' and ¢ are deterministic, the futures price is given in

closed form as

o = T e {/ 5100 = T @I~ 0T (o7 (0) ~ o (w)] d“}

exp { / ! (ast<u> - a%)T dz;?H

= FT exp {— /tT oT(u)™ (USt(u) - O'T(u)) du} ,

where the last equality is a consequence of Theorem 3.2 and Theorem A.2. If the volatilities are

(15.11) x B2

not deterministic, no explicit expression for the futures price is available.

15.3.2 Options on forwards

From the analysis in Chapter 5 we know that the price of a European call option on a forward

is
(15.12) ¢y = BTE?" |max(FI - K,0)|,

where T is the expiry time and K is the exercise price. Let us find the dynamics in the forward
price FT under the T-forward martingale measure Q7. From (5.7) and (5.20) we can shift the

probability measure from Q to QT by applying the relation
(15.13) dzl = dz2 — o dt.
Substituting this into (15.10), we can write the dynamics in FtT under Q7" as
— — -\ T — -\ T
dFtT = FtT {(otT — O’T) (Uft — otT) dt + (Uft - 0T> dz;r] .
Note that only if T = T, the drift will be zero and FtT will be a QT-martingale. It follows that

_ _ T T _
lnFjj::lnFtTJr/ (O’E*JE) (Uzt—of) du

t

1 T t T2 ’ t a T
—i/t llost — o, || du—i—/t (Ui—au) dz, .

T

T and ol are all deterministic functions of time, we have

Under the assumption that o5t o

that In qu (given FtT ) is normally distributed under Q7 with mean value

pr=EY [InFE| =m P+ / ' (o7 @) = o) (7w — 0" (w)) du

1

T _
—3 [ 1o =T W)l

and variance

0%t (u) — O-T(u)H2 du.

_ T
v EVar(?T {lan} :/ ‘
t
Applying Theorem (A.4) in Appendix A, we can compute the option price from (15.12) as

Cy = BI {1 EN(dy) — KN(d) }
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where
_Ink +12 —InK 1
dy = i +oup = HET 50F SVF,
UF VR 2
dg = d1 — Vp.
Since

Lp + %v% =InFT + /tT (UT(u) - UT(U))T (gst(u) - UT(u)) du,

we can replace ehF+3vE by FtTef, where
T ) - ~
&= / (aT(u) - UT(u)) (USt(u) - aT(u)) du.
t
Hence, the option price can be rewritten as
(15.14) C; = BT FTefN(dy) — KB N(dy),
and d; can be rewritten as B
In(FF /K 1
4 W) +e

—VF.
(al 2

15.3.3 Options on futures
A European call option on a futures has a value of
(15.15) ¢, =BI'EY [max(qﬁﬁ - K, 0)} .

With deterministic volatilities we can apply (15.11) and insert @; = F:,f e~¥(TT.T) where we have

introduced the notation

W(T,U,T) = /U oT(u)™ (USt(u) - UT(u)) du.

T
Consequently, the option price can be written as
C; = Bl E;@T [max(F%?eﬂ/’(T’T’T) - K, 0)}

= BtTe*w(T’T’T) E;QT [max(Fg — Ke’p(T’T’T), 0)} .

We see that, under these assumptions, a call option on a futures with the exercise price K is
equivalent to e W(TT.T) cq]) options on a forward with the exercise price Ke?TT.T) From (15.14)

it follows that the price of the futures option is
Cy = e *TTD | BT ETEN (dy) — Ke?TTTD BTN (dy) |,

which can be rewritten as

(15.16) C, = FIBF £~ (TT T N(dy) — KB N(dy),
where
In(FT /K — (T, T,T) 1
g, = &/ )+v§ (T, T, )+§UF7
F

dy = di —vp,

UF:([;

1/2
o (u) — UT(u)H2 du> .
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Applying FtT = @?ew(tjj) and ¥(t, T, T)—(T,T,T) = (¢, T, T), we can also express the option

price as
(15.17) C; = ®T Bl et WT TN (dy) — K BT N(dy)
with

S W@T/K) + €~ i, T T)
1= .

Ll
—VF.
2F

15.4 Currency derivatives

Corporations and individuals who operate internationally are exposed to currency risk since
most foreign exchange rates fluctuate in an unpredictable manner. The exposure can be reduced
or eliminated by investments in suitable financial contracts. Both on organized exchanges and in
the OTC markets numerous contracts with currency dependent payoffs are traded. Some of these
contracts also depend on other economic variables, e.g. interest rates or stock prices. However, we
will focus on currency derivatives whose payments only depend on a single forward exchange rate.
This is the case for standard currency forwards, futures, and options.

Before we go into the valuation of the currency derivatives, we will introduce some notation.
The time ¢ spot price of one unit of the foreign currency is denoted by e;. This is the number
of units of the domestic currency that can be exchanged for one unit of the foreign currency. As
before, 7; denotes the short-term domestic interest rate and Bf denotes the price (in the domestic
currency) of a zero-coupon bond that delivers one unit of the domestic currency at time 7. By P
we will denote the price in units of the foreign currency of a zero-coupon bond that delivers one
unit of the foreign currency at time 7'. Similarly, 7 and g denote the foreign short rate and the

foreign zero-coupon yield for maturity 7', respectively.

15.4.1 Currency forwards

The simplest currency derivative is a forward contract on one unit of the foreign currency. This
is a binding contract of delivery of one unit of the foreign currency at time 7" at a prespecified
exchange rate K so that the payoff at time T is e — K. The no-arbitrage value at time ¢t < T
of this payoff is PtTEt — BT K since this is the value of a portfolio that provides the same payoff
as the forward, namely a portfolio of one unit of the foreign zero-coupon bond maturing at 7" and
a short position in K units of the domestic zero-coupon bond maturing at time 7. The forward
exchange rate at time t for delivery at time T is denoted by F/l and it is defined as the value of
the delivery price K that makes the present value equal to zero, i.e.

i

T _
(1518) Ft = B—;I,Et.

This relation is consistent with the results on forward prices derived in Theorem 2.1 and in Sec-
tion 5.4.1. The forward exchange rate can be expressed as
Fl' = gte(ytT—?JtT)(T—t)’

where y and g denote the domestic and the foreign zero-coupon rates for maturity date 7T,

respectively. If yI' > ¢I', the forward exchange rate will be higher than the spot exchange rate,



15.4 Currency derivatives

310

otherwise an arbitrage will exist. Conversely, if y7 < g, the forward exchange rate will be lower
than the spot exchange rate. The stated expressions for the forward exchange rate are based only
on the no-arbitrage principle and hold independently of the dynamics in the spot exchange rate

and the interest rate of the two countries.

15.4.2 A model for the exchange rate

In order to be able to price currency derivative securities other than currency forwards, as-
sumptions about the evolution of the spot exchange rate are necessary. As always we focus on
models where the fundamental uncertainty is represented by Brownian motions. Since we have to
model the evolution in both the exchange rate and the term structures of the two countries, and
these objects are not perfectly correlated, the model has to involve a multi-dimensional Brownian
motion.

Foreign currency can be held in a deposit account earning the foreign short-term interest rate.
Therefore, we can think of foreign currency as an asset providing a continuous dividend at a rate
equal to the foreign short rate, 7;. Under the domestic spot martingale measure QQ the total
expected rate of return on any asset will equal the domestic short rate. Since foreign currency
provides a cash rate of return of 7, the expected percentage increase in the price of foreign currency,
i.e. the exchange rate, must equal 7, — 7;. The dynamics of the spot exchange rate will therefore
be of the form

15.19 dEt = & |(T¢ —’f't dt+ os T dZ@ 5
t t

where 29 is a multi-dimensional standard Brownian motion under the spot martingale measure Q,
and where o is a vector of the sensitivities of the spot exchange rate towards the changes in the
individual Brownian motions. Note that, in general, r, ¥, and ¢¢ in (15.19) will be stochastic
processes.

Define Y; = Ple,, i.e. Y; is the price of the foreign zero-coupon bond measured in units of the
domestic currency. If we let 5] denote the sensitivity vector of the foreign zero-coupon bond, it
follows from It6’s Lemma that the sensitivity vector for Y; can be written as of +&7 . Furthermore,
we know that, measured in the domestic currency, the expected return on any asset under the risk-

neutral probability measure Q will equal the domestic short rate, ;. Hence, we have
aY, =Yy [redt + (of +67) " a2
For the domestic zero-coupon bond the price dynamics is of the form
dBT = BT [rt dt+ (o))" dz;@} .

According to (15.18), the forward exchange rate is given by F/ = Y;/BI. An application of Itd’s

Lemma yields that the dynamics of the forward exchange rate is
(15.20) dFT = FT [f (07) (05 + 67 — oT) dt + (o + 67 — o))" dz;@} .

This is identical to the dynamics of the forward price on a stock, except that the stock price

sensitivity vector o5 has been replaced by the sensitivity vector for Y;, which is of + 7. It follows
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that

T
o= ot = ol = [ ((el)" [t - ] - ol - )
t

T
—l—/ [0f + 6L —oT]" dzg}
t

Here 0¢, 67, and o7 will generally be stochastic processes.

(15.21)

As mentioned above, we may think of F/'" as the forward price of a traded asset (the foreign
zero-coupon bond) with no payments before maturity. It follows from the analysis in Chapter 5
that the forward price process (F1) is a QT-martingale. In particular, E?T [FE] = FT', and the
drift in F is zero under the QT measure. Consequently, the dynamics of the forward price F/

under the T-forward martingale measure Q7 is
(15.22) dFT = FF (o + 6 — o))" d2T.

This can also be seen by substituting (15.13) into (15.20).
In order to obtain explicit expressions for the prices on currency derivative securities we will in

T and o7 are all deterministic functions

the following two subsections focus on the case where 0¢, &
of time. As discussed earlier, deterministic volatilities on zero-coupon bonds are obtained only in
Gaussian term structure models, e.g. the one- or two-factor Vasicek models and Gaussian HJM

models.

15.4.3 Currency futures

Let ®] denote the futures price of the foreign currency with final settlement at time 7.
From (5.27) on page 117 we have that

o =E7 [er],

where we can insert (15.21). In general the expectation cannot be computed explicitly, but if we

assume that o, 57, and o7 are all deterministic, we get
T
o = FT exp —/ o (W) (0°(u) + 7 (u) — aT(u)) du .
t

Amin and Jarrow (1991) demonstrate this under the assumption that both the domestic and the
foreign term structure are correctly described by Gaussian HJM models. In particular, we recover
the well-known result that ®7 = F when o7 (u) = 0, i.e. when the domestic term structure is

non-stochastic.

15.4.4 Currency options

Let us consider a European call option on one unit of foreign currency. Let T" denote the expiry
date of the option and K the exercise price (expressed in the domestic currency). The option
grants its owner the right to obtain one unit of the foreign currency at time T in return for a
payment of K units of the domestic currency, i.e. the option payoff is max(eg — K,0). According

to the analysis in Chapter 5, the value of this option at time ¢ < T is given by

C, = BTE?" [max (e7 — K,0)],
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where Q7 is the T-forward martingale measure. This relation can be used for approximating the
option price by Monte Carlo simulations of the terminal exchange rate e under the Q7 measure.
Substituting the relation (15.13) into (15.19), we obtain

dé't = &t [(Tt—’f‘vt—F(O'tE)TO'tT) dt—F(Uf)T dZtT] .

Therefore, in the general case, we have to simulate not just the exchange rate, but also the short-
term interest rates in both countries.

Let us now assume that of, 67, and of are all deterministic functions of time. By definition,
the forward price with immediate delivery is equal to the spot price so that e can be replaced by

FTT:
(15.23) C, = BFEY [max (F¥ — K,0)] .

It follows from (15.22) that the future forward exchange rate FiL is lognormally distributed with
2 Q" T g =T T 2
vp(t,T)? = Vary [InFf| = 0% (u) + 6" (u) — o™ (u)]|” du.
t

Note that the future spot exchange rate under these volatility assumptions is also lognormally
distributed both under spot martingale measure Q and under T-forward martingale measure Q7,
but not necessarily under the real-world probability measure. In line with earlier computations,

the option price becomes

(15.24) Cy = BFFT'N(d,) — KBI' N(dy),
where
In(Ff/K) 1
=t e, T
e T SR A SRR

d2 = dl — ’UF(t, T)
We can also insert F = Pe;/BI" and write the option price as
(15.25) Cy =PI N(dy) — KBI'N(dy),

where d; can be expressed as

1 EtPtT 1
dy = 1 —vp(t,T).
LT ey (KBtT +ourtT)
Another alternative is obtained by substituting in BT = =% (T~ and PF = e~ (T~ which
yields
(15.26) Cy = ere ¥ TON(dy) — Ke v T-N(dy),

where d; can be written as

n(eo/K) + o]~ )T -
- DO E N0 1

Similar formulas were first derived by Grabbe (1983). Amin and Jarrow (1991) demonstrate the
result for the case where both the domestic and the foreign term structure of interest rates can be
described by Gaussian HJM models.
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In the best known model for currency option pricing, Garman and Kohlhagen (1983) assume
that the short rate in both countries is constant, which implies a constant and flat yield curve in
both countries. In that case we have B} = e "[T=t PI' = ¢~ "IT=1 and ¢7(t) = 7 (t) = 0. In
addition, the sensitivity vector of the exchange rate, i.e. 0°(t), is assumed to be a constant. Hence,
the model can be viewed as a simple variation of the Black-Scholes-Merton model for stock options.

Under these restrictive assumptions, the option pricing formula stated above will simplify to
(15.27) Cy = ee T UN(dy) — Ke " T=UN(dy),

where

_In(e/K) + (r —7)(T — 1) }as —
iy = ROV D=0 | gy =,

dy =dy — ||o°|VT — t.

This option pricing formula is called the Garman-Kohlhagen formula. If we compare with
Equation (15.25), we see that the extension from constant interest rates to Gaussian interest
rates implies (just as for stock options) that the interest rates r and 7 in the Garman-Kohlhagen
formula (15.27) must be replaced by the zero-coupon yields y{ and . Furthermore, the relevant
variance has to reflect the fluctuations in both the exchange rate and the discount factors. As
discussed earlier, the extra terms in the variance tend to be insignificant for stock options, but for

currency options the extra terms are typically not negligible.

15.4.5 Alternative exchange rate models

For exchange rates that are not freely floating, the above model for the exchange rate dynamics
is inappropriate. For countries participating in a so-called target zone, the exchange rates are only
allowed to fluctuate in a fixed band around some central parity. The central banks of the countries
are committed to intervening in the financial markets in order to keep the exchange rate within the
band. If a target zone is perfectly credible, the exchange rate model has to assign zero probability
to future exchange rates outside the band.! Clearly, this is not the case when the exchange rate is
lognormally distributed. Krugman (1991) suggests a more appropriate model for the dynamics of
exchange rates within a credible target zone. However, most target zones are not perfectly credible
in the sense that the central parities and the bands may be changed by the countries involved.
The possibility of these so-called realignments may have large effects on the pricing of currency
derivatives. Christensen, Lando, and Miltersen (1997) propose a model for exchange rates in a
target zone with possible realignments and show how currency options may be priced numerically
within that model. See also Dumas, Jennergren, and Néslund (1995) for a different, but related,

model specification.

15.5 Final remarks

In this chapter we have focused on the pricing of forwards, futures, and European options on

stocks and foreign exchange, when we take the stochastic nature of interest rates into account.

1This must hold under the real-world probability measure, and since the martingale measures are equivalent to

the real-world measure, it will also hold under the martingale measures.
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Under rather restrictive assumptions we have derived Black-Scholes-Merton-type formulas for op-
tion prices. Explicit pricing formulas for other securities can be derived under similar assumptions.
For example, Miltersen and Schwartz (1998) study the pricing of options on commodity forwards
and futures under stochastic interest rates. In contrast to stocks, bonds, exchange rates, etc.,
commodities will typically be valuable as consumption goods or production inputs. This value
is modeled in terms of a convenience yield, cf. Hull (2003, Chap. 3). In order to be able to
price options on commodity forwards and futures the dynamics of both the commodity price and
the convenience yield has to be modeled. Miltersen and Schwartz obtain Black-Scholes-Merton-
type pricing formulas for such options under assumptions similar to those we have applied in this
chapter, e.g. a Gaussian process for the convenience yield of the underlying commodity.

Another class of securities traded in the international OTC markets is options on foreign secu-
rities, e.g. an option that pays off in euro, but the size of the payoff is determined by a U.S. stock
index. The payoff is transformed into euro either by using the dollar/euro exchange rate prevailing
at the expiration of the option or a prespecified exchange rate (in that case the option is called a
quanto). Under particular assumptions on the dynamics of the relevant variables, Black-Scholes-
Merton-type pricing formulas can be obtained. Consult Musiela and Rutkowski (1997, Chap. 17)
for examples.

In the OTC markets some securities are traded which involve both the exchange rate between
two currencies and the yield curves of both countries. A simple example is a currency swap where
the two parties exchange two cash flows of interest rate payments, one cash flow determined by a
floating interest rate in the first country and the other cash flow determined by a floating interest
rate in the other country. Many variations of such currency swaps and also options on these
swaps are traded on a large scale. Some of these securities are described in more detail in Musiela
and Rutkowski (1997, Chap. 17), who also provide pricing formulas for the case of deterministic

volatilities.



Chapter 16

Numerical techniques

Numerical solution of PDE’s. See Ames (1977), Johnson (1990), Wilmott, Dewynne, and
Howison (1993), Christiansen (1995), Thomas (1995), and Dydensborg (1999). Schwartz (1977)
and Brennan and Schwartz (1977) were the first papers applying a finite difference method to price

options.

Tree models. First application in finance: Cox, Ross, and Rubinstein (1979), Rendleman and
Bartter (1979).

“Born” tree-models of the term structure of interest rates: Ho and Lee (1986), Pedersen, Shiu,
and Thorlacius (1989), Black, Derman, and Toy (1990).

Tree-models as approximations to one-factor continuous-time term structure models: Tian
(1993), Hull and White (1990b, 1993, 1994b, 1996), Hull (2003, Ch. 23).

Tree-models as approximations to multi-factor continuous-time term structure models: Hull
and White (1994a).

See He (1990) for a general approach to approximating an n-factor diffusion model by an

(n + 1)-nomial discrete-time model, i.e. a tree with n + 1 branches from each node.

Monte Carlo simulation. For models which cannot be formulated as diffusion models with
relatively few state variables neither approximating trees or numerical solutions to PDE’s are
usually applicable in practice. But many problems can be solved using Monte Carlo simulation.

Introduction to Monte Carlo simulation: Hull (2003, Sec. 18.6-18.7).

First application to option pricing: Boyle (1977).

Monte Carlo simulation for assets with more than one exercise opportunity, e.g. American
options and Bermuda swaptions: Tilley (1993), Barraquand and Martineau (1995), Boyle, Broadie,
and Glasserman (1997), Broadie and Glasserman (1997a, 1997b), Broadie, Glasserman, and Jain
(1997), Carr and Yang (1997), Andersen (2000), Longstaff and Schwartz (2001).
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Appendix A

Results on the lognormal distribution

A random variable Y is said to be lognormally distributed if the random variable X = InY is
normally distributed. In the following we let m be the mean of X and s? be the variance of X, so
that

X =InY ~ N(m,s?).

The probability density function for X is given by

exp{_M}, zeR.

252

1
Ix@) = s

Theorem A.1 The probability density function for'Y is given by

B 1 (Iny —m)?
fY(y)_ \/ﬁy GXp{ 252 ) y>07

and fy (y) = 0 fory < 0.

This result follows from the general result on the distribution of a random variable which is given
as a function of another random variable; see any introductory text book on probability theory

and distributions.

Theorem A.2 For X ~ N(m,s?) and v € R we have

E [e_"X] = exp {—Wn + %’}/282} .

Proof: Per definition we have

oo 1 (z—m)?
E[e_'YX] z/ e " e 222 duz.

—oo V2ms?

Manipulating the exponent we get

—vX —ym+3+4%s2 oo 1 _L[(m_m)2_27m32+72s4]
E [e } =e 2 e 257 dx

+oo 2142
B 1.2.2 1 _ (z—[m+~vs?))
= VMT3Y78 / e 252 dx

1.2.2
— T YME3YSs
=e 2 R
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where the last equality is due to the fact that the function

1 _ (z=[mt~ys2D?

e 252
V2ms?

is a probability density function, namely the density function for an N(m + vs2, s?) distributed

Xr —

random variable. O

Using this theorem, we can easily compute the mean and the variance of the lognormally distributed

random variable Y = eX. The mean is (let v = —1)

(A1) E[Y] =E [¢*] = exp {m + %sQ} .

With v = —2 we get
E [Yz] —E [62X] _ e2(m+52)7
so that the variance of Y is
Var[Y] = E [V?] — (E[Y])?
(A.2) = e2(mts®) _ 2m+s?
— 2m+s? ((352 — 1) .
The next theorem provides an expression of the truncated mean of a lognormally distributed
random variable, i.e. the mean of the part of the distribution that lies above some level. We define

the indicator variable 11y~ k3 to be equal to 1 if the outcome of the random variable Y is greater

than the constant K and equal to 0 otherwise.

Theorem A.3 If X =InY ~ N(m,s?) and K > 0, then we have

—InK
E[Ylysry] = i N (u + s)
S

:E[Y]N(m_sth—ks).

Proof: Because Y > K < X > In K, it follows from the definition of the expectation of a random

variable that

E[Ylysry] =E [ xomx)

oo 1 (@—m)?
= e ——e 227 dx
In K W

+oo 1  (@—Im+s2D?  2ms24sd
= - ¢ 252 e 252 dx
mK V2ms?
1.2 +OO
—emti [ e,
In K
where
1 (z—[m+s2])?
fx(z) = e” 22
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is the probability density function for an N(m + s2, s2) distributed random variable. The calcula-

tions

/+00 fx(x)dz = Prob(X > InK)
In K

complete the proof.

Theorem A.4 If X =InY ~ N(m,s?) and K > 0, we have

—InK —InK
E [max (0, — K)] = ¢™+35° (L n ) _KN (L)

S S

:E[Y]N(@H) —KN(@).

Proof: Note that

E[max(0,Y — K)|=E [(Y - K)I{Y>K}}
=E [Y1{y>k}| — KProb (Y > K).

The first term is known from Theorem A.3. The second term can be rewritten as

Prob (Y > K) = Prob (X > InK)
X—-m an—m)
>
s s
X—-m anm>
<- s

= Prob (

= Prob (

:N(_M_m)

S

:N(M>.
S

The claim now follows immediately.



Bibliography

Abramowitz, M. and I. Stegun (1972). Handbook of Mathematical Functions. Dover Publications.
Ames, W. F. (1977). Numerical Methods for Partial Differential Equations (Second ed.). Aca-

demic Press.

Amin, K. I. and R. A. Jarrow (1991). Pricing Foreign Currency Options under Stochastic Interest
Rates. Journal of International Money and Finance 10, 310-329.

Amin, K. I. and R. A. Jarrow (1992). Pricing Options on Risky Assets in a Stochastic Interest
Rate Economy. Mathematical Finance 2(4), 217-237.

Amin, K. I. and A. J. Morton (1994). Implied Volatility Functions in Arbitrage-Free Term
Structure Models. Journal of Financial Economics 35, 141-180.

Andersen, L. (2000). A Simple Approach to the Pricing of Bermudan Swaptions in the Multi-
Factor Libor Market Model. Journal of Computational Finance 3(2), 1-32.

Andersen, L. and J. Andreasen (2000). Volatility Skews and Extensions of the Libor Market
Model. Applied Mathematical Finance 7(1), 1-32.

Andersen, T. G. and J. Lund (1997). Estimating Continuous-Time Stochastic Volatility Models
of the Short-Term Interest Rate. Journal of Econometrics 77, 343-377.

Anderson, N., F. Breedon, M. Deacon, A. Derry, and G. Murphy (1996). Estimating and Inter-
preting the Yield Curve. John Wiley & Sons, Inc.

Arrow, K. (1951). An Extension of the Basic Theorems of Classical Welfare Economics. In
Proceedings of the Second Berkeley Symposium on Mathematical Statistics and Probability,
pp- 507-532. University of California Press.

Arrow, K. (1953). Le Réle des Valeurs Boursiéres pour la Repartition la Meillure des Risques.
FEconometrie 40, 41-47.

Arrow, K. (1970). Essays in the Theory of Risk Bearing. North-Holland.

Babbs, S. H. and N. J. Webber (1994, February). A Theory of the Term Structure with an Official
Short Rate. Working paper, Warwick Business School, University of Warwick, Coventry CV4
7TAL, UK.

Backus, D., S. Foresi, and C. Telmer (1998). Discrete-time Models of Bond Pricing. Working

paper 6736, National Bureau of Economic Research.

Bakshi, G. S., C. Cao, and Z. Chen (1997). Empirical Performance of Alternative Option Pricing
Models. The Journal of Finance 52(5), 2003-2049.

319



Bibliography

320

Bakshi, G. S. and Z. Chen (1996). Inflation, Asset Prices and the Term Structure of Interest
Rates in Monetary Economies. The Review of Financial Studies 9(1), 241-275.

Bakshi, G. S. and Z. Chen (1997). An Alternative Valuation Model for Contingent Claims.
Journal of Financial Economics 44, 123-165.

Balduzzi, P., G. Bertola, and S. Foresi (1997). A Model of Target Changes and the Term Struc-
ture of Interest Rates. Journal of Mathematical Economics 39, 223-249.

Balduzzi, P., S. R. Das, and S. Foresi (1998). The Central Tendency: A Second Factor in Bond
Yields. Review of Economics and Statistics 80(1), 62-72.

Balduzzi, P., S. R. Das, S. Foresi, and R. Sundaram (1996). A Simple Approach to Three-Factor
Affine Term Structure Models. The Journal of Fized Income 6(3), 43-53.

Ball, C. A. and W. N. Torous (1983). Bond Price Dynamics and Options. Journal of Financial
and Quantitative Analysis 18(4), 517-531.

Barraquand, J. and D. Martineau (1995). Numerical Valuation of High Dimensional Multivariate

American Securities. Journal of Financial and Quantitative Analysis 30, 383-405.

Beaglehole, D. and M. Tenney (1992). Corrections and Additions to “A Nonlinear Equilibrium
Model of the Term Structure of Interest Rates”. Journal of Financial Economics 32(3),
345-353.

Beaglehole, D. R. and M. S. Tenney (1991). General Solutions of Some Interest Rate-Contingent
Claim Pricing Equations. The Journal of Fized Income 1(September), 69-83.

Bhar, R. and C. Chiarella (1997). Transformation of Heath-Jarrow-Morton Models to Markovian
Systems. The Furopean Journal of Finance 3, 1-26.

Bhar, R., C. Chiarella, N. El-Hassan, and X. Zheng (2000). The Reduction of Forward Rate
Dependent Volatility HJM Models to Markovian form: Pricing European Bond Options.
Journal of Computational Finance 3, 47-72.

Bjork, T. (1998). Arbitrage Theory in Continuous Time. Oxford University Press.

Bjork, T. and B. J. Christensen (1999). Interest Rate Dynamics and Consistent Forward Rate
Curves. Mathematical Finance 9(4), 323-348.

Bjork, T. and C. Landén (2002). On the Construction of Finite Dimensional Realizations for
Nonlinear Forward Rate Models. Finance and Stochastics 6(3), 303-331.

Black, F. (1976). The Pricing of Commodity Contracts. Journal of Financial Economics 3,
167-179.

Black, F. and J. Cox (1976). Valuing Corporate Securities: Some Effects of Bond Indenture
Provisions. The Journal of Finance 31, 351-367.

Black, F., E. Derman, and W. Toy (1990). A One-Factor Model of Interest Rates and Its
Application to Treasury Bond Options. Financial Analysts Journal 46(1), 33-39.

Black, F. and P. Karasinski (1991). Bond and Option Pricing when Short Rates are Lognormal.
Financial Analysts Journal 47(4), 52-59.

Black, F. and M. Scholes (1973). The Pricing of Options and Corporate Liabilities. Journal of
Political Economy 81(3), 637-654.



Bibliography

321

Bliss, R. R. and D. C. Smith (1997, November). The Stability of Interest Rate Processes. Working
paper 97-13, Federal Reserve Bank of Atlanta.

Boudoukh, J., M. Richardson, R. Stanton, and R. F. Whitelaw (1999, June). A Multifactor,
Nonlinear, Continuous-Time Model of Interest Rate Volatility. Working paper, Stern School
of Business, NYU and Haas School of Business, UC Berkeley.

Boudoukh, J., R. F. Whitelaw, M. Richardson, and R. Stanton (1997). Pricing Mortgage-Backed
Securities in a Multifactor Interest Rate Environment: A Multivariate Density Estimation
Approach. The Review of Financial Studies 10(2), 405—446.

Boyle, P., M. Broadie, and P. Glasserman (1997). Monte Carlo Methods for Security Pricing.
Journal of Economic Dynamics and Control 21(8-9), 1267-1321.

Boyle, P. P. (1977). Options: A Monte Carlo Approach. Journal of Financial Economics 4,
323-338.

Brace, A., D. Gatarek, and M. Musiela (1997). The Market Model of Interest Rate Dynamics.
Mathematical Finance 7(2), 127-155.

Breeden, D. T. (1986). Consumption, Production, Inflation and Interest Rates. Journal of Fi-

nancial Economics 16, 3-39.

Brennan, M. J. and E. S. Schwartz (1977). The Valuation of American Put Options. The Journal
of Finance 32(2), 449-462.

Brennan, M. J. and E. S. Schwartz (1979). A Continuous Time Approach to the Pricing of
Bonds. Journal of Banking and Finance 3, 133-155.

Brennan, M. J. and E. S. Schwartz (1980). Analyzing Convertible Bonds. Journal of Financial
and Quantitative Analysis 15, 907-929.

Brenner, R., R. Harjes, and K. Kroner (1996). Another Look at Alternative Models of the
Short-Term Interest Rate. Journal of Financial and Quantitative Analysis 31, 85-107.

Broadie, M. and P. Glasserman (1997a). Monte Carlo Methods for Pricing High-Dimensional
American Options: An Overview. Net Exposure (December), 15-37.

Broadie, M. and P. Glasserman (1997b). Pricing American-Style Securities Using Simulation.
Journal of Economic Dynamics and Control 21(8-9), 1323-1352.

Broadie, M., P. Glasserman, and G. Jain (1997). Enhanced Monte Carlo Estimates for American
Option Prices. The Journal of Deriwvatives Fall, 25-44.

Brown, R. H. and S. M. Schaefer (1994). The Term Structure of Real Interest Rates and the
Cox, Ingersoll, and Ross Model. Journal of Financial Economics 35(1), 3-42.

Brown, S. J. and P. H. Dybvig (1986). The Empirical Implications of the Cox, Ingersoll, and
Ross Theory of the Term Structure of Interest Rates. The Journal of Finance 41, 617-630.

Buser, S. A., P. H. Hendershott, and A. B. Sanders (1990). Determinants of the Value of Call
Options on Default-free Bonds. Journal of Business 63(1), S33-S50.

Campbell, J. Y. (1986). A Defense of Traditional Hypotheses About the Term Structure of
Interest Rates. The Journal of Finance 41, 617-630.



Bibliography

322

Canabarro, E. (1995). Where Do One-Factor Interest Rate Models Fail? The Journal of Fized
Income 5(2), 31-52.

Carr, P. and G. Yang (1997, December). Simulating Bermudan Interest Rate Derivatives. Work-
ing paper, Morgan Stanley and Open Link Financial.

Carverhill, A. (1994). When is the Short Rate Markovian? Mathematical Finance 4(4), 305-312.

Carverhill, A. (1995). A Note on the Models of Hull and White for Pricing Options on the Term
Structure. The Journal of Fized Income 5(2), 89-96.

Chan, K. C., G. A. Karolyi, F. A. Longstaff, and A. Sanders (1992). An Empirical Comparison of
Alternative Models of the Short-Term Interest Rate. The Journal of Finance 47, 1209-1227.

Chen, L. (1996). Stochastic Mean and Stochastic Volatility —A Three-Factor Model of the Term
Structure of Interest Rates and Its Applications in Derivatives Pricing and Risk Management.
Financial Markets, Institutions & Instruments 5(1), 1-88.

Chen, N.-f., R. Roll, and S. A. Ross (1986). Economic Forces and the Stock Market. Journal of
Business 59, 383-403.

Chen, R.-R. and L. Scott (1992). Pricing Interest Rate Options in a Two-Factor Cox-Ingersoll-
Ross Model of the Term Structure. The Review of Financial Studies 5(4), 613-636.

Chen, R.-R. and L. Scott (1993). Maximum Likelihood Estimation for a Multifactor Equilibrium
Model of the Term Structure of Interest Rates. The Journal of Fized Income 3(3), 14-31.

Cheyette, O. (1996, August). Markov Representation of the Heath-Jarrow-Morton Model. Work-
ing paper, BARRA Inc.

Childs, P. D., S. H. Ott, and T. J. Riddiough (1996). The Pricing of Multiclass Commercial
Mortgage-Backed Securities. Journal of Financial and Quantitative Analysis 31(4), 581-603.

Christensen, B. J., R. Poulsen, and M. Sgrensen (2001, November). Optimal Inference in Diffu-
sion Models of the Short Rate of Interest. Working paper 102, Centre for Analytical Finance,
Aarhus.

Christensen, P. O., C. R. Flor, D. Lando, and K. R. Miltersen (2002). Dynamic Capital Struc-
ture with Callable Debt and Debt Renegotiation. Working paper, University of Southern

Denmark.

Christensen, P. O., D. Lando, and K. R. Miltersen (1997). State-Dependent Realignments in
Target Zone Currency Regimes. Review of Derivatives Research 1(4), 295-323.

Christensen, P. O. and B. G. Sgrensen (1994). Duration, Convexity, and Time Value. Journal
of Portfolio Management 20(2), 51-60.

Christiansen, E. (1995, December). Numerisk Analyse. Odense Universitets Trykkeri.

Clewlow, L. and C. Strickland (1994). A Note on Parameter Estimation in the Two-Factor
Longstaff and Schwartz Interest Rate Model. The Journal of Fixzed Income 3(4), 95-100.

Cochrane, J. H. (2001). Asset Pricing. Princeton University Press.

Collin-Dufresne, P. and R. S. Goldstein (2001, September). Pricing Swaptions within the
Affine Framework. Working paper, Carnegie-Mellon University and Washington University
at St. Louis.



Bibliography

323

Constantinides, G. M. (1992). A Theory of the Nominal Term Structure of Interest Rates. The
Review of Financial Studies 5(4), 531-552.

Courtadon, G. (1982). The Pricing of Options on Default-Free Bonds. Journal of Financial and
Quantitative Analysis 17, 75-100.

Cox, J. C., J. E. Ingersoll, Jr., and S. A. Ross (1979). Duration and the Measurement of Basis
Risk. Journal of Business 52(1), 51-61.

Cox, J. C., J. E. Ingersoll, Jr., and S. A. Ross (1981a). A Re-examination of Traditional Hy-
potheses about the Term Structure of Interest Rates. The Journal of Finance 36(4), 769-799.

Cox, J. C.; J. E. Ingersoll, Jr., and S. A. Ross (1981b). The Relation between Forward Prices

and Futures Prices. Journal of Financial Economics 9, 321-346.

Cox, J. C., J. E. Ingersoll, Jr., and S. A. Ross (1985a). An Intertemporal General Equilibrium
Model of Asset Prices. Econometrica 53(2), 363-384.

Cox, J. C., J. E. Ingersoll, Jr., and S. A. Ross (1985b). A Theory of the Term Structure of
Interest Rates. Econometrica 53(2), 385-407.

Cox, J. C. and S. A. Ross (1976). The Valuation of Options for Alternative Stochastic Processes.

Journal of Financial Economics 3, 145-166.

Cox, J. C., S. A. Ross, and M. Rubinstein (1979). Option Pricing: A Simplified Approach.
Journal of Financial Economics 7, 229-263.

Culbertson, J. M. (1957, November). The Term Structure of Interest Rates. Quarterly Journal
of Economics, 489-504.

Dai, Q. and K. J. Singleton (2000). Specification Analysis of Affine Term Structure Models. The
Journal of Finance 55(5), 1943-1978.

Daves, P. R. and M. C. Ehrhardt (1993). Joint Cross-Section/Time-Series Maximum Likelihood
Estimation for the Parameters of the Cox-Ingersoll-Ross Bond Pricing Model. The Financial
Review 28(2), 203-237.

De Jong, F., J. Driessen, and A. Pelsser (2001). Libor Market Models versus Swap Market Models

for Pricing Interest Rate Derivatives: An Empirical Analysis. European Finance Review 5(3),
201-237.

Debreu, G. (1954). Valuation Equilibrium and Pareto Optimum. Proceedings of the National
Academy of Sciences 40, 588-592.

Delbaen, F. and W. Schachermayer (1994). A General Version of the Fundamental Theorem of
Asset Pricing. Mathematische Annalen 300, 463-520.

Delbaen, F. and W. Schachermayer (1999). The Fundamental Theorem of Asset Pricing for
Unbounded Stochastic Processes. Mathematische Annalen 312, 215-250.

Deng, Y., J. M. Quigley, and R. Van Order (2000). Mortgage Terminations, Heterogeneity and
the Exercise of Mortgage Options. Econometrica 68(2), 275-307.

Dothan, M. U. (1978). On the Term Structure of Interest Rates. Journal of Financial Eco-
nomics 6, 59—69.



Bibliography 324

Duffee, G. R. (1996). Idiosyncratic Variation of Treasury Bill Yields. The Journal of Finance 51,
527-551.

Duffie, D. (2001). Dynamic Asset Pricing Theory (Third ed.). Princeton University Press.

Duffie, D. and L. G. Epstein (1992). Asset Pricing with Stochastic Differential Utility. The
Review of Financial Studies 5(3), 411-436.

Duffie, D. and M. Huang (1996). Swap Rates and Credit Quality. The Journal of Finance 51(3),
921-949.

Duffie, D. and R. Kan (1996). A Yield-Factor Model of Interest Rates. Mathematical Fi-
nance 6(4), 379-406.

Duffie, D., J. Ma, and J. Yong (1995). Black’s Consol Rate Conjecture. The Annals of Applied
Probability 5(2), 356-382.

Duffie, D. and K. Singleton (1999). Modeling Term Structures of Defaultable Bonds. The Review
of Financial Studies 12(4), 687-720.

Duffie, D. and R. Stanton (1992). Pricing Continuously Resettled Contingent Claims. Journal
of Economic Dynamics and Control 16, 561-574.

Dumas, B., L. P. Jennergren, and B. Naslund (1995). Realignment Risk and Currency Option
Pricing in Target Zones. Furopean Economic Review 39, 1323-1344.

Dunn, K. B. and J. J. McConnell (1981). Valuation of GNMA Mortage-Backed Securities. The
Journal of Finance 36(3), 599-616.

Dybvig, P. H. (1988). Bond and Bond Option Pricing Based on the Current Term Structure.
Working paper, School of Business, Washington University, St. Louis.

Dydensborg, L. (1999). Numerical Methods for Option Pricing. Ph. D. thesis, University of

Southern Denmark — Odense University.
Fabozzi, F. J. (2000). Bond Markets: Analysis and Strategies (Fourth ed.). Prentice-Hall, Inc.

Fama, E. F. (1981). Stock Returns, Real Activity, Inflation, and Money. American Economic
Review 71, 545-565.

Fama, E. F. and M. Gibbons (1982). Inflation, Real Returns and Capital Investment. Journal
of Mathematical Economics 9, 297-323.

Filipovié, D. (1999). A Note on the Nelson-Siegel Family. Mathematical Finance 9(4), 349-359.

Fisher, I. (1896). Appreciation and Interest. Publications of the American Economic Association,
23-29 and 88-92.

Fisher, I. (1907). The Rate of Interest. Macmillan.

Fisher, L. and R. L. Weil (1971, October). Coping with the Risk of Interest Rate Fluctuations:
Returns to Bondholders from Naive and Optimal Strategies. Journal of Business 44, 408-431.

Fisher, M. and C. Gilles (1998). Around and Around: The Expectations Hypothesis. The Journal
of Finance 52(1), 365-383.

Flesaker, B. (1993). Testing the Heath-Jarrow-Morton/Ho-Lee Model of Interest Rate Contin-
gent Claims Pricing. Journal of Financial and Quantitative Analysis 28, 483—485.



Bibliography 325

Gallant, A. R. (1987). Nonlinear Statistical Methods. Wiley.

Garman, M. B. and S. W. Kohlhagen (1983). Foreign Currency Option Values. Journal of
International Money and Finance 2, 231-237.

Geman, H. (1989). The Importance of the Forward Neutral Probability in a Stochastic Approach
of Interest Rates. Working paper, ESSEC.

Gibbons, M. R. and K. Ramaswamy (1993). A Test of the Cox, Ingersoll, and Ross Model of
the Term Structure. The Review of Financial Studies 6, 619—658.

Goldstein, R., N. Ju, and H. Leland (2001). An EBIT-Based Model of Dynamic Capital Struc-
ture. Journal of Business 74(4), 483-512.

Goldstein, R. and F. Zapatero (1996). General Equilibrium with Constant Relative Risk Aversion
and Vasicek Interest Rates. Mathematical Finance 6, 331-340.

Grabbe, J. O. (1983). The Pricing of Call and Put Options on Foreign Exchange. Journal of
International Money and Finance 2, 239-253.

Hansen, A. T. and P. L. Jgrgensen (2000). Fast and Accurate Approximation of Bond Prices
when Short Interest Rates are Log-Normal. Journal of Computational Finance 3(3), 27-46.

Harrison, J. M. and D. M. Kreps (1979). Martingales and Arbitrage in Multiperiod Securities
Markets. Journal of Economic Theory 20, 381-408.

Harrison, J. M. and S. R. Pliska (1981). Martingales and Stochastic Integrals in the Theory of
Continuous Trading. Stochastic Processes and their Applications 11, 215-260.

Harrison, J. M. and S. R. Pliska (1983). A Stochastic Calculus Model of Continuous Trading:
Complete Markets. Stochastic Processes and their Applications 15, 313-316.

He, H. (1990). Convergence from Discrete- to Continuous-Time Contingent Claims Prices. The
Review of Financial Studies 3(4), 523-546.

Heath, D., R. Jarrow, and A. Morton (1990). Contingent Claim Valuation with a Random
Evolution of Interest Rates. Review of Future Markets 9, 54-82.

Heath, D., R. Jarrow, and A. Morton (1992). Bond Pricing and the Term Structure of Interest
Rates: A New Methodology for Contingent Claims Valuation. Econometrica 60(1), 77-105.

Hicks, J. R. (1939). Value and Capital. Oxford: Clarendon Press.

Ho, T. S. Y. (1992). Key Rate Durations: A Measure of Interest Rate Risks. The Journal of
Fized Income 2(2), 29-44.

Ho, T. S. Y. and S.-B. Lee (1986). Term Structure Movements and Pricing Interest Rate Con-
tingent Claims. The Journal of Finance 41(5), 1011-1029.

Hogan, M. (1993). Problems in Certain Two-Factor Term Structure Models. The Annals of
Applied Probability 3(2), 576-581.

Hogan, M. and K. Weintraub (1993). The Log-Normal Interest Rate Model and Eurodollar
Futures. Working paper, Citibank, New York.

Honoré, P. (1998, January). Maturity Induced Bias in Estimating Spot-Rate Diffusion Models.

Working paper, Department of Finance, Aarhus School of Business.



Bibliography 326

Huang, C.-f. and R. H. Litzenberger (1988). Foundations for Financial Economics. Prentice-Hall.

Huge, B. and D. Lando (1999). Swap Pricing with Two-Sided Default Risk in a Rating-Based
Model. European Finance Review 3(3), 239-268.

Hull, J. and A. White (1990a). Pricing Interest-Rate-Derivative Securities. The Review of Fi-
nancial Studies 3(4), 573-592.

Hull, J. and A. White (1990b). Valuing Derivative Securities Using the Explicit Finite Difference
Method. Journal of Financial and Quantitative Analysis 25(1), 87-100.

Hull, J. and A. White (1993). One-Factor Interest-Rate Models and the Valuation of Interest-
Rate Derivative Securities. Journal of Financial and Quantitative Analysis 28(2), 235-254.

Hull, J. and A. White (1994b). Numerical Procedures for Implementing Term Structure Models
I: Single-Factor Models. The Journal of Derivatives Fall, 7-16.

Hull, J. and A. White (1994a). Numerical Procedures for Implementing Term Structure Models
II: Two-Factor Models. The Journal of Derivatives Winter, 37-48.

Hull, J. and A. White (1995). “A Note on the Models of Hull and White for Pricing Options on
the Term Structure”: Response. The Journal of Fized Income 5(2), 97-102.

Hull, J. and A. White (1996). Using Hull-White Interest Rate Trees. The Journal of Deriva-
tives Spring, 26-36.

Hull, J. C. (2003). Options, Futures, and Other Derivatives (Fifth ed.). Prentice-Hall, Inc.

Ingersoll, Jr., J. E., J. Skelton, and R. Weil (1978). Duration Forty Years Later. Journal of
Financial and Quantitative Analysis 13(4), 627-650.

Inui, K. and M. Kijima (1998). A Markovian Framework in Multi-Factor Heath-Jarrow-Morton
Models. Journal of Financial and Quantitative Analysis 33, 423—-440.

James, J. and N. Webber (2000). Interest Rate Modelling. Wiley.

Jamshidian, F. (1987). Pricing of Contingent Claims in the One Factor Term Structure Model.
Working paper, Merrill Lynch Capital Markets.

Jamshidian, F. (1989). An Exact Bond Option Formula. The Journal of Finance 44 (1), 205-209.

Jamshidian, F. (1991, June). Forward Induction and Construction of Yield Curve Diffusion
Models. The Journal of Fized Income 1(1), 62-74.

Jamshidian, F. (1996). Bond, Futures and Option Valuation in the Quadratic Interest Rate
Model. Applied Mathematical Finance 3, 93-115.

Jamshidian, F. (1997). LIBOR and Swap Market Models and Measures. Finance and Stochas-
tics 1, 293-330.

Jarrow, R. A., D. Lando, and S. M. Turnbull (1997). A Markov Model for the Term Structure
of Credit Risk Spreads. The Review of Financial Studies 10(2), 481-523.

Jaschke, S. R. (1998). Arbitrage Bounds for the Term Structure of Interest Rates. Finance and
Stochastics 2, 29-40.

Jeffrey, A. (1995). Single Factor Heath-Jarrow-Morton Term Structure Models Based on Markov
Spot Interest Rate Dynamics. Journal of Financial and Quantitative Analysis 30(4), 619—
642.



Bibliography

327

Johnson, C. (1990). Numerical Solution of Partial Differential Equations by the Finite Element
Method. Cambridge University Press.

Johnston, J. (1984). Econometric Methods (Third ed.). McGraw-Hill.

Kan, R. (1992, June). Shape of the Yield Curve under CIR Single Factor Model: A Note.
Working paper, University of Chicago.

Karatzas, I. and S. E. Shreve (1988). Brownian Motion and Stochastic Calculus, Volume 113 of
Graduate Texts in Mathematics. New York, New York, USA: Springer-Verlag.

Karlin, S. and H. M. Taylor (1981). A Second Course in Stochastic Processes. Academic Press,
Inc.

Krugman, P. R. (1991). Target Zones and Exchange Rate Dynamics. The Quarterly Journal of
FEconomics 106, 669-682.

Lando, D. (1998). On Cox Processes and Credit Risky Securities. Review of Derivatives Re-
search 2, 99-120.

Langetieg, T. C. (1980). A Multivariate Model of the Term Structure. The Journal of Finance 35,
71-97.

Leippold, M. and L. Wu (2002). Asset Pricing Under the Quadratic Class. Journal of Financial
and Quantitative Analysis 87(2), 271-295.

Leland, H. (1994). Corporate Debt Value, Bond Covenants, and Optimal Capital Structure. The
Journal of Finance 49(4), 1213-1252.

LeRoy, S. F. (1996). Mortgage Valuation Under Optimal Prepayment. The Review of Financial
Studies 9(3), 817-844.

Li, A., P. Ritchken, and L. Sankarasubramanian (1995). Lattice Models for Pricing American
Interest Rate Claims. The Journal of Finance 50(2), 719-737.

Linton, O., E. Mammen, J. Nielsen, and C. Tanggaard (2001). Yield Curve Estimation by Kernel
Smoothing Methods. Journal of Econometrics 105(1), 185-223.

Litterman, R. and J. Scheinkman (1991, June). Common Factors Affecting Bond Returns. The
Journal of Fized Income, 54—61.

Litzenberger, R. H. and R. Rolfo (1984). An International Study of Tax Effects on Government
Bonds. The Journal of Finance 39(1), 1-22.

Longstaff, F. A. (1989). A Nonlinear General Equilibrium Model of the Term Structure of Interest
Rates. Journal of Financial Economics 23, 195-224.

Longstaff, F. A. (1993). The Valuation of Options on Coupon Bonds. Journal of Banking and
Finance 17, 27-42.

Longstaff, F. A. and E. S. Schwartz (1992a). Interest Rate Volatility and the Term Structure:
A Two-Factor General Equilibrium Model. The Journal of Finance 47(4), 1259-1282.

Longstaff, F. A. and E. S. Schwartz (1992b). A Two-Factor Interest Rate Model and Contingent
Claims Valuation. The Journal of Fized Income 2(3), 16-23.

Longstaff, F. A. and E. S. Schwartz (1993a). Implementation of the Longstaff-Schwartz Interest
Rate Model. The Journal of Fized Income 3(2), 7-14.



Bibliography

328

Longstaff, F. A. and E. S. Schwartz (1993b). Interest Rate Volatility and Bond Prices. Financial
Analysts Journal (July-August), 70-74.

Longstaff, F. A. and E. S. Schwartz (1994). Comments on “A Note on Parameter Estimation
in the Two-Factor Longstaff and Schwartz Interest Rate Model”. The Journal of Fized In-
come 3(4), 101-102.

Longstaff, F. A. and E. S. Schwartz (1995). A Simple Approach to Valuing Risky Fixed and
Floating Rate Debt. The Journal of Finance 50(3), 789-819.

Longstaff, F. A. and E. S. Schwartz (2001). Valuing American Options By Simulation: A Simple
Least-Squares Approach. The Review of Financial Studies 14 (1), 113-147.

Lutz, F. (1940, November). The Structure of Interest Rates. Quarterly Journal of Economics,
36-63.

Macaulay, F. R. (1938). Some Theoretical Problems Suggested by the Movements of Interest
Rates, Bond Yields, and Stock Prices in the United States since 1856. New York: Columbia

University Press.

Marshall, D. (1992). Inflation and Asset Returns in a Monetary Economy. The Journal of Fi-
nance 47, 1315-1342.

McConnell, J. J. and M. Singh (1994). Rational Prepayments and the Valuation of Collateralized
Mortgage Obligations. The Journal of Finance 49(3), 891-921.

McCulloch, J. H. (1971). Measuring the Term Structure of Interest Rates. Journal of Business 44,
19-31.

McCulloch, J. H. (1975). The Tax-Adjusted Yield Curve. The Journal of Finance 30, 811-830.

McCulloch, J. H. (1993). A Reexamination of Traditional Hypotheses about the Term Structure
of Interest Rates: A Comment. The Journal of Finance 48, 7T79-789.

Merton, R. C. (1970). A Dynamic General Equilibrium Model of the Asset Market and Its
Application to the Pricing of the Capital Structure of the Firm. Working paper 497-70,
Sloan School of Management, MIT. Reprinted as Chapter 11 in Merton (1992).

Merton, R. C. (1973). Theory of Rational Option Pricing. Bell Journal of Economics and Man-
agement Science 4 (Spring), 141-183. Reprinted as Chapter 8 in Merton (1992).

Merton, R. C. (1974). On the Pricing of Corporate Debt: The Risk Structure of Interest Rates.
The Journal of Finance 29, 449-470. Reprinted as Chapter 12 in Merton (1992).

Merton, R. C. (1976). Option Pricing When Underlying Stock Returns are Discontinuous. Jour-
nal of Financial Economics 3, 125-144. Reprinted as Chapter 9 in Merton (1992).

Merton, R. C. (1992). Continuous-Time Finance. Padstow, UK: Basil Blackwell Inc.

Miltersen, K. R. (1994). An Arbitrage Theory of the Term Structure of Interest Rates. The
Annals of Applied Probability 4(4), 953-967.

Miltersen, K. R. (1998). Pricing of Interest Rate Contingent Claims: Implementing a Simulation
Approach. Journal of Computational Finance 1(3), 37-62.



Bibliography 329

Miltersen, K. R., K. Sandmann, and D. Sondermann (1997). Closed Form Solutions for Term
Structure Derivatives with Log-Normal Interest Rates. The Journal of Finance 52(1), 409—
430.

Miltersen, K. R. and E. S. Schwartz (1998). Pricing of Options on Commodity Futures with
Stochastic Term Structures of Convenience Yields and Interest Rates. Journal of Financial
and Quantitative Analysis 33(1), 33-59.

Modigliani, F. and R. Sutch (1966, May). Innovations in Interest Rate Policy. American Eco-
nomic Review, 178-197.

Morton, A. J. (1988). Arbitrage and Martingales. Technical Report 821, Cornell University, New
York.

Munk, C. (1999). Stochastic Duration and Fast Coupon Bond Option Pricing in Multi-Factor
Models. Review of Derivatives Research 3(2), 157-181.

Munk, C. (2002). Price Bounds on Bond Options, Swaptions, Caps, and Floors Assuming Only

Nonnegative Interest Rates. International Review of Economics and Finance 11(4), 335-347.

Musiela, M. and M. Rutkowski (1997). Martingale Methods in Financial Modelling, Volume 36
of Applications of Mathematics. Springer-Verlag.

Negishi, T. (1960). Welfare Economics and Existence of an Equilibrium for a Competetive Econ-

omy. Metroeconometrica 12, 92-97.

Nelson, C. R. and A. F. Siegel (1987). Parsimonious Modeling of Yield Curves. Journal of
Business 60(4), 473-489.

Ogden, J. (1987). An Analysis of Yield Curve Notes. The Journal of Finance 42, 99-110.
Oksendal, B. (1998). Stochastic Differential Equations (Fifth ed.). Springer-Verlag.

Pearson, N. D. and T.-S. Sun (1991, June). An Empirical Examination of the Cox, Ingersoll,
and Ross Model of the Term Structure of Interest Rates. Technical report, Graduate School
of Business, Columbia University, New York, NY 10027, USA.

Pearson, N. D. and A. Zhou (1999, October). A Nonparametric Analysis of the Forward Rate
Volatilities. Working paper, University of Illinois and SUNY Binghamton.

Pedersen, H. W., E. S. W. Shiu, and A. E. Thorlacius (1989). Arbitrage-Free Pricing of Interest-
Rate Contingent Claims. Transactions of Society of Actuaries 41, 231-279.

Pelsser, A. (2000). Efficient Methods for Valuing Interest Rate Derivatives. Springer.

Phoa, W. and M. Shearer (1997). A Note on Arbitrary Yield Curve Reshaping Sensitivities
Using Key Rate Durations. The Journal of Fized Income 7(3), 67-71.

Piazzesi, M. (2001). An Econometric Model of the Yield Curve with Macroeconomic Jump
Effects. Working paper, UCLA and NBER.

Press, W. H., S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery (1992). Numerical Recipes
in C (Second ed.). Cambridge University Press.

Rady, S. and K. Sandmann (1994). The Direct Approach to Debt Option Pricing. Review of
Future Markets 13(2), 461-515.



Bibliography 330

Rebonato, R. (1996). Interest-Rate Option Models. John Wiley & Sons, Inc.

Rendleman, R. and B. Bartter (1979). Two State Option Pricing. The Journal of Finance 34,
1092-1110.

Rendleman, R. and B. Bartter (1980). The Pricing of Options on Debt Securities. Journal of
Financial and Quantitative Analysis 15, 11-24.

Riedel, F. (1999). Heterogeneous Time Preferences and Humps in the Yield Curve — The Pre-
ferred Habitat Theory Revisited. Working paper, Humboldt University, Berlin. Forthcoming

in the Furopean Journal of Finance.

Riedel, F. (2000). Decreasing Yield Curves in a Model with an Unknown Constant Growth Rate.
European Finance Review 4 (1), 51-67.

Ritchken, P. and L. Sankarasubramanian (1995). Volatility Structures of Forward Rates and the
Dynamics of the Term Structure. Mathematical Finance 5, 55-72.

Rogers, L. C. G. (1995). Which Model for Term-Structure of Interest Rates Should One Use? In
M. H. A. Davis, D. Duffie, W. H. Fleming, and S. E. Shreve (Eds.), Mathematical Finance,
Volume 65 of The IMA Volumes in Mathematics and Its Applications, pp. 93-115. Springer-
Verlag.

Ross, S. A. (1978). A Simple Approach to the Valuation of Risky Streams. Journal of Busi-
ness 51, 453-475.

Sandmann, K. and D. Sondermann (1997). A Note on the Stability of Lognormal Interest Rate
Models and the Pricing of Eurodollar Futures. Mathematical Finance 7(2), 119-125.

Sankaran, M. (1963). Approximations to the Non-central x? Distribution. Biometrika 50, 199—
204.

Schaefer, S. M. and E. S. Schwartz (1987). Time-Dependent Variance and the Pricing of Bond
Options. The Journal of Finance 42(5), 1113-1128.

Schwartz, E. S. (1977). The Valuation of Warrants: Implementing a New Approach. Journal of

Financial Economics 4, 79-93.

Schwartz, E. S. and W. N. Torous (1989). Prepayment and the Valuation of Mortgage-Backed
Securities. The Journal of Finance 44(2), 375-392.

Schwartz, E. S. and W. N. Torous (1992). Prepayment, Default, and the Valuation of Mortgage
Pass-through Securities. Journal of Business 65(2), 221-239.

Shea, G. S. (1984). Pitfalls in Smoothing Interest Rate Term Structure Data: Equilibrium
Models and Spline Approximations. Journal of Financial and Quantitative Analysis 19(3),
253-2609.

Shea, G. S. (1985). Interest Rate Term Structure Estimation with Exponential Splines: A Note.
The Journal of Finance 40, 319-325.

Shimko, D. C., M. Tejima, and D. R. van Deventer (1993). The Pricing of Risky Debt When
Interest Rates are Stochastic. The Journal of Fized Income 3(2), 58-65.

Singleton, K. J. and L. Umantsev (2002). Pricing Coupon-Bond Options and Swaptions in Affine
Term Structure Models. Mathematical Finance 12(4), 427-446.



Bibliography 331

Stambaugh, R. F. (1988). The Information in Forward Rates. Implications for Models of the

Term Structure. Journal of Financial Economics 21, 41-70.

Thomas, J. W. (1995). Numerical Partial Differential Equations, Volume 22 of Texts in Applied
Mathematics. Springer-Verlag.

Tian, Y. (1993). A Simplified Approach to the Pricing of Interest-Rate Contingent Claims.
Journal of Financial Engineering 1, 285-314.

Tilley, J. A. (1993). Valuing American options in a Path Simulation Model. Transactions of the
Society of Actuaries 45, 83-104.

Turnbull, S. M. and L. M. Wakeman (1991). A Quick Algorithm for Pricing European Average
Options. Journal of Financial and Quantitative Analysis 26(3), 377-389.

van Horne, J. C. (2001). Financial Market Rates and Flows (Sixth ed.). Prentice-Hall, Inc.

Vasicek, O. (1977). An Equilibrium Characterization of the Term Structure. Journal of Financial
Economics 5, 177-188.

Vetzal, K. R. (1997). Stochastic Volatility, Movements in the Short Term Interest Rates, and
Bond Option Values. Journal of Banking and Finance 21, 169-196.

Wachter, J. A. (2002). Habit Formation and Returns on Bonds and Stocks. Working paper,
Stern School of Business, NYU.

Wang, J. (1996). The Term Structure of Interest Rates in a Pure Exchange Economy with

Heterogeneous Investors. Journal of Financial Economics 41, 75-110.

Wei, J. Z. (1997). A Simple Approach to Bond Option Pricing. Journal of Futures Markets 17(2),
131-160.

Willner, R. (1996). A New Tool for Portfolio Managers: Level, Slope, and Curvature Durations.
The Journal of Fized Income 6(1), 48-59.

Wilmott, P.; J. Dewynne, and S. Howison (1993). Option Pricing: Mathematical Models and

Computation. Oxford Financial Press.

Wu, L. (1999, May). Macroeconomic Foundations of Discontinuous Price Movements. Working

paper, Graduate School of Business, Fordham University, New York.



